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Strongly interacting Fermi gas

• two-component Fermi gas ⬆,⬇ with contact interaction

• scattering amplitude (3d)
 

• strong scattering in unitary limit, scale invar.

• universal for dilute system

• superfluid of fermion pairs below 

1/a = 0 : f(k ! 0) =
i

k

re ⌧ n�1/3
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�1/a� ik + rek2/2

Strongly Correlated Quantum Fluids 8

Figure 3. Ultracold Fermi gas phase diagram. Sketch of the Bardeen-Cooper-
Schrieffer (BCS) to Bose-Einstein condensate (BEC) crossover for ultracold Fermi
gases. When the scattering length as passes through a pole, so that 1/(kFas) → 0,
one obtains a strongly correlated fluid, the unitary gas. The critical temperature Tc

for the phase transition only approaches the pairing temperature Tpair in the limit
1/(kFa) → −∞. The crossover region is the strongly interacting regime, loosely
defined by |1/(kFas)| < 1. Note that we denote the scattering length by a in the text.
Used with permission from Ref. [33].

of the low density and ultracold temperatures these interactions are dominated by an

effective s-wave contact interaction. The scattering amplitude is of the form

f(k) =
1

−1/a + r0k2/2− ik
, (2)

where a is the s-wave scattering length and r0 is the effective range. Higher partial waves

as well as short range corrections are suppressed by powers of r0/λdB and r0n1/3.! The

scattering length is widely tunable by a Feshbach resonance [32], an external magnetic

field that brings a weakly bound excited molecular state into resonance with the unbound
atomic scattering state.

Each of the different trapped atomic elements used in ultracold quantum gas

experiments has an internal spin structure due to hyperfine structure of the atom, that

! The range of the atomic potential is on the order of the van der Waals length l = (mC6/!2)1/4, where
C6 controls the van der Waals tail of the atomic potential, V ∼ C6/r6. We assume that the p-wave
scattering length is natural, meaning ap ∼ r0.

Sa de Melo, Physics Today 2008

Ketterle 2005
Tc/TF ⇡ 0.16 Ku et al. Science 2012
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Pressure equation of state

• experiment in Zwierlein group (red):
Tc=0.167(13), ξ=0.370(5)(8)

• Luttinger-Ward calculation (squares):
Tc=0.16(1), ξ=0.36(1)

• Bold Diagrammatic Monte Carlo (blue):
very good agreement in normal phase

• Quantum Monte Carlo (green circles):

tion and theory (23). At low temperatures, the
reduced chemical potential m/EF saturates to the
universal value x. As the internal energy E and
the free energy F satisfy E(T ) > E(0) = 3

5N xEF =
F(0) > F(T ) for all T, the reduced quantities
fE ≡ 5

3
E

NEF
¼ p̃ and fF ≡ 5

3
F

NEF
¼ 5

3
m
EF
− 2

3 p̃ (Fig.
3A) provide upper and lower bounds for x (29).
Taking the coldest points of these three curves and
including the systematic error due to the effective
interaction range, we find x = 0.376(4). The un-
certainty in the Feshbach resonance is expected
to shift x by at most 2% (13). This value is con-
sistent with a recent upper bound x < 0.383(1) from
(30), is close to x = 0.36(1) from a self-consistent
T-matrix calculation (23), and agrees with x =
0.367(9) from an epsilon expansion (31). It lies
below earlier estimates x = 0.44(2) (32) and x =
0.42(1) (33) from fixed-node quantumMonteCarlo
calculation that provides upper bounds on x. Our
measurement agrees with several less accurate ex-
perimental determinations (6) but disagrees with
the most recent experimental value 0.415(10) that
was used to calibrate the pressure in (12).

From the energy, pressure, and chemical po-
tential, we can obtain the entropy S = 1

T(E + PV −
mN), and hence the entropy per particle S=NkB ¼
TF
T

p̃ −
m
EF

! "
as a function of T/TF (Fig. 3B). At

high temperatures, S is close to the entropy of
an ideal Fermi gas at the same T/TF. Above Tc,
the entropy per particle is nowhere small com-
pared with kB. Also, the specific heat CV is not
linear in T in the normal phase. This shows that
the normal regime above Tc cannot be described in
terms of a Landau Fermi Liquid picture, although
some thermodynamic quantities agree surpris-
ingly well with the expectation for a Fermi liquid
[see (12) and (13)]. Below about T/TF = 0.17, the
entropy starts to strongly fall off comparedwith that
of a noninteracting Fermi gas, which we again
interpret as the freezing out of single-particle excita-
tions as a result of the formation of fermion pairs.
Far below Tc, phonons dominate. They only have a
minute contribution to the entropy (23), less than
0.02 kB at T/TF = 0.1, consistent with our measure-
ments. At the critical point, we obtain Sc = 0.73(13)
NkB, in agreement with theory (23). It is encourag-
ing for future experiments with fermions in optical
lattices that we obtain entropies less than 0.04 N
kB, far below critical entropies required to reach
magnetically ordered phases.

From the chemical potential m/EF andT=TF ¼
4p

ð3p2Þ2=3
1

ðnl3Þ2=3, we finally obtain the density EoS

n(m,T ) ≡ 1
l3
fnðbmÞ, with the de Broglie wave-

length l ¼
ffiffiffiffiffiffiffiffi
2pħ2
mkBT

q
. The pressure EoS follows

as P(m,T ) ≡ kBT
l3

fPðbmÞ, with fP ¼ 2
5
TF
T p̃fnðbmÞ.

Figure 4 shows the density and pressure nor-
malized by their noninteracting counterparts at
the same chemical potential and temperature. For
the normal state, a concurrent theoretical calcu-
lation employing a new Monte Carlo method
agrees excellently with our data (34). Our data

deviate from a previous experimental determi-
nation of the pressure EoS (12) that was cal-
ibrated with an independently measured value of

x = 0.415(10) (35) and disagree with the energy
measurement in (11) that used a thermometry in-
consistent with the Virial expansion (10). Around

0.7

0.6

0.5

0.4

0.3

0.2

µ/
E

F,
 E

/E
0,

 F
/E

0

0.50.40.30.20.10.0
T/TF

2.5

2.0

1.5

1.0

0.5

0.0

S
/N

k B

0.60.40.20.0
T/TF

ξn

ξ

A B

Fig. 3. (A) Chemical potential m, energy E, and free energy F of the unitary Fermi gas versus T/TF. m (red
solid circles) is normalized by the Fermi energy EF, and E (black solid circle) and F (green solid circle) are
normalized by E0 = 3

5N EF. At high temperatures, all quantities approximately track those for a non-
interacting Fermi gas, shifted by xn − 1 (dashed curves). The peak in the chemical potential signals the
onset of superfluidity. In the deeply superfluid regime at low temperatures, m/EF, E/E0, and F/F0 all approach
x (blue dashed line). (B) Entropy per particle. At high temperatures, the entropy closely tracks that of a
noninteracting Fermi gas (black solid curve). The open squares are from the self-consistent T-matrix
calculation (23). A few representative error bars are shown, representing mean T SD.
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Fig. 4. (A) Density and (B) pressure of a unitary Fermi gas versus m/kB T, normalized by the density and
pressure of a noninteracting Fermi gas at the same chemical potential m and temperature T. Red solid
circles: experimental EoS. Blue dashed curves: low-temperature behavior with x = 0.364 (upper), 0.376
(middle), and 0.388 (lower). Black dashed curve: low-temperature behavior with x at upper bound of 0.383
from (30). Green solid circles (black fine dashed line): MIT experimental data (theory) for the ideal Fermi
gas. Blue solid squares (blue curve): diagrammatic Monte Carlo calculation (34) for density (pressure, with
blue dashed curves denoting the uncertainty bands). Solid green line: third-order Virial expansion. Open
black squares: self-consistent T-matrix calculation (23). Open green circles: lattice calculation (36). Orange
star and blue triangle: critical point from the Monte Carlo calculations (26) and (27), respectively. Solid
diamonds: Ecole Normale Supérieure experiment (12). Purple open diamonds: Tokyo experiment (11).
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Ku et al. Science 2012

Ku et al. Science 2012; Zürn et al. PRL 2013

Ku et al. Science 2012; Zürn et al. PRL 2013

Haussmann 1993/4; Haussmann et al. PRA 2007

van Houcke et al. Nature Phys. 2012

Bulgac et al. PRL 2006; Drut et al. PRA 2012
McNeil Forbes et al. PRL 2011

• universal scaling function P(μ,T)



Contact density

• usually: only low-energy properties universal

• dilute Fermi gas, up to inverse range               

• dilute system: universal short-distance behavior 
for

• Tan contact density C: probability of finding ⬆ and ⬇ close together
(property of medium)   Tan 2008; Braaten and Platter 2008

r0 . r . `

n(k) ' C

k4

Stewart et al. PRL 2010

light for the imaging propagates along the axial direction
of the trap, and thus we measure the radial momentum
distribution. Assuming the momentum distribution is
spherically symmetric, we obtain nðkÞ with an inverse
Abel transform.

