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Transport in quantum fluids

can mass flow without friction?

Measures of Perfection

Viscosity determines shear stress (“friction”) in fluid flow
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Dimensionless measure of shear stress: Reynolds number
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shear viscosity to entropy ratio: expt minimum values ⌘/s ⇠ 0.4 . . . 0.8 ~/kB
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gauge-gravity duality:                           perfect fluidity  Kovtun, Son & Starinets 2005
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transport near quantum critical point (QCP): incoherent relaxation



Strongly interacting Fermi gas

• dilute gas of ⬆ and ⬇ fermions,                  contact interaction: universal

• strong s-wave scattering,                (Feshbach resonance); scale invariance
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Giorgini, Pitaevskii & Stringari 2008
Bloch, Dalibard & Zwerger 2008 

Randeria, Zwerger & Zwierlein 2012
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news & views

One of the most stimulating areas 
of research in ultracold atoms 
is the exploration of strongly 

interacting Fermi gases1. As reported2 
in Nature Physics, John Gaebler et al. 
make a signi!cant contribution to 
this subject by providing the !rst 
experimental evidence of an energy gap, 
called the pseudogap, owing to pairing 
correlations above the super"uid phase-
transition temperature Tc of the unitary 
Fermi gas. #eir measurement uses 
the new technique of angle-resolved 
radiofrequency (RF) spectroscopy, 
which is an analogue of angle-resolved 
photoemission spectroscopy3,4 (ARPES), 
one of the most powerful probes of 
correlated electrons in solid-state 
materials. Despite crucial di$erences, 
there are also some interesting 
similarities between the pseudogap 
above Tc in ultracold Fermi gases 
and the underdoped regime of high-
temperature superconductors.

To appreciate the signi!cance of 
these results, it is useful to recall that 
the unitary Fermi gas is in the middle of 
the crossover between two very di$erent 
limits: Bardeen–Cooper–Schrie$er 
(BCS) super"uidity of fermion pairs 
and Bose–Einstein condensation (BEC) 
of bosons. Most superconductors or 
super"uids studied in the past hundred 
years are !rmly in one or the other limit. It 
is only in the past few years that an atomic 
physics technique called the Feshbach 
resonance1 has allowed us to actually 
tune the attractive interactions between 
fermionic atoms (6Li, 40K) and span the 
entire BCS to BEC crossover shown 
in Fig. 1.

In the BCS limit, a weak attraction 
between fermions leads to the formation — 
and condensation — of Cooper pairs with 
an e$ective size much larger than the 
interparticle distance. #e normal state 
above Tc is a Fermi liquid with a Fermi 
surface of gapless excitations. In the BEC 
limit, on the other hand, strong attraction 
leads to tightly bound diatomic molecules 
that are weakly repulsive bosons. #e state 
above Tc is a normal Bose gas and only at 

very high temperatures do the molecules 
dissociate into atoms.

#e unitary regime lies between these two 
very di$erent limits. Here the interaction 
parameter between atoms, the s-wave 
scattering length, diverges and the cross-
section is limited only by unitarity, that is, 

the conservation of probability. #e ground 
state near unitarity is a strongly interacting 
super"uid of pairs, the size of which is of 
the order of the interparticle spacing of 
constituent fermions. #is also leads to a very 
high Tc, in which Tc = (0.15–0.2)EF, where EF 
is the Fermi energy5,6.

ULTRACOLD FERMI GASES

Pre-pairing for condensation
Pair formation and condensation usually occur together in Fermi superfluids. The observation of a pseudogap that 
implies pairing above the condensation temperature in a strongly interacting Fermi gas is thus an exciting development.

