
Distances and acceleration
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Luminosity distance…
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f =
L

4πr2 (z)(1+ z)2

dL = r(z)(1+ z)

ds2 = 0

dL (z) =
1+ z
H0 Ωk0

sinh(H0 Ωk0
dz
H (z)∫ )

H (z) = H0 (Ωm0a
−3 +ΩΛ +Ωk0a

−2 )1/2

r(z)𝑑𝑠! = 𝑑𝑡! − 𝑎! 𝑡 [
𝑑𝑟!

1 − 𝑘𝑟! + 𝑟
!𝑑Ω!] = 0 → 𝑟(𝑎)𝑑𝑠! = 𝑑𝑡! − 𝑎! 𝑡 [

𝑑𝑟!

1 + Ω"#𝐻#!𝑟!
+ 𝑟!𝑑Ω!]



…and magnitudes
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𝑚 = 𝑀 + 25 + 5 log 𝑑2(𝑀𝑝𝑐)

𝑓 =
𝐿

4𝜋𝑑23

𝑚 = −2.5 log 𝑓 + 𝑐4 𝑀 = −2.5 log 𝐿 + 𝑐3

Apparent magnitude Absolute magnitude



Mapping the expansion rate
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𝑓 =
𝐿

4𝜋𝑑23

𝑑2~∫
𝑑𝑧

𝐸(𝑧; Ω5,7, 𝑤5)

Flux  --->  distance  --->   cosmology



Distance indicators: parallax
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1pc = 2.3 = 10"#𝑘𝑚

1836
Friedrich Bessel

GAIA satellite 10?@𝑎𝑟𝑐𝑠𝑒𝑐 --->  50-100kpc
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Distance indicators: parallax

GAIA satellite 10?@𝑎𝑟𝑐𝑠𝑒𝑐
--->  50-100kpc
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Distance indicators: Cepheids
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𝐿~𝑃".#

Henrietta Leavitt
1910’s

Variability phase lasts for 
some thousand years



Distance indicators: Cepheids
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Period-luminosity-color
relation

Sandage et al. 2008



Distance indicators: Cepheids
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Distances up to  30-50 Mpc



Distance indicators: planetary nebulae
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Late phase
of red giants



Distance indicators: planetary nebulae
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Distance indicators: Tip of Red Giant Branch
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Distance indicators: Tip of Red Giant Branch
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Distance indicators: Tully-Fisher
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Virial theorem
Spiral galaxies

𝛼 ≈ 3.5 − 4

𝑀~𝐿~𝑅!



Distance indicators: Faber-Jackson
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Virial theorem
Elliptical
galaxies

Public Domain, https://en.wikipedia.org/w/index.php?curid=13405907

𝐿 ≈ 𝜎D

𝛾 ≈ 3 − 4

For less massive galaxies



Lighthouses in the dark
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4
Ld
fp

=

5log 25Lm M d- = +Supernovae Ia
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Komori Unsplash
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I This hypothesis can be tested and calibrated through a local sample
whose distance we know by other means.
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Types of supernovae
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I Then, we compare ( ) with

( ) = + + ( ;⌦ ,⌦⇤, ..)

Phillips, Hamuy, et al. 
1993, 1995 
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Hubble diagram
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redshift

Scolnic et al. 2018
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SNIa are dimmer than expected!
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Basic property 1

Evolution in time: 
standard candles

ò= )(
)(

zH
dzzr

0

)(
H
zzr =

If H(z) in the past is smaller (i.e. acceleration), then r(z) is larger:
larger distances (for a given redshift) make dimmer supernovae

a(t)

time

Local 
Hubble
law

Global 
Hubble

law

now
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LambdaCDM
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𝑑% 𝑧; Ω&,(, Ω),( ~∫
𝑑𝑧

[Ω&,( 1 + 𝑧 # + Ω),( + 1 − Ω&,( − Ω),( 1 + 𝑧 !]"/!

Only two parameters!

𝐻3 = 𝐻73[ΩH,7 1 + 𝑧 I + ΩJ,7 + 1 − ΩH,7 − ΩJ,7 1 + 𝑧 3]

𝑑2~∫
𝑑𝑧

𝐸(𝑧; Ω5,7, 𝑤5)



Statistics in three steps
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𝐻3 = 𝐻73𝐸3(𝑧; 𝑝𝑎𝑟𝑎𝑚𝑠)

1: take a model

𝑑% 𝑧; 𝑝𝑎𝑟𝑎𝑚𝑠 ~∫
𝑑𝑧
𝐸(𝑧)

2: find the distance

3: vary the parameters and
minimize the chi-squared with data



Curves of constant luminosity distance
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Basic property 2



Properties of Dark Energy
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Properties of Dark Energy

27



Constant EoS
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