Figure 1(a) shows an example nðkÞ for a strongly inter-
acting gas with a dimensionless interaction strength
ðkFaÞ#1 of #0:08$ 0:04. The measured nðkÞ exhibits a
1=k4 tail at large k, and we extractC from the average value
of k4nðkÞ for k > kC, where we use kC ¼ 1:85 for
ðkFaÞ#1 >#0:5 and kC ¼ 1:55 for ðkFaÞ#1 <#0:5.
These values for kC are chosen empirically such that for
k & kC, the momentum distributions are in the asymptotic
limit to within our statistical measurement uncertainties.
One issue for this measurement is whether or not the
interactions are switched off sufficiently quickly to accu-
rately measure nðkÞ. The data in Fig. 1(a) were taken using
a magnetic-field sweep rate of _B ¼ 1:2 G

!s to turn off the

interactions for the expansion. In the inset to Fig. 1a, we
show the dependence of the measured C on _B. Using an
empirical exponential fit [line in Fig. 1(a) inset], we esti-
mate that for our typical _B of 1.2 to 1:4 G

!s , C is system-

atically low by about 10%. We have therefore scaled C
measured with this method by 1:1.

The contact is also manifest in rf spectroscopy, where
one applies a pulsed rf field and counts the number of
atoms that are transferred from one of the two original
spin states into a third, previously unoccupied, spin state
[11]. We transfer atoms from the j9=2;#7=2i state to the
j9=2;#5=2i state. It is predicted that the number of atoms
transferred as a function of the rf frequency, ", scales as
"#3=2 for large ", and that the amplitude of this high
frequency tail is C

23=2#2 [12–14]. Here, " ¼ 0 is the single-

particle spin-flip resonance, and " is given in units of
EF=h. This prediction requires that atoms transferred to
the third spin-state have only weak interactions with the
other atoms so that ‘‘final-state effects’’ are small [14–21],
as is the case for 40K atoms. In Fig. 1(b), we plot a
measured rf spectrum, !ð"Þ, multiplied by 23=2#2"3=2.
The rf spectrum is normalized so that its integral equals
0:5. We observe the predicted 1="3=2 behavior for large ",
and obtain C by averaging 23=2#2"3=2!ð"Þ for "> "C,
where we use "C ¼ 5 for ðkFaÞ#1 >#0:5 and "C ¼ 3
for ðkFaÞ#1 <#0:5. These values for "C are chosen such
that for " & "C, !ð"Þ is in its asymptotic limit.
The connection between !ð"Þ and the high-k tail of nðkÞ

can be seen in the Fermi spectral function, which can be
probed using photoemission spectroscopy for ultra cold
atoms [8]. Recent photoemission spectroscopy results on
a strongly interacting Fermi gas [22] revealed a weak,
negatively dispersing feature at high k that persists to
temperatures well above TF. This feature was attributed
to the effect of interactions, or the contact, consistent with
a recent prediction [23]. Atom photoemission spectros-
copy, which is based upon momentum-resolved rf spec-
troscopy, also provides a method for measuring nðkÞ. By
integrating over the energy axis, or equivalently, summing
data taken for different rf frequencies, we obtain nðkÞ. This
alternative method for measuring nðkÞ yields results similar
to the ballistic expansion technique, but avoids the issue of
magnetic-field sweep rates.
In Fig. 2, we show the measured contact for different

values of 1=kFa. We restrict the data to values of 1=kFa
where our magnetic-field sweeps are adiabatic [24].
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FIG. 1. Extracting the contact from the momentum distribution
and rf line shape. (a) Measured momentum distribution for a
Fermi gas at 1

kFa
¼ #0:08$ 0:04. Here, the wave number k is

given in units of kF, and we plot the normalized nðkÞ multiplied
by k4. The dashed line corresponds to 2:2, which is the average
of k4nðkÞ for k > 1:85. (Inset) The measured value for C depends
on the rate of the magnetic-field sweep that turns off the
interactions before time-of-flight expansion. (b) rf line shape
measured for a Fermi gas at 1

kFa
¼ #0:03$ 0:04. Here, " is the

rf detuning from the single-particle Zeeman resonance, given in
units of EF=h. We plot the normalized rf line shape multiplied by
23=2#2"3=2, which is predicted to asymptote to C for large ".
Here, the dashed line corresponds to 2:1, from an average of the
data for "> 5.
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FIG. 2. The contact. We measure the contact, C, as a function
of ðkFaÞ#1 using three different methods. Filled circles corre-
spond to direct measurements of the fermion momentum distri-
bution nðkÞ using a ballistic expansion, in which a fast magnetic-
field sweep projects the many-body state onto a noninteracting
state. Open circles correspond to nðkÞ obtained using atom
photoemission spectroscopy measurements. Stars correspond to
the contact obtained from rf spectroscopy. The values obtained
with these different methods show good agreement. The contact
is nearly zero for a weakly interacting Fermi gas with attractive
interactions (left hand side of plot) and then increases as the
interaction strength increases to the unitarity regime where
ðkFaÞ#1 ¼ 0. The line is a theory curve obtained from Ref. [5].
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Contact density

• universal high-energy tails in correlation functions
intuitively: absorb high-energy perturbation by 2 particles close together
➡ absorption rate proportional to C

• predictive power (cf. Landau parameters): 
measure one tail, know all tails; Tan adiabatic thm.

van Houcke et al. arXiv:1303.6245

• grey crosses: QMC

• diamonds: experiment

• red line: Luttinger-Ward

• blue circles: Bold Diag. MC

Enss, Haussmann & Zwerger Ann. Phys. 2011

Sagi et al. PRL 2012

Drut et al. PRL 2011

dP

d(1/a)
=

C

4⇡m

van Houcke+ arXiv:1303.6245



Luttinger-Ward theory

• Luttinger-Ward (2PI) computation: repeated particle-particle scattering

                                                    self-consistent T-matrix 

                                                    self-consistent fermion propagator
                                                    (300 momenta / 300 Matsubara frequencies)   

• spectral function A(k,ε) at Tc

Haussmann et al. 2009

Finite temperature QMC calculations of the spectral func-
tion at unitarity by Bulgac et al. !67" indicate the presence of
a gapped particle excitation spectrum of form #4.1$ also

above the critical temperature, which is not found in our
approach. More generally, it is evident from the spectral
functions of the unitary gas above Tc which are shown in
Fig. 3 that a simple pseudogap ansatz for the spectral func-
tion !69" is not consistent with our results. As can be seen
from the lower three graphs in Fig. 3, our approach leads to
a single, broad, ungapped excitation peak with a quadratic
dispersion at temperatures T!Tc instead of two excitation
branches with a gapped BCS-like dispersion as expected
from the pseudogap approach. In particular we do not ob-
serve a strong suppression of spectral weight near the chemi-
cal potential.

Apart from the dominant peaks discussed above our spec-
tral functions show some additional structures that have
much smaller weight, however. Specifically, at unitarity and
temperatures above Tc a small second peak is visible for k
"kF in Fig. 3. At T=0.3TF this residual peak contains %17%
of the spectral weight. The situation is similar on the BEC
side of the Feshbach resonance at v=1, where above Tc a
second peak at negative energies is present for k"kF, with a
spectral weight of %22%.

Recent experiments by Stewart et al. !19" have succeeded
to perform rf spectroscopy in a momentum-resolved manner
from which one directly obtains the hole spectral function
A−#k ,#$ as a function of both momentum and energy. A

FIG. 3. #Color$ Density plots of the spectral function A#k ,#$ at unitarity !v=1 / #kFa$=0" for different temperatures. From top left to
bottom right: T /TF=0.01, 0.06, 0.14, 0.160#Tc$, 0.18, and 0.30. The white horizontal lines mark the chemical potential $. At temperatures
smaller than the superfluid transition temperature Tc two quasiparticle structures with a BCS-like dispersion can be seen. The width of the
spectral peaks is of the same order as the quasiparticle energy. With increasing temperature the two branches gradually merge into a single
quasiparticle structure with a quadratic dispersion above Tc. Note, however, that the quadratic dispersion is shifted to negative frequencies
compared to the bare fermion dispersion relation. This Hartree shift is of the order of U=−0.46#F and is essentially responsible for the
shifted rf spectra in the normal phase in Fig. 6.
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FIG. 4. #Color online$ The spectral function A#k ,#$ as a func-
tion of # for selected fixed values k at unitarity v=1 / #kFa$=0 and at
criticality T /TF=0.160#Tc$. The selected values of the wave number
k are represented by the colors of the lines corresponding to the
peaks from left to right: k /kF=0.00 #black$, 0.52 #red$, 0.77 #or-
ange$, 1.00 #green$, 1.26 #cyan$, 1.51 #blue$, and 2.02 #magenta$.
The different methods for calculating the spectral function are dis-
tinguished by the line styles: maximum-entropy method #solid
lines$ and Padé approximation #dashed lines$.

SPECTRAL FUNCTIONS AND RF RESPONSE OF… PHYSICAL REVIEW A 80, 063612 #2009$

063612-11

Haussmann 1993, 1994;
Haussmann et al. 2007

works above and below Tc;
directly in continuum limit

Tc and ξ agree with experiment

conserving: exactly fulfills scale 
invariance and Tan relations
Enss PRA 2012



I. Experiment (Liquid Helium)
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Kapitza (1938)

viscosity vanishes below Tc

capillary flow viscometer

Hollis-Hallett (1955)

roton minimum, phonon rise

rotation viscometer

η/s ! 0.8 !/kB

Can mass flow without friction?