Mohit Randeria

Figure 1 | Phase diagram of the BCS to BEC crossover as a function of the dimensionless attraction 
1/(kFas) (where kF is the Fermi momentum and as is the scattering length) and the temperature T 
in units of EF. The pictures show schematically the evolution of the ground state from the BCS limit 
with large, spatially overlapping Cooper pairs to the BEC limit with tightly bound molecules. The 
ground state at unitarity (1/(kFas) = 0) has strongly interacting pairs with size comparable to 1/kF. 
As a function of increasing attraction, the pair-formation crossover scale T* diverges away from Tc 
below which a condensate exists. Most Fermi superfluids and superconductors are close to the BCS 
limit where these two temperatures coincide. The experiments reported by Gaebler et al.2 probe the 
unitary regime and reveal a pairing pseudogap in the range of temperatures between Tc and T*. This 
global phase diagram is based on ref. 5; for recent quantum Monte Carlo calculations near unitarity, 
see refs 6 and 8.
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Quantum critical point

• resonant fixed point is Quantum Critical Point (QCP) at T=0, μ=0, 1/a=0
Nikolic & Sachdev 2007

• abrupt change of ground state at QCP
density n is order parameter: vacuum for T=0, μ<0
gapless excitations above QCP: affect measurements in quantum critical regime
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The thermodynamic and transport properties of the unitary Fermi gas at finite temperature T are governed by
a quantum critical point at T = 0 and zero density. We compute the universal shear viscosity to entropy ratio
η/s in the high-temperature quantum critical regime T ! |µ| and find that this strongly coupled quantum fluid
comes close to perfect fluidity η/s = h̄/(4πkB ). Using a controlled large-N expansion, we show that already
at the first nontrivial order the equation of state and the Tan contact density C agree well with the most recent
experimental measurements and theoretical Luttinger-Ward and bold diagrammatic Monte Carlo calculations.
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I. INTRODUCTION

The unitary Fermi gas is a basic many-body problem which
describes strongly interacting fermions ranging from ultracold
atoms near a Feshbach resonance [1–3] to dilute neutron
matter. The properties in the dilute limit are independent of
the microscopic details of the interaction potential and share
a common universal phase diagram. A quantum critical point
(QCP) at zero temperature governs the critical behavior in the
whole phase diagram as a function of temperature T , chemical
potential µ, detuning from the Feshbach resonance ν, and
magnetic field h [4–6]. Whereas conventional QCPs separate
two phases of finite density, in our case the density itself is the
order parameter which vanishes for µ < 0 and assumes a finite
value for µ > 0 [6]. In the spin-balanced case h = 0 and at
resonance ν = 0 the Fermi gas is unitary and scale invariant. In
terms of the thermal length λT = h̄(2π/mkBT )1/2 the density
equation of state nλ3

T = fn(µ/kBT ) is a universal function
which has been measured experimentally [7,8]. The unitary
Fermi gas becomes superfluid at a universal Tc(µ) ≈ 0.4 µ [8];
see Fig. 1. In this work we focus on the quantum critical
regime T > 0 above the QCP at h = 0, ν = 0, and µ = 0,
where nλ3

T = fn(0) ≈ 2.9 is a universal constant. Since the
thermal length λT is comparable to the mean particle spacing
n−1/3, quantum and thermal effects are equally important.
There is no small parameter, and it is a theoretical challenge to
compute the critical properties. Recent measurements [8] and
computations [9,10] of the equation of state now agree to the
percent level. However, a precise determination of transport
properties is much more demanding.

In order to reliably estimate transport coefficients we
perform controlled calculations in a large-N expansion [5,11].
Due to the lack of an intrinsic small parameter we introduce
an artificial small parameter, 1/N , which organizes the
different diagrammatic contributions, or scattering processes,
into orders of 1/N . The original theory is recovered in
the limit N = 1. One can perform controlled calculations
by including all diagrams up to a certain order in 1/N ,
and these approximations can be systematically improved
by going to higher order. This approach is similar to the ε
expansion in the dimension of space. The advantage over
perturbation theory is that it is controlled even at strong
interaction, while in contrast to quantum Monte Carlo it works
directly in the thermodynamic limit and needs no finite-size
scaling.

We thus obtain results for the Tan contact density [12–14]
and the transport properties in the quantum critical region.
The shear viscosity η = h̄λ−3

T fη(µ/kBT ) assumes a universal
value at µ = 0. In kinetic theory η = P τ is given by the pres-
sure P times the viscous scattering time τ , which is related to
the incoherent relaxation time of the gapless critical excitations
above the QCP. The entropy density s = kBλ−3

T fs(µ/kBT ) at
µ = 0 is exactly proportional to the pressure, s = 5P/2T , and
the viscosity to entropy ratio (at N = 1),

η

s
= 2

5
T τ ≈ 0.74

h̄

kB

, (1)

is a universal number independent of temperature. A
temperature-independent ratio η/s = h̄/(4πkB) has been
found in certain string theories [15] and is conjectured to hold
as a lower bound in other models [16]. Strongly interacting
quantum fluids which saturate this bound are called perfect
fluids [17]. Among real nonrelativistic fluids the unitary Fermi
gas comes closest to the bound and is almost perfect [18–20],
while for graphene the viscosity decreases logarithmically with
temperature in the quantum critical regime [21].