• flow without friction?                                   shear viscosity η:

Measures of Perfection

Viscosity determines shear stress (“friction”) in fluid flow

F = A η
∂vx

∂y

Dimensionless measure of shear stress: Reynolds number

Re =
n

η
× mvr

fluid flow
property property

• [η/n] = !

• Relativistic systems Re =
s

η
× τT

Measures of Perfection

Viscosity determines shear stress (“friction”) in fluid flow

F = A η
∂vx

∂y

Dimensionless measure of shear stress: Reynolds number

Re =
n

η
× mvr

fluid flow
property property

• [η/n] = !

• Relativistic systems Re =
s

η
× τT

F = A ⌘
@v

x

@y

Heikkilä & Hollis-Hallett 1955

Helium-4

• kinetic theory suggests:

• holographic duality:

perfect fluidity 

conjectured as universal lower bound
Kovtun, Son, Starinets 2005

Schäfer, Teaney 2009

⌘

s
=

~
4⇡kB

⌘/s & O(1) ~/kB



Viscosity in linear response: Kubo formula

• viscosity from stress correlations (cf. hydrodynamics):

with stress tensor                                                 (cf. Newton         )

• correlation function (Kubo formula):   Enss, Haussmann & Zwerger Ann. Phys. 2011

• transport via fermions and bosonic molecules: very efficient description, 
satisfies conservation laws, scale invariance and Tan relations  Enss PRA 2012

• assumes no quasiparticles: beyond Boltzmann kinetic theory, works near Tc
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the fermionic and bosonic self-energies are local in real
space. Hence, the coupled equations are solved efficiently
by going back and forth between real and Fourier space.

In the second step GXX′ and ΓXX′ are used as input
for the self-consistent equations (5.21)–(5.26) to calculate
the viscosity response functions T̃!, S̃!. Again, the inte-
gral equations (5.21) and (5.25) become algebraic and are
solved in Fourier space, while the other equations remain
local in real space. Note that the spatial Fourier trans-
form between radial distances r and radial wavenumber
k for the partial-wave component ! is given by

T!(k) = 4π(−i)!

∫ ∞

0
dr r2 j!(kr)T!(r) , (5.27)

T!(r) =
i!

2π2

∫ ∞

0
dk k2 j!(kr)T!(k) . (5.28)

In the third step the correlation function χ!(iωm) is com-
puted from (5.15). It is continued analytically from the
discrete imaginary Matsubara frequencies iωm to the con-
tinuous real frequencies ω via both the Padé method and
a model fit function (cf. section VII). We thus obtain the
retarded correlation function χret

! (ω) = χ′
!(ω) + iχ′′

! (ω).
Finally, the real parts of the viscosities η and ζ are ob-
tained from the correlation functions for ! = 2 and ! = 0
according to (cf. equations (3.2) and (3.3))

Re η(ω) =
Imχret

!=2(ω)

15ω
, (5.29)

Re ζ(ω) =
Imχret

!=0(ω)

9ω
, (5.30)

where the prefactor of η comes from the angular integra-
tion of the spherical harmonics [Y!=2(p̂)]2. Alternatively,
one may solve the integral equation directly for real fre-
quencies where the limit ω → 0 can be taken analytically.
In practice, this approach is useful at high temperatures,
where self-consistency no longer plays a role.

VI. BOLTZMANN-EQUATION LIMIT

In the high-temperature limit T # TF the integral
equations (5.21)–(5.26) can be solved by expanding in
powers of the fugacity

z = eβµ =
4

3
√

π
θ−3/2 + O(θ−3) . (6.1)

To leading order in z, the pair propagator and on-shell
self-energy are given by

Γret(k,Ω) = −i
4πh̄3m−3/2

√

h̄Ω+ 2µ − εk/2
+ O(z) (6.2)

Σret(p, ε = εp − µ) = i
8εF

3π

erf(
√

πp/pT )

p/pF
+ O(z) .

(6.3)

  

FIG. 3: [color online] Diagrammatic contributions to the vis-
cosity correlation function χ!(ω) at first order in the pair
fluctuations: Self-energy (S), Maki-Thompson (MT) and
Aslamazov-Larkin (AL) diagrams.

In the case of on-shell fermions with k = p1 + p2,
h̄Ω + 2µ = εp1

+ εp2
the pair propagator reduces to the

well-known scattering amplitude f(q) = i/q at infinite
scattering length of two particles in vacuum, with rel-
ative momentum q. Note that the exact leading-order
result for the on-shell fermionic self-energy contains a
non-trivial error-function dependence on the ratio of the
momentum p to its thermal value pT that was missing in
previous studies [53]. It is due to the square-root tail in
the pair propagator and gives a noticeable correction at
thermal momenta p % pT . Moreover, this form is indeed
crucial to fulfill the condition of scale invariance, as will
be discussed below.

The fermionic spectral function in the low fugacity,
high temperature limit has most of the spectral weight
concentrated in the coherent peak at ε = εp−µ. The peak
width γp = ImΣret(p, ε) vanishes like εF pF /p ∼ T−1/2

for typical momenta p ≈ pT , consistent with the assump-
tion for the temperature dependence of the relaxation
time introduced by Bruun and Smith [24]. This implies,
in particular, that the fermionic quasiparticles become
well-defined and thus a Boltzmann equation description
is valid in the regime θ # 1.

From a numerical, iterative solution of the integral
equations (5.21)–(5.26) in the high-temperature limit we
obtain η/(h̄n) = 2.80(1) (T/TF )3/2. This fixes the con-
stant in the asymptotic behavior α(θ) = const θ3/2 at
large values of θ of the universal function introduced in
(4.1). Within the error bars, the numerical value agrees
with that obtained from a variational solution of the full
Boltzmann equation, using higher Sonine polynomials
[24, appendix]. The prediction of a simple power-law de-
pendence of the shear viscosity η(T ) ∼ T 3/2 has recently
been verified experimentally in a temperature range be-
tween θ % 1.5 and θ % 7 by measuring the expansion
dynamics of a unitary gas released from an optical trap
[54]. Very good agreement has been found also with the
expected prefactor.

Remarkably, the solution of the transport integral
equation at high temperatures and small frequencies can
also be obtained by a completely analytical approach.
In fact, in the low fugacity limit, one can terminate the
iterative procedure after the first iteration step (correla-
tion function to first order in the pair propagator) and
resum via a memory function approach, a method that
was developed in the context of electrical conductivi-
ties by Götze and Wölfle [55]. The first-order correla-

 η(ω) = (resummed to
 infinite order)



Dynamic shear viscosity

exact viscosity sum rule 
(nonperturbative check): 

Enss, Haussmann & Zwerger 2011; Enss 2013; cf. Taylor & Randeria 2010
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Shear viscosity bounds
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FIG. 2: Summary of results for η/n (left) and η/s (right). The viscosity limit from Eq. (6) was

used to delineate a “disallowed region” of viscosity values using the MIT equation of state from

Ref. [9] for P/n/T and S/N . Also shown are results from kinetic theory at high temperatures and

the phonon scattering at low temperatures (see text for details), as well as results from Enss et al.,

Ref. [8]. Furthermore, we indicate the results from the PIMC calculation by Wlazlowski et al. [3]

and our own re-analysis of the same data. Note that the resulting value for η/n is consistent with

the “upper bound” reported in the supplement to Ref. [3].

V. DISCUSSION AND CONCLUSION

Employing the framework of hydrodynamics in the presence of fluctuations, the low

frequency behaviour to the shear viscosity spectral function has been calculated. The calcu-

lation gives a bound on the physical shear viscosity, Eq. (6), which matches the result found

in Ref. [2] but disagrees with the low-temperature results from Ref. [3]. We pointed out that

the reason for the discrepancy can be tracked to the low-frequency shape of the spectral

function extracted in Ref. [3]. Specifically, assuming that the shape from Ref. [3] is correct

for ω > 0.1TF , hydrodynamic fluctuations predict a narrow but high peak at ω < 0.1TF ,

which effectively doubles the viscosity value. The situation is summarized in Fig. 2, where

the viscosity bound (6) is shown together with the viscosity in kinetic theory (cf. Ref [6])

η
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8

critical temperature of the superfluid-normal phase transi-
tion Tc ’ 0:15"F is observed. However, note that below Tc

the coefficient ! describes the viscosity of the normal fluid
component only. The results on 83 and 103 lattices exhibit
satisfactory agreement. Surprisingly, our results approach
the predictions of kinetic theory already at T * 0:3"F [12].
Note that the PIMC results are significantly below all known
results in the vicinity of Tc.

In Fig. 2, the value of the entropy obtained from PIMC
calculations is shown (extracted as in Ref. [21]), together
with the results extracted from the recent high-precision
MIT measurement [35]. For temperatures T > 0:25"F,
both lattices reproduce experimental data reasonably
well. At low temperatures T < 0:25"F the 83-lattice results
deviate from the measurements, producing systematically
lower values. On the other hand, the 103-lattice results
reproduce correctly the temperature dependence of the
entropy, yet slightly overestimating the experimental
values. These discrepancies are attributed to systematic
errors that are known to be present at low temperatures
even for larger lattices [24]. Consequently, we expect the
ratio !=s to be significantly affected by uncertainties
related to the entropy at low temperatures.

In Fig. 3 the ratio !=s is presented as a function of
temperature. The PIMC calculations reveal the existence of
a deep and rather narrow minimum in !=s at temperatures
around 0:20–0:25"F, which is above Tc. Again, the ratio
!=s is located around the kinetic theory predictions
already at T * 0:3"F [12]. The estimation of the
!=s-ratio reveals ð!=sÞmin # 0:2 as the most probable
value for the minimum. This result is about 2.5 times
higher than the KSS bound !=s $ 1=4" # 0:08. Such a
low value has been reported only for pure gluons as a result
of lattice calculations [25,26].

The minimum value for the ratio ð!=sÞmin # 0:2 is sig-
nificantly lower than predictions of all current calculations,
which yield a minimum ’ 0:5. However, these methods are
in principle unreliable when applied to the UFG at T ’ Tc,
where the minimum appears. Moreover, the !=s ratio
calculated from PIMC simulations is also significantly
lower than the experimental measurements [3–5], which
also give the value ’ 0:5. Note, however that these mea-
surements are performed in trapped systems. The trap-
averaged viscosity h!=ni ¼ 1

N@ R!ðrÞd3r may affect the
determination of the minimum value. To solve this puzzle,
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Spin transport with ultracold gases

• experiment: spin-polarized clouds in harmonic trap

• strongly interacting gas [movie courtesy Martin Zwierlein]:

A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)

bounce!
picture: J. Thomas 2011



Spin diffusion

• scattering conserves total ⬆+⬇ momentum: mass current preserved
but changes relative ⬆-⬇ momentum: spin current decays

spin diffusion

order of one second, which is an extremely long time compared to the
trapping period (44 ms). The underlying explanation for spin current
reversal and the slow relaxation can be found in the extremely short
mean free path and the high collision rate between opposite-spin
atoms at unitarity. According to the above estimate, the spin diffusivity
is approximately B/m, which for 6Li is (100mm)2 s21. The atom clouds
in the experiment have a length of the order of 100mm, and it takes
them of the order of a second to diffuse through each other. So we are
indeed observing quantum-limited spin diffusion. The initial bounces
will occur when the mean free path of a spin-up atom in the spin-down
cloud is smaller than the spin-down cloud size, that is, when the
mixture is hydrodynamic. Instead of quickly diffusing into the spin-
down region, it is then more likely that the spin-up atom is scattered
back into the spin-up region, where it can propagate ballistically.

After long evolution times, the oscillations shown in Fig. 1 have been
damped out, and the displacement between the centres of mass is
much smaller than the widths of the clouds. The relaxation dynamics
can then be described by linear response theory, giving access to the
spin transport coefficients. The spin drag coefficient Csd is defined as
the rate of momentum transfer between opposite-spin atoms12,14, and
is therefore related to the collision rate. From the Boltzmann transport
equation, the relaxation of the displacement d near equilibrium follows
the differential equation22

C sd
_dzv2

z d~0

in the case of strongly overdamped motion realized here. Fitting an
exponential with decay time t to the displacement gives the spin drag
coefficient of the trapped system as C sd~v2

zt. In the deeply degenerate
regime, the relationship between the measured and the microscopic
spin drag coefficient might be affected by a weak enhancement of the
effective mass23 and the attractive interaction energy between the
clouds10,22,24.

The spin drag coefficient is found to be greatest on resonance, and thus
spin conduction is slowest on resonance (see Supplementary Informa-
tion). On resonance, Csd in a homogeneous system must be given by a
function of the reduced temperature T/TF times the Fermi rate EF/B. At
high temperatures, we expect the spin drag coefficient to obey a universal
scaling C sd!nsv! EF

B T=TFð Þ{1=2. In Fig. 2 we show the spin drag
coefficient as a function of T/TF; Csd is normalized by EF/B, where EF

and TF are the local values at the centre of total mass. We observe T21/2

scaling for T/TF . 2, finding C sd~0:16 1ð Þ EF
B T=TFð Þ{1=2. At lower

temperatures, we observe a crossover from classical to non-classical
behaviour as the spin drag coefficient reaches a maximum of approxi-
mately 0.1EF/B near the Fermi temperature. We interpret this saturation
of the spin drag coefficient as a consequence of Fermi statistics and
unitarity4,5, as s and v approach values determined by the Fermi wave-
vector kF. The spin drag coefficient is inversely proportional to the spin
conductivity, which describes the spin current response to an external
spin-dependent force. Near the Fermi temperature, the maximum spin
drag coefficient corresponds to a minimum spin conductivity of the
order of kF/B. This is the slowest spin conduction possible in three
dimensions in the absence of localization.

At low temperatures, the spin drag coefficient decreases with
decreasing temperature. Reduced spin drag at low temperatures is
expected in Fermi liquids owing to Pauli blocking11,18,22,24,25, and is also
expected in one-dimensional Fermi gases26. In the case of collective
density (rather than spin) excitations, it was shown that pairing cor-
relations enhance the effective collision rate dramatically as the tem-
perature is lowered6. The effect of pairing on the spin drag coefficient
may be qualitatively different. In a simple picture, spin currents require
the flow of unpaired atoms, whereas collective density excitations
affect paired and unpaired atoms alike.

Comparing the relaxation rate to the gradient in spin density allows
us to also measure the spin diffusivity Ds. At the centre of the trap, the
spin current density Js is given by the spin diffusion equation27
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Figure 1 | Observation of spin current reversal in a resonant collision
between two oppositely spin-polarized clouds of fermions. a, b, Total
column density (a) and the difference in column densities (b: red, spin up; blue,
spin down) during the first 20 ms after the collision. The central column
densities here are typically 7 3 109 cm22. Strong repulsion is observed that
leads to a high-density interface. c, The centre of mass separation initially
oscillates at 1.63(2) times the axial trap frequency of 22.8 Hz (see
Supplementary Information) before decaying exponentially at later times. The
initial atom number per spin state is 1.2 3 106, and the temperature 200 ms
after the collision and later is 0.5TF, with TF the Fermi temperature at the centre
of each cloud. d, The trapping potential V is harmonic along the symmetry axis.
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Figure 2 | Spin drag coefficient of a trapped Fermi gas with resonant
interactions. The spin drag coefficient Csd is normalized by the Fermi rate EF/B
at the trap centre, whereas the temperature is normalized by TF 5 EF/kB. We
find agreement between measurements taken at three different axial trapping
frequencies, 22.8 Hz (red circles), 37.5 Hz (blue triangles) and 11.2 Hz (black
squares). The data for T/TF . 2 fit to a T 21/2 law (solid line). Dashed line, a
power law fit for T/TF , 0.5 to show the trend. Each point is a mean from
typically three determinations of Csd, each obtained from a time series of about
30 experimental runs and weighted according to the standard deviation from
fitting error and shot to shot fluctuations. Error bars, 61s.e.
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Is there a quantum limit for diffusion?

• kinetic theory: diffusion coefficient

                       quantum limit of diffusion

• spin conductivity from current correlations:

with spin current operator

Js~{Ds
L n:{n;
! "

Lz

where n"(#) is the density of spin-up (spin-down) atoms. We calculate
Js using the trap-averaged velocity as Js~

1
2 n:zn;
! "

_d, where the
densities are evaluated at the centre of total mass.

We find that the spin diffusivity is at a minimum when interactions
are resonant (see Supplementary Information). The increase in spin
diffusivity for positive scattering length a, as well as the decrease in spin
drag, argues against the existence of a ferromagnetic state in repulsive
Fermi gases, for which diffusion should stop entirely9,11. Figure 3
reports the measured spin diffusivity as a function of temperature at
unitarity. In the high-temperature limit on resonance, one expects
Ds / v/ns / T 3/2. At high temperatures, we indeed find this temper-
ature dependence, with a fit giving Ds~5:8 2ð Þ Bm T=TFð Þ3=2 for
T/TF . 2. In the degenerate regime, the spin diffusivity is seen to attain
a limiting value of 6.3(3)B/m.

When comparing these results to theoretical calculations, it is
important to account for the inhomogeneous density distributions
and velocity profiles. For a homogeneous system on resonance, and
at high temperatures compared to the Fermi temperature, we predict
Ds~1:11 B

m T=TFð Þ3=2 and C sd~0:90 EF
B T=TFð Þ{1=2 (see Supplemen-

tary Information). The measured spin drag coefficient is smaller by a
factor of 0.90/0.16(1) 5 5.6(4) while the spin diffusivity is larger by
about the same factor, 5.8(2)/1.11 5 5.3(2), compared to a homogen-
eous system at the density of the centre of total mass. These factors
reflect the inhomogeneity of the system and agree with an estimate
from the Boltzmann transport equation (see Supplementary Informa-
tion). The emergence of a superfluid core at our lowest tempera-
tures will further modify the ratio of trap-averaged to local transport
coefficients.

Finally, the measured transport coefficients give for the first time
access to the temperature dependence of the spin susceptibility, xs(T),

in strongly interacting Fermi gases. Defined as xs~
L n:{n;
! "

L m:{m;
! " , the

spin susceptibility describes the spin response to an infinitesimal effec-
tive magnetic field or chemical potential difference m"2 m# applied to
the gas, and is a crucial quantity that can discriminate between differ-
ent states of matter10. In a magnetic field gradient, particles with
opposite spin are forced apart at a rate determined by the spin con-
ductivity ss, while diffusion acts to recombine them. The balance
between the processes of diffusion and conduction therefore deter-
mines the resulting magnetization gradient, a connection expressed

in the Einstein relation11 xs 5 ss/Ds. Assuming the standard rela-
tion11,14 ss 5 n/(mCsd),

xs~
1

mdv2
z

L n:{n;
! "

Lz

where
L n:{n;ð Þ

Lz is evaluated near the trap centre. The inhomogeneous
trapping potential does not affect the measurement of xs in the hydro-
dynamic limit at high temperatures (see Supplementary Information).
Close to the transition to superfluidity, interaction effects may modify
the relation between ss and Csd.