We compare our large-N results at N = 1 [22] with exper-
imental measurements [8,19,23,24] and other theoretical ap-
proaches, including self-consistent Luttinger-Ward [18,25,26]
and bold diagrammatic Monte Carlo (BDMC) [9] calculations;
see Table I. The excellent agreement between experiment and
BDMC provides a reliable reference to assess the accuracy of
other methods. We find very good agreement of the pressure
P with large-N (3% above BDMC) and Luttinger-Ward (4%
below) calculations, just slightly outside the error bars, and
we find similarly good agreement for the entropy density s.
From the BDMC equation-of-state simulations of [9], one can

FIG. 1. (Color online) Universal phase diagram of the unitary
Fermi gas.
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Universal properties

• at unitarity 1/a=0 scale invariance:
properties depend only on μ/T (“angle”)
Zhang+ Science 2012

• e.g. equation of state

measured by Zwierlein group (2012),
computed using Bold Diagrammatic MC

• quantum critical regime above QCP:

quantum and thermal fluctuations equally important, interplay challenging

temperature only available scale for incoherent relaxation:  Sachdev 1999
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Luttinger-Ward approach

• repeated particle-particle scattering dominant in dilute gas:

                                                    self-consistent T-matrix 

                                                    self-consistent fermion propagator
                                                    (300 momenta / 300 Matsubara frequencies)   

• spectral function A(k,ε) at Tc

Haussmann et al. 2009

Finite temperature QMC calculations of the spectral func-
tion at unitarity by Bulgac et al. !67" indicate the presence of
a gapped particle excitation spectrum of form #4.1$ also

above the critical temperature, which is not found in our
approach. More generally, it is evident from the spectral
functions of the unitary gas above Tc which are shown in
Fig. 3 that a simple pseudogap ansatz for the spectral func-
tion !69" is not consistent with our results. As can be seen
from the lower three graphs in Fig. 3, our approach leads to
a single, broad, ungapped excitation peak with a quadratic
dispersion at temperatures T!Tc instead of two excitation
branches with a gapped BCS-like dispersion as expected
from the pseudogap approach. In particular we do not ob-
serve a strong suppression of spectral weight near the chemi-
cal potential.

Apart from the dominant peaks discussed above our spec-
tral functions show some additional structures that have
much smaller weight, however. Specifically, at unitarity and
temperatures above Tc a small second peak is visible for k
"kF in Fig. 3. At T=0.3TF this residual peak contains %17%
of the spectral weight. The situation is similar on the BEC
side of the Feshbach resonance at v=1, where above Tc a
second peak at negative energies is present for k"kF, with a
spectral weight of %22%.

Recent experiments by Stewart et al. !19" have succeeded
to perform rf spectroscopy in a momentum-resolved manner
from which one directly obtains the hole spectral function
A−#k ,#$ as a function of both momentum and energy. A

FIG. 3. #Color$ Density plots of the spectral function A#k ,#$ at unitarity !v=1 / #kFa$=0" for different temperatures. From top left to
bottom right: T /TF=0.01, 0.06, 0.14, 0.160#Tc$, 0.18, and 0.30. The white horizontal lines mark the chemical potential $. At temperatures
smaller than the superfluid transition temperature Tc two quasiparticle structures with a BCS-like dispersion can be seen. The width of the
spectral peaks is of the same order as the quasiparticle energy. With increasing temperature the two branches gradually merge into a single
quasiparticle structure with a quadratic dispersion above Tc. Note, however, that the quadratic dispersion is shifted to negative frequencies
compared to the bare fermion dispersion relation. This Hartree shift is of the order of U=−0.46#F and is essentially responsible for the
shifted rf spectra in the normal phase in Fig. 6.
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FIG. 4. #Color online$ The spectral function A#k ,#$ as a func-
tion of # for selected fixed values k at unitarity v=1 / #kFa$=0 and at
criticality T /TF=0.160#Tc$. The selected values of the wave number
k are represented by the colors of the lines corresponding to the
peaks from left to right: k /kF=0.00 #black$, 0.52 #red$, 0.77 #or-
ange$, 1.00 #green$, 1.26 #cyan$, 1.51 #blue$, and 2.02 #magenta$.
The different methods for calculating the spectral function are dis-
tinguished by the line styles: maximum-entropy method #solid
lines$ and Padé approximation #dashed lines$.