Figure 4 reports our findings for the spin susceptibility at unitarity, as
a function of the dimensionless temperature T/TF. At high tempera-
tures, we observe the Curie law xs 5 n/(kBT), where kB is Boltzmann’s
constant. In this classical regime of uncorrelated spins, the susceptibility
equals the (normalized) compressibility of the gas n2k 5 hn/hm that
we also directly obtain from our profiles. At degenerate tempera-
tures, the measured spin susceptibility becomes smaller than the nor-
malized compressibility. This is expected for a Fermi liquid, where

xs~
3n

2EF

1
1zFa

0
and k~

3
2nEF

1
1zFs

0
with Landau parameters Fs

0 and

Fa
0 describing the density (s) and spin (a) response10. The spin suscepti-

bility is expected to strongly decrease at sufficiently low temperatures in
the superfluid phase, as pairs will form that will not break in the pres-
ence of an infinitesimal magnetic field. It is currently debated whether
the strongly interacting Fermi gas above the superfluid transition tem-
perature is a Fermi liquid23 or a state with an excitation gap (pseudo-
gap)28,29. The opening of a gap in the excitation spectrum would be
revealed as a downturn of the spin susceptibility below a certain tem-
perature. Such a downturn is not observed in xs down to T/TF < 0.2,
and therefore our spin susceptibility data agree down to this point with
the expected behaviour for a Fermi liquid.

In conclusion, we have studied spin transport in strongly interacting
Fermi gases. The spin diffusivity was found to attain a limiting value of
about 6.3B/m, establishing the quantum limit of diffusion for strongly
interacting Fermi gases. Away from resonance, the diffusivity increases.
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Figure 3 | Spin diffusivity of a trapped Fermi gas. Shown is the spin
diffusivity on resonance (Ds, normalized by B/m; filled circles) as a function of
the dimensionless temperature T/TF. At high temperatures, Ds obeys the
universal T 3/2 behaviour (solid line). At low temperatures, Ds approaches a
constant value of 6.3(3)B/m for temperatures below about 0.5TF, establishing
the quantum limit of spin diffusion for strongly interacting Fermi gases. Error
bars, 61s.e.
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Dynamical spin conductivity

• satisfies spin sum rule despite tail in d<4  Enss, EPJ Spec.Topics 2013

induced. Hence, the Aslamazov-Larkin correction to the
spin current vanishes exactly in the spin balanced case,
JAL!!0s ¼ 0, which constitutes an important simplification.

We solve the self-consistent equation for the fully dressed
current vertex J!!0 by iteration and obtain the current corre-
lation function (1) via the Kubo formula [9]. Since the
correlation function "jn=jsðq ¼ 0; i!mÞ is evaluated at
discrete imaginary Matsubara frequencies i!m, we must
perform an analytic continuation in order to obtain the
physically relevant correlation function "jn=jsð!Þ for real
frequencies !. We use Padé approximants and find that the
continuation is robust at low temperatures if we vary the
number of Matsubara frequencies, and it yields the correct
high-frequency tail (see below). Specifically, we oversample
theMatsubara data twicewith a spline fit and use the first five
Matsubara frequencies in order to extract the spin drag rate
!sd. We validate our strong coupling calculation by confirm-
ing that !sð!Þ indeed fulfills the spin f-sum rule (3) within
1%. Since we have constructed the formalism to satisfy the
sum rules exactly, this quantifies the numerical accuracy of
our self-consistent solution and the analytical continuation.

Spin conductivity.—The resulting spin conductivity
!sð!Þ is shown in Fig. 2 for reduced temperature T=TF ¼
0:5 where it has the lowest dc value !s ¼ 0:8n=m (red
circles). In a Drude model the conductivity would assume a
form !Drude

s ð!Þ ¼ ðn=mÞ!sd=ð!2 þ !2
sdÞ (solid black line)

with total spectral weight given by the sum rule. The spin
drag rate !sd is a parameter which we determine from the
dc limit !s ¼ n=m!sd of our full numerical solution. We
find that the true !sð!Þ deviates from the Drude model for
! * EF: spectral weight is transferred from the region
! & 8EF to higher frequencies where it forms a power-
law tail !sð! ! 1Þ %!&3=2 (dotted blue line in Fig. 2).

The high-frequency response generally depends on the
nonuniversal short-distance behavior of the interatomic
potential. However, for a broad Feshbach resonance as in

6Li [2] this potential has a range much shorter than the
particle spacing, kFjrej ' 1, and becomes effectively a
contact interaction. In this case the correlation functions
exhibit universal power-law tails in the high-frequency range
maxðEF; kBTÞ=@ ' ! ' @=ðmr2eÞ [27] which depend only
on the Tan contact density C [28]. In the high-frequency
limit the exact transport equations can be solved analytically
in a manner analogous to the viscosity response [9], and we
obtain the universal spin conductivity tail

!sð! ! 1Þ ¼ @1=2C
3#ðm!Þ3=2

(4)

in agreement with the result from the operator product
expansion [29]. Similar tails appear in other transport prop-
erties such as the viscosity [9,23,29,30]. The value for the
Tan contact density C ¼ 0:0863k4F at T=TF ¼ 0:5 extracted
from the tail of !sð!Þ agrees better than 1% with the value
C ¼ 0:0860k4F from the tail of the momentum distribution
nk % Ck&4 [9]. A similar behavior of !sð!Þ is observed for
all temperatures T ( Tc.
We now turn to the dc limit and plot the spin drag rate

!sd ¼ n=m!s in Fig. 3 (solid red line). The spin drag has a
maximum value of !sd ) 1:2EF=@ in the quantum degen-
erate regime around T=TF ¼ 0:5 and decreases both for
lower and higher temperatures. In the high-temperature
limit of a classical gas the Luttinger-Ward transport equa-
tions can be solved analytically to leading order in
the fugacity [9], and we obtain !sd ¼ ð32

ffiffiffi
2

p
=9#3=2Þ*

ðT=TFÞ&1=2EF=@ ¼ 0:9ðT=TFÞ&1=2EF=@ for T + TF in
agreement with Boltzmann kinetic theory [4,15]. The fact
that the numerical solution at large temperatures agrees
with the analytical result for T + TF is a nontrivial vali-
dation of our analytical continuation procedure.
The measured spin drag rate in a trapped unitary Fermi

gas [4] (blue squares in Fig. 3) has the same qualitative
behavior as our numerical data, with a broad maximum
between T=TF ¼ 0:4; . . . ; 0:8. Note that the absolute spin
drag rate cannot be directly compared to our calculation for
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!sð!Þ given by the spin f-sum rule. Part of the spectral weight is
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FIG. 3 (color online). Spin drag rate !sd (in units of EF=@) vs
reduced temperature T=TF (solid red line). The experimental
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factor of 5.3 to compensate for the effect of the trapping
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Spin diffusivity

• obtain diffusivity from Einstein relation,

                                                                               minimum

• Quantum Monte Carlo simulation for finite lattice:                        
Wlazlowski et al. PRL 2013

(dashed black line). In the strongly interacting region
near Tc, however, the fermions cease to be well-defined
quasiparticles [17,18] and the Boltzmann theory is not
applicable. Therefore, we employ the strong coupling
Luttinger-Ward theory to compute spin transport. The
Luttinger-Ward (or 2PI) formalism [19,20] is based on
the self-consistent T matrix for repeated particle-particle
scattering and becomes exact at high temperatures. In the
most interesting regime near Tc and unitarity there is no
small parameter to estimate its accuracy. Instead, a com-
parison with experiment shows that it accurately describes
both the normal and the superfluid phase of the BEC-BCS
crossover problem [21]: the values for Tc=TF ¼ 0:16ð1Þ
and the Bertsch parameter ! ¼ 0:36ð1Þ agree within error
bounds with precision experimental [13] and diagrammatic
Monte Carlo [22] results. We have devised a framework
which includes all diagrams needed to exactly fulfill the
conservation laws including scale invariance [9] and the
Tan relations [11].

The Luttinger-Ward theory has recently been extended to
compute transport coefficients in linear response using the
Kubo formula: this gives access to the frequency-dependent
shear viscosity of the unitary Fermi gas, which was found
to satisfy the exact viscosity sum rule [9,23].We now extend
this work to the case of spin transport in order to explain the
recent experiment by Sommer et al. [4], and we proceed as
follows: first we compute the frequency-dependent spin
conductivity "sð!Þ of the unitary Fermi gas. The dc value
"s ¼ "sð! ¼ 0Þ determines the spin drag rate !sd ¼
n=m"s at density n, which is the rate of momentum transfer
between atoms of opposite spin. We then compute the spin
susceptibility #s ¼ @ðn" $ n#Þ=@ð$" $$#Þ which charac-
terizes the magnetic properties of the system [14,24].
Finally, we determine the spin diffusivity shown in Fig. 1
by the Einstein relation Ds ¼ "s=#s.

The strongly interacting two-component Fermi gas is
described by the grand canonical Hamiltonian

H ¼
X

k;"

ð"k $$"Þcyk"ck" þ g0
V

X

k;k0;q

cyk"c
y
k0#ck0$q#ckþq"

where "k ¼ k2=2m (@ & 1) is the free particle dispersion
and$" the chemical potential for the" ¼" , # components.
The s-wave contact interaction g0 acts only between differ-
ent fermion species at low temperatures. The bare interac-
tion is singular in the ultraviolet [2] and needs to be
regularized; the renormalized coupling g ¼ 4%@2a=m
determines the s-wave scattering length a.
The transport coefficients are obtained from the micro-

scopic model via the retarded number-current or spin-
current correlation function

#jn=jsðq; !Þ ¼ i@ Z 1

0
dt

Z
d3xeið!t$q'xÞ

( h½ðjz" * jz# Þðx; tÞ; ðjz" * jz# Þð0; 0Þ+i: (1)

The spin selective current operators in Fourier representa-
tion are given by j"ðqÞ ¼ V$1P

kð@k=mÞcyk$q=2;"ckþq=2;".

The correlation function determines the conductivity

"n=sð!Þ ¼ lim
q!0

Im#jn=jsðq; !Þ
!

(2)

which measures the relaxation of a global number or spin
current at frequency !. The total response integrated over
all frequencies is proportional to the particle density by the
number or spin f-sum rule [25,26]

Z 1

$1

d!

%
"n=sð!Þ ¼ n

m
: (3)

For a momentum-conserving interaction the particle cur-
rent cannot decay and "nð!Þ ¼ %n&ð!Þ=m. In contrast,
scattering transfers momentum between " and # particles so
that the spin current relaxes and "sð!Þ has a nontrivial
structure.
We compute the current correlation function (1) using

field theoretical methods and Feynman diagrams in the
Matsubara formalism [25]. The current operator jz ¼ jz" *
jz# implies a current response vertex J""0 ¼ J0""0 þ JMT

""0 þ
JAL""0 in the Feynman diagrams which splits into three con-
tributions [9,20] (","0 are the spin indices of incoming and
outgoing fermion lines). The first term is the bare number
(spin) current vertex J0""0nðpÞ ¼ pz'

0
""0 [J0""0sðpÞ ¼

pz'
3
""0] with the ‘ ¼ 1 partial wave component of the

momentum p and Pauli matrices 'j. The other two terms
are current vertex corrections which are required to fulfill
the conservation laws. The Maki-Thompson (MT) contri-
bution describes direct scattering between quasiparticles
while the Aslamazov-Larkin (AL) term captures the in-
duced current of fermion pairs, or molecules (for details
see Ref. [9]). For a mass current both " and # fermions move
in the same direction and induce a current of pairs, leading
to a sizeable AL term. In contrast, for a spin current " and #
atoms move in opposite directions [4] and no pair current is

m
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− h
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Sommer et al. (2011)
Luttinger-Ward theory

kinetic theory
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FIG. 1 (color online). Spin diffusivity Ds vs reduced tempera-
ture T=TF (solid red line) in the normal phase, T > Tc ’ 0:16TF.
The experimental data [4] (blue squares) for the trapped gas are
rescaled down by a factor of 4.7 to compensate for the effect of
the trapping potential. The dashed black line is the result from
kinetic theory, Ds ¼ 1:1ðT=TFÞ3=2@=m.
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Longitudinal vs transverse spin diffusion
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One of the prime results of  the present theory, previously reported 
elsewhere, 2 is the distinction, in a degenerate Fermi system, between trans- 
verse and longitudinal spin diffusion processes. Since the theory of  this effect, 
given below, is complicated mathematically we would like to present some 
heuristic arguments that may give some insight into the difference. As we 
will see, the main effect is a difference in phase space for the collisions 
responsible for the spin diffusion. Consider first longitudinal spin diffusion. 
Mathematically, we can write the magnetization as m = m~ where m is the 
magnitude and ~ the direction. Then Vm = ~Vm + mV~. The first term drives 
a "longitudinal" spin current, which in spin space is parallel to m. The 
magnetization gradient is in the magnitude of the magnetization, giving an 
uneven picket fence as shown in Fig. I a. In the case of a polarized degenerate 
system, the Fermi spheres, shown in momentum space in Fig. lb, corre- 
sponding to two positions at x and x + dx, are not quite the same size. The 
one at x has an up-spin sphere that is a little larger than that at x + dx, and 
the down-spin sphere at x is a little smaller than that at x + dx. Consider the 
diffusion of  an up spin from x to x + dx. If that spin is in the narrow annular 

(a) 

x+dx @ 
M - dM 

x 

M (b) 

superimposed fermi spheres 

Fig. 1. Longitudinal spin diffusion. The gradient is in the length of the 
magnetization vector as shown in (a). Thus the fermi spheres of up and 
down spins are of different sizes at different positions as shown in (b). To 
restore equilibrium scattering need occur only right at the Fermi surfaces. 
The spin current is parallel to the local magnetization. 
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region of up signs that constitutes the difference between the two up-spin 
Fermi spheres, it is out of equilibrium when it reaches x +dx and must 
scatter to become equilibrated. Up spins that are farther down in the Fermi 
sphere may not be able to move from x because their momentum states at 
x + dx are already occupied; or perhaps such a spin has a large wave packet 
so that it is really the same spin as in the momentum state at x + dx. Thus 
the scattering occurs just in a little layer around the Fermi sphere and the 
spin diffusion coefficient will have the characteristic 1 /T  2 factor that arises 
from scattering limited to the Fermi surface. 

On the other hand in a spin-echo experiment the spins are tipped at an 
angle from the field direction. A gradient field then causes them to precess 
at differing rates so that the tips of the spins form a spiral as shown in Fig. 
2a. The gradient in magnetization then corresponds to the term mV6. There 
is then a "transverse" spin current along V6, which is perpendicular to m. 
As shown in Fig. 2b below, the Fermi spheres are the same size at x and 
x + dx; but they have slightly different directions of magnetization. (The 
different directions of magnetization are greatly exaggerated in the Figure.) 
Thus a spin migrating from x to x + dx in any momentum state between the 
up and down Fermi spheres is out of equilibrium and must scatter to return 

/ (a) 

x x+dx  

(b) 

M(x) M(x+dx) 
Fig. 2. Transverse spin diffusion. In a spin echo experiment the spins are 
tipped away from the external field and a gradient field causes a spiral 
to form as shown in (a). The spin current, which is now driven by a 
gradient in the direction of  the magnetization and not its magnitude, is 
transverse to the local magnetization. To restore equilibrium all spins 
between the two Fermi surfaces must scatter. 
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to local equilibrium. On the other hand, an up spin or a down spin in a 
state below the Fermi momentum of the down-spin sphere, comes from a 
momentum region of zero magnetization into a zero magnetization region 
and "senses" no lack of equilibrium, does not need to scatter, and indeed 
cannot scatter. To restore equilibrium in the transverse case, we require 
scattering throughout the region between the up and down-spin Fermi 
spheres; we will see that the scattering is proportional to the number of 
particles in the intermediate momentum region, (np + -np_),  which provides 
considerably more phase space. The result is that the transverse relaxation 
time can be considerably shorter than the longitudinal relaxation time. In 
Fig. 3, we show how these two diffusion constants diverge from one another 
with D• approaching a constant as T ~ 0  and DII ~ l i T  2. The separation 
occurs in the degenerate Fermi system when the chemical potential difference 
between up and down spin states exceeds kT .  Thus for larger polarization 
the separation occurs at higher T and the constant approached by D• will 

100 

r  

b 

10 

' : J I ' ' ' ' ' ' ' ' I ' 

J : i i I i i i i : i i i I 

1 lO 
T(mK) 

Fig. 3. Comparison of the transverse diffusion coefficient D• and longitud- 
inal diffusion coefficient D n . In the degenerate regime the transverse spin 
diffusion coefficient goes to a constant at low temperature while the longi- 
tudinal coefficient is proportional  to T -2. The reason is the much larger 
density of states for scattering in the transverse case as explained in Fig. 
2. The parameters for this calculation are the same as in the experiment 
described in Fig. 4 in Sec. 7. 