SPECTRAL FUNCTIONS AND RF RESPONSE OF… PHYSICAL REVIEW A 80, 063612 #2009$

063612-11

Haussmann 1993, 1994;
Haussmann et al. 2007

works above and below Tc;
directly in continuum limit

Tc=0.16(1) and ξ=0.36(1) 
agree with experiment

conserving: exactly fulfills scale 
invariance and Tan relations
Enss PRA 2012



Transport in linear response

• shear viscosity from stress correlations (cf. hydrodynamics),

with stress tensor                                                 (cf. Newton         )

• correlation function (Kubo formula):   Enss, Haussmann & Zwerger, Annals Physics 2011

• transport via fermions and bosonic molecules: very efficient description, 
satisfies conservation laws, scale invariance and Tan relations  Enss PRA 2012

• assumes no quasiparticles: beyond Boltzmann kinetic theory, works near Tc;
includes pseudogap and vertex corrections

⇧̂
xy

=
X

p,�

p
x

p
y

m
c†p�cp�

@v
x

@y

⌘(!) =
1

!

Re

Z 1

0
dt e

i!t

Z
d

3
x

D⇥
⇧̂

xy

(x, t), ⇧̂
xy

(0, 0)
⇤E

9

the fermionic and bosonic self-energies are local in real
space. Hence, the coupled equations are solved efficiently
by going back and forth between real and Fourier space.

In the second step GXX′ and ΓXX′ are used as input
for the self-consistent equations (5.21)–(5.26) to calculate
the viscosity response functions T̃!, S̃!. Again, the inte-
gral equations (5.21) and (5.25) become algebraic and are
solved in Fourier space, while the other equations remain
local in real space. Note that the spatial Fourier trans-
form between radial distances r and radial wavenumber
k for the partial-wave component ! is given by

T!(k) = 4π(−i)!

∫ ∞

0
dr r2 j!(kr)T!(r) , (5.27)

T!(r) =
i!

2π2

∫ ∞

0
dk k2 j!(kr)T!(k) . (5.28)

In the third step the correlation function χ!(iωm) is com-
puted from (5.15). It is continued analytically from the
discrete imaginary Matsubara frequencies iωm to the con-
tinuous real frequencies ω via both the Padé method and
a model fit function (cf. section VII). We thus obtain the
retarded correlation function χret

! (ω) = χ′
!(ω) + iχ′′

! (ω).
Finally, the real parts of the viscosities η and ζ are ob-
tained from the correlation functions for ! = 2 and ! = 0
according to (cf. equations (3.2) and (3.3))

Re η(ω) =
Imχret

!=2(ω)

15ω
, (5.29)

Re ζ(ω) =
Imχret

!=0(ω)

9ω
, (5.30)

where the prefactor of η comes from the angular integra-
tion of the spherical harmonics [Y!=2(p̂)]2. Alternatively,
one may solve the integral equation directly for real fre-
quencies where the limit ω → 0 can be taken analytically.
In practice, this approach is useful at high temperatures,
where self-consistency no longer plays a role.

VI. BOLTZMANN-EQUATION LIMIT

In the high-temperature limit T # TF the integral
equations (5.21)–(5.26) can be solved by expanding in
powers of the fugacity

z = eβµ =
4

3
√

π
θ−3/2 + O(θ−3) . (6.1)

To leading order in z, the pair propagator and on-shell
self-energy are given by

Γret(k,Ω) = −i
4πh̄3m−3/2

√

h̄Ω+ 2µ − εk/2
+ O(z) (6.2)

Σret(p, ε = εp − µ) = i
8εF

3π

erf(
√

πp/pT )

p/pF
+ O(z) .