Mullin & Jeon 1992
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Spin-echo experiment (Köhl group, Cambridge)
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Figure 1 |Quench of a 2D Fermi gas in which all atoms were initially prepared in the | #i state. a, A ⇡/2-pulse prepares the Fermi gas polarized in the
S

y

-direction. b, A magnetic field gradient @B

z

/@x causes the spins to acquire different phase angles �(x) in the equatorial plane. c, Collisions tilt the spins
out of the equatorial plane owing to the identical spin-rotation effect. The acquired projection along S

z

, together with the motion of the atoms in the
harmonic trap, impedes rephasing of the spins when the magnetic field gradient is reversed. The spin states are shown in the rotating frame.
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Figure 2 | Spin-echo signals in the strongly interacting regime. a, Transverse spin diffusion constant D? as a function of interaction strength deduced
from the decay constant 0 of the spin-echo signal. The error bars denote the 1� uncertainty of the fit. Inset: spin-echo signal at ln(kFa2D) = �0.2. The blue
line is a fit / exp[�(20⌧ )3]. b,c, Illustration of the different spatial variation of Fermi surfaces of a polarized Fermi gas for the case of longitudinal (b) and
transverse (c) spin diffusion.
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Figure 3 |Observation of spin waves for the non-interacting gas (ln(kFa2D)! +1). a, Envelope of the spin-echo signal (dots) and the fit function (blue
line). b, Centre of mass separation of |"i and |#i after a time of flight of 11.8 ms. The shaded area is a series of Gaussians repeated at the same period and
with the same exponential decay as the oscillations in a. c,d, Momentum distribution of local spin polarization for large and small spin polarization,
positions marked by the circles c and d on a, respectively. The lower two panels in d show the distribution of spin up and spin down, respectively .

is mediated by the required anti-symmetrization of the scattering
wave function because of Pauli’s exclusion principle. In binary
collisions, this leads to the identical spin-rotation effect23: in a
collision both spins rotate about the axis defined by the sum
of their spin orientations. In the Fermi degenerate regime, the
binary collision picture has to be replaced by Landau’s quasiparticle
description. Here, quasiparticle excitations are restricted to near
the Fermi surface and can be considered as being affected by
a ‘molecular field’ resulting from the effective spin-exchange
interaction14,15,24,25. As a result, the spin wave cants out of the
Sx–Sy-plane and forms a spin spiral which acquires a component
along Sz (see Fig. 1c). The magnitude of the identical spin-rotation
effect is proportional to the mean-field interaction strength g =
�2⇡h̄2/[m ln(kFa2D)] of the gas26. Here, kF is the Fermi wave
vector for the initially spin-polarized sample and a2D is the 2D
scattering length (see Methods). We perform the experiment near
the Feshbach resonance at 202.1G, which allows tuning the strength
of the interaction.

In the strongly interacting regime, that is, �1< ln(kFa2D)< 3,
spin transport is dominated by diffusion and the spin-echo signal
attains a characteristic non-exponential decay of the form13–15

exp [�2/3D?(�� B0)2⌧ 3]. Fitting the envelope of the spin-echo
signal (see Fig. 2a) with this function allows us to deduce the
transverse spin diffusion constant. (Our experimental timing is not
phase stable with respect to the Larmor precession of ⇡50MHz.

Hence, our analysis focusses on the envelope of the spin echo, from
which the shown data points typically scatter less than 10%. The
combined error of preparation and detection of the magnetization
for a single data point is less than 1%.) We extract the transverse
spin diffusion constant for various interaction strengths and find
D? = 0.25(3)h̄/m at a shallow minimum around ln(kFa2D) = 0
(Fig. 2b). From the arguments given above, we expect the diffusivity
to be on the order of h̄/m. Observing a smaller value than for
longitudinal spin diffusion in three dimensions5 is possibly less
linked to the dimensionality rather than to the phase space available
for collisions necessary to drive spin diffusion19: In the case of
longitudinal spin currents, a gradient of the Mz(x) polarization
along the x-direction can be considered as a spatial variation of the
local Fermi surfaces kF,"(x) and kF,#(x) (Fig. 2c). Only |"i spins
in a small region near the Fermi surface can diffuse from x to
x + dx , invoking the typical T�2 scaling for quasiparticles in the
deeply degenerate regime. In contrast, in the case of transverse
spin currents the Fermi surfaces at different positions are of the
same size but have slightly different directions ofmagnetization (see
Fig. 2d). Hence, a spin moving along x from anywhere between
the Fermi surfaces for spin-up and spin-down must scatter to
reach local equilibrium, which scales as n" � n# and provides a
much larger phase space. The result is that for a degenerate system
the transverse diffusivity is smaller than the longitudinal one and
becomes independent of temperature19.

NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics 3
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Spin diffusion in kinetic theory

• local magnetization vector and gradient

• Boltzmann equation for spin distribution function

• many-body T-matrix in collision integral and spin rotation  Enss arXiv:1307.5175

longitudinal

transverse

Jeon & Mullin 1988; 
Enss arXiv:1307.5175

M(r, t) = M(r, t) ê(r, t)

4

One may parametrize the occupation matrix np in
terms of particle fp and spin σp variables

np =
1

2
(fpI + σp · σ) , (17)

and the kinetic equation (14) may be written in compo-
nents

Dfp
Dt

≡
∂fp
∂t

+
∑

i

[

∂εp
∂pi

∂fp
∂ri

−
∂εp
∂ri

∂fp
∂pi

+
∂hp

∂pi
·
∂σp

∂ri
−

∂hp

∂ri
·
∂σp

∂pi

]

=

(

∂fp
∂t

)

coll

(18)

and

Dσp

Dt
≡

∂σp

∂t
+
∑

i

[

∂εp
∂pi

∂σp

∂ri
−

∂εp
∂ri

∂σp

∂pi

+
∂hp

∂pi

∂fp
∂ri

−
∂hp

∂ri

∂fp
∂pi

]

−
2

!
hp × σp =

(

∂σp

∂t

)

coll

.

(19)

The local magnetization is M(r, t) =
∫

ddpσp/(2π)d =
M(r, t)ê(r, t) and we choose the local magnetization di-
rection ê(r, t) as the spin quantization axis, such that
the local equilibrium distribution matrix n0

p is diagonal
with entries np+ and np−. Note that M need not be
parallel to an external magnetic field B. According to
Eqn. (17), f0

p = np+ +np− and σ0
p = (np+ −np−)ê. The

gradient of the magnetization has two contributions, the
longitudinal and transverse parts

∂M

∂ri
=

∂M
∂ri

ê+M
∂ê

∂ri
. (20)

We linearize the kinetic equations (18) and (19) around
the local equilibrium distribution, np = n0

p + δnp, and
write the drift terms as

Dfp
Dt

≡
∂fp
∂t

−
∑

i

vpi
∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp
=

(

∂fp
∂t

)

coll

(21)

and

Dσp

Dt
≡

∂σp

∂t
−
∑

i

vpi
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp

+
∑

i

vpi
∂ê

∂ri
(np+ − np−) +Ω× σp =

(

∂σp

∂t

)

coll

(22)

up to corrections of order O(δnp). The second (longitu-
dinal) and third (transverse) terms in Eqn. (22) result
from the gradient of the local magnetization (20). The
derivative ∂npσ/∂εp in the longitudinal term restricts the
momentum integrals in the degenerate regime to a neigh-
borhood of the Fermi surface. In contrast, in the trans-
verse term np+−np− is nonzero everywhere between the

majority and minority Fermi surfaces, hence the phase
space for scattering at low temperature and the trans-
verse scattering rate τ−1

⊥ are larger than in the longitu-
dinal case [7].

In the derivation we have used the Gibbs-Duhem rela-
tion

∑

σ nσ(∂µσ/∂ri) = 0 and

∂nσ

∂ri
= χσ

∂µσ

∂ri
, χσ =

∂nσ

∂µσ
, (23)

∂µσ

∂ri
= σtσ

∂M
∂ri

, tσ =
1/nσ

χ+/n+ + χ−/n−
. (24)

It then follows that

∂εp
∂pi

=
pi
m

= vpi (25)

∂f0
p

∂ri
= −

∑

σ

∂npσ

∂εp

∂µσ

∂ri
= −

∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp
(26)

∂σ0
p

∂ri
=

∂(np+ − np−)

∂ri
ê+ (np+ − np−)

∂ê

∂ri

= −
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp
+

∂ê

∂ri
(np+ − np−) (27)

and we have assumed a constant hp.
The particle and spin currents are defined as the ve-

locity weighted by the distribution functions,

Jj =

∫

ddp

(2π)d
vpjfp (28)

Jj =

∫

ddp

(2π)d
vpjσp (29)

for a magnetization gradient in direction j = x, y, z. We
shall not consider the particle current further and instead
concentrate on the spin current. The continuity equation
for the spin density (magnetization) is

∂M

∂t
+
∑

j

∂Jj

∂rj
+Ω0 ×M = 0. (30)

The momentum integral over the Boltzmann equation
(22) weighted by the velocity vpj yields the time evolution
of the spin current,

DJj

Dt
≡

∂Jj

∂t
+ α‖

∂M
∂rj

ê+ α⊥M
∂ê

∂rj

+ (Ω0 +Ωmf)× Jj =

∫

ddp

(2π)d
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(

∂σp

∂t

)

coll

(31)

with coefficients

α‖ =

∫

ddp

(2π)d

∑

i

vpivpj
∑

σ

tσ
∂npσ

∂εp
=

2/m

χ+/n+ + χ−/n−

(32)

α⊥ =
1

M

∫

ddp

(2π)d

∑

i

vpivpj(np+ − np−) =
P+ − P−

mM
(33)
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One may parametrize the occupation matrix np in
terms of particle fp and spin σp variables
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The local magnetization is M(r, t) =
∫

ddpσp/(2π)d =
M(r, t)ê(r, t) and we choose the local magnetization di-
rection ê(r, t) as the spin quantization axis, such that
the local equilibrium distribution matrix n0

p is diagonal
with entries np+ and np−. Note that M need not be
parallel to an external magnetic field B. According to
Eqn. (17), f0

p = np+ +np− and σ0
p = (np+ −np−)ê. The

gradient of the magnetization has two contributions, the
longitudinal and transverse parts

∂M

∂ri
=

∂M
∂ri

ê+M
∂ê

∂ri
. (20)

We linearize the kinetic equations (18) and (19) around
the local equilibrium distribution, np = n0

p + δnp, and
write the drift terms as

Dfp
Dt

≡
∂fp
∂t

−
∑

i

vpi
∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp
=

(

∂fp
∂t

)

coll

(21)

and

Dσp

Dt
≡

∂σp

∂t
−
∑

i

vpi
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp

+
∑

i

vpi
∂ê

∂ri
(np+ − np−) +Ω× σp =

(

∂σp

∂t

)

coll

(22)

up to corrections of order O(δnp). The second (longitu-
dinal) and third (transverse) terms in Eqn. (22) result
from the gradient of the local magnetization (20). The
derivative ∂npσ/∂εp in the longitudinal term restricts the
momentum integrals in the degenerate regime to a neigh-
borhood of the Fermi surface. In contrast, in the trans-
verse term np+−np− is nonzero everywhere between the

majority and minority Fermi surfaces, hence the phase
space for scattering at low temperature and the trans-
verse scattering rate τ−1

⊥ are larger than in the longitu-
dinal case [7].

In the derivation we have used the Gibbs-Duhem rela-
tion

∑

σ nσ(∂µσ/∂ri) = 0 and

∂nσ

∂ri
= χσ

∂µσ

∂ri
, χσ =

∂nσ

∂µσ
, (23)

∂µσ

∂ri
= σtσ

∂M
∂ri

, tσ =
1/nσ

χ+/n+ + χ−/n−
. (24)

It then follows that

∂εp
∂pi

=
pi
m

= vpi (25)

∂f0
p

∂ri
= −

∑

σ

∂npσ

∂εp

∂µσ

∂ri
= −

∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp
(26)

∂σ0
p

∂ri
=

∂(np+ − np−)

∂ri
ê+ (np+ − np−)

∂ê

∂ri

= −
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp
+

∂ê

∂ri
(np+ − np−) (27)

and we have assumed a constant hp.
The particle and spin currents are defined as the ve-

locity weighted by the distribution functions,

Jj =

∫

ddp

(2π)d
vpjfp (28)

Jj =

∫

ddp

(2π)d
vpjσp (29)

for a magnetization gradient in direction j = x, y, z. We
shall not consider the particle current further and instead
concentrate on the spin current. The continuity equation
for the spin density (magnetization) is

∂M

∂t
+
∑

j

∂Jj

∂rj
+Ω0 ×M = 0. (30)

The momentum integral over the Boltzmann equation
(22) weighted by the velocity vpj yields the time evolution
of the spin current,

DJj

Dt
≡

∂Jj

∂t
+ α‖

∂M
∂rj

ê+ α⊥M
∂ê

∂rj

+ (Ω0 +Ωmf)× Jj =

∫

ddp

(2π)d
vpj

(

∂σp

∂t

)

coll

(31)

with coefficients

α‖ =

∫

ddp

(2π)d

∑

i

vpivpj
∑

σ

tσ
∂npσ

∂εp
=

2/m

χ+/n+ + χ−/n−

(32)

α⊥ =
1

M

∫

ddp

(2π)d

∑

i

vpivpj(np+ − np−) =
P+ − P−

mM
(33)

spin rotation
D? =

↵?⌧?
1 + (⌦mf ⌧?)2

Leggett & Rice 1968;
Leggett 1970



Transverse spin diffusivity

Enss arXiv:1307.5175

3D - medium scattering
and spin-rotation effect

2D - dependence on interaction
and importance of medium effects
(cf. η: Enss, Küppersbusch & Fritz PRA 2012)
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Conclusion and outlook

• strongly interacting Fermi gas with contact interaction:
paradigm of many-body theory, precision experiments provide benchmark

• universal regime also at short distance                    : Tan contact density C

• mass transport (viscosity): less friction by strong int’n, nearly perfect fluidity
Luttinger-Ward transport calculation (conserving, universal tail, works near Tc)

• longitudinal spin diffusion:
agrees quantitatively with MIT experiment

• transverse diffusion: slowest                             
observed in polarized gas (strong medium effects at low T and large int’n)

• outlook: measure        in 3D; Luttinger-Ward for polarized gas

Ds & 1.3 ~/m

(dashed black line). In the strongly interacting region
near Tc, however, the fermions cease to be well-defined
quasiparticles [17,18] and the Boltzmann theory is not
applicable. Therefore, we employ the strong coupling
Luttinger-Ward theory to compute spin transport. The
Luttinger-Ward (or 2PI) formalism [19,20] is based on
the self-consistent T matrix for repeated particle-particle
scattering and becomes exact at high temperatures. In the
most interesting regime near Tc and unitarity there is no
small parameter to estimate its accuracy. Instead, a com-
parison with experiment shows that it accurately describes
both the normal and the superfluid phase of the BEC-BCS
crossover problem [21]: the values for Tc=TF ¼ 0:16ð1Þ
and the Bertsch parameter ! ¼ 0:36ð1Þ agree within error
bounds with precision experimental [13] and diagrammatic
Monte Carlo [22] results. We have devised a framework
which includes all diagrams needed to exactly fulfill the
conservation laws including scale invariance [9] and the
Tan relations [11].

The Luttinger-Ward theory has recently been extended to
compute transport coefficients in linear response using the
Kubo formula: this gives access to the frequency-dependent
shear viscosity of the unitary Fermi gas, which was found
to satisfy the exact viscosity sum rule [9,23].We now extend
this work to the case of spin transport in order to explain the
recent experiment by Sommer et al. [4], and we proceed as
follows: first we compute the frequency-dependent spin
conductivity "sð!Þ of the unitary Fermi gas. The dc value
"s ¼ "sð! ¼ 0Þ determines the spin drag rate !sd ¼
n=m"s at density n, which is the rate of momentum transfer
between atoms of opposite spin. We then compute the spin
susceptibility #s ¼ @ðn" $ n#Þ=@ð$" $$#Þ which charac-
terizes the magnetic properties of the system [14,24].
Finally, we determine the spin diffusivity shown in Fig. 1
by the Einstein relation Ds ¼ "s=#s.

The strongly interacting two-component Fermi gas is
described by the grand canonical Hamiltonian

H ¼
X

k;"

ð"k $$"Þcyk"ck" þ g0
V

X

k;k0;q

cyk"c
y
k0#ck0$q#ckþq"

where "k ¼ k2=2m (@ & 1) is the free particle dispersion
and$" the chemical potential for the" ¼" , # components.
The s-wave contact interaction g0 acts only between differ-
ent fermion species at low temperatures. The bare interac-
tion is singular in the ultraviolet [2] and needs to be
regularized; the renormalized coupling g ¼ 4%@2a=m
determines the s-wave scattering length a.
The transport coefficients are obtained from the micro-

scopic model via the retarded number-current or spin-
current correlation function

#jn=jsðq; !Þ ¼ i@ Z 1

0
dt

Z
d3xeið!t$q'xÞ

( h½ðjz" * jz# Þðx; tÞ; ðjz" * jz# Þð0; 0Þ+i: (1)

The spin selective current operators in Fourier representa-
tion are given by j"ðqÞ ¼ V$1P

kð@k=mÞcyk$q=2;"ckþq=2;".

The correlation function determines the conductivity

"n=sð!Þ ¼ lim
q!0

Im#jn=jsðq; !Þ
!

(2)

which measures the relaxation of a global number or spin
current at frequency !. The total response integrated over
all frequencies is proportional to the particle density by the
number or spin f-sum rule [25,26]

Z 1

$1

d!

%
"n=sð!Þ ¼ n

m
: (3)

For a momentum-conserving interaction the particle cur-
rent cannot decay and "nð!Þ ¼ %n&ð!Þ=m. In contrast,
scattering transfers momentum between " and # particles so
that the spin current relaxes and "sð!Þ has a nontrivial
structure.
We compute the current correlation function (1) using

field theoretical methods and Feynman diagrams in the
Matsubara formalism [25]. The current operator jz ¼ jz" *
jz# implies a current response vertex J""0 ¼ J0""0 þ JMT

""0 þ
JAL""0 in the Feynman diagrams which splits into three con-
tributions [9,20] (","0 are the spin indices of incoming and
outgoing fermion lines). The first term is the bare number
(spin) current vertex J0""0nðpÞ ¼ pz'

0
""0 [J0""0sðpÞ ¼

pz'
3
""0] with the ‘ ¼ 1 partial wave component of the

momentum p and Pauli matrices 'j. The other two terms
are current vertex corrections which are required to fulfill
the conservation laws. The Maki-Thompson (MT) contri-
bution describes direct scattering between quasiparticles
while the Aslamazov-Larkin (AL) term captures the in-
duced current of fermion pairs, or molecules (for details
see Ref. [9]). For a mass current both " and # fermions move
in the same direction and induce a current of pairs, leading
to a sizeable AL term. In contrast, for a spin current " and #
atoms move in opposite directions [4] and no pair current is

m
D

s/
− h

T/TF
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rf
lu

id

Sommer et al. (2011)
Luttinger-Ward theory

kinetic theory
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FIG. 1 (color online). Spin diffusivity Ds vs reduced tempera-
ture T=TF (solid red line) in the normal phase, T > Tc ’ 0:16TF.
The experimental data [4] (blue squares) for the trapped gas are
rescaled down by a factor of 4.7 to compensate for the effect of
the trapping potential. The dashed black line is the result from
kinetic theory, Ds ¼ 1:1ðT=TFÞ3=2@=m.
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