(6.3)

  

FIG. 3: [color online] Diagrammatic contributions to the vis-
cosity correlation function χ!(ω) at first order in the pair
fluctuations: Self-energy (S), Maki-Thompson (MT) and
Aslamazov-Larkin (AL) diagrams.

In the case of on-shell fermions with k = p1 + p2,
h̄Ω + 2µ = εp1

+ εp2
the pair propagator reduces to the

well-known scattering amplitude f(q) = i/q at infinite
scattering length of two particles in vacuum, with rel-
ative momentum q. Note that the exact leading-order
result for the on-shell fermionic self-energy contains a
non-trivial error-function dependence on the ratio of the
momentum p to its thermal value pT that was missing in
previous studies [53]. It is due to the square-root tail in
the pair propagator and gives a noticeable correction at
thermal momenta p % pT . Moreover, this form is indeed
crucial to fulfill the condition of scale invariance, as will
be discussed below.

The fermionic spectral function in the low fugacity,
high temperature limit has most of the spectral weight
concentrated in the coherent peak at ε = εp−µ. The peak
width γp = ImΣret(p, ε) vanishes like εF pF /p ∼ T−1/2

for typical momenta p ≈ pT , consistent with the assump-
tion for the temperature dependence of the relaxation
time introduced by Bruun and Smith [24]. This implies,
in particular, that the fermionic quasiparticles become
well-defined and thus a Boltzmann equation description
is valid in the regime θ # 1.

From a numerical, iterative solution of the integral
equations (5.21)–(5.26) in the high-temperature limit we
obtain η/(h̄n) = 2.80(1) (T/TF )3/2. This fixes the con-
stant in the asymptotic behavior α(θ) = const θ3/2 at
large values of θ of the universal function introduced in
(4.1). Within the error bars, the numerical value agrees
with that obtained from a variational solution of the full
Boltzmann equation, using higher Sonine polynomials
[24, appendix]. The prediction of a simple power-law de-
pendence of the shear viscosity η(T ) ∼ T 3/2 has recently
been verified experimentally in a temperature range be-
tween θ % 1.5 and θ % 7 by measuring the expansion
dynamics of a unitary gas released from an optical trap
[54]. Very good agreement has been found also with the
expected prefactor.

Remarkably, the solution of the transport integral
equation at high temperatures and small frequencies can
also be obtained by a completely analytical approach.
In fact, in the low fugacity limit, one can terminate the
iterative procedure after the first iteration step (correla-
tion function to first order in the pair propagator) and
resum via a memory function approach, a method that
was developed in the context of electrical conductivi-
ties by Götze and Wölfle [55]. The first-order correla-

 η(ω) = (resummed to
 infinite order)



High-energy tails in stress correlation (shear viscosity)

exact viscosity sum rule 
(nonperturbative check): 

Taylor & Randeria 2010; Enss, Haussmann & Zwerger 2011; Enss 2013
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Spin transport with ultracold gases

• experiment: spin-polarized clouds in harmonic trap

• strongly interacting gas [movie courtesy Martin Zwierlein]:

A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)

bounce!
picture: J. Thomas 2011



Spin diffusion

• scattering conserves total ⬆+⬇ momentum: mass current preserved
but changes relative ⬆-⬇ momentum: spin current decays

spin diffusion

order of one second, which is an extremely long time compared to the
trapping period (44 ms). The underlying explanation for spin current
reversal and the slow relaxation can be found in the extremely short
mean free path and the high collision rate between opposite-spin
atoms at unitarity. According to the above estimate, the spin diffusivity
is approximately B/m, which for 6Li is (100mm)2 s21. The atom clouds
in the experiment have a length of the order of 100mm, and it takes
them of the order of a second to diffuse through each other. So we are
indeed observing quantum-limited spin diffusion. The initial bounces
will occur when the mean free path of a spin-up atom in the spin-down
cloud is smaller than the spin-down cloud size, that is, when the
mixture is hydrodynamic. Instead of quickly diffusing into the spin-
down region, it is then more likely that the spin-up atom is scattered
back into the spin-up region, where it can propagate ballistically.

After long evolution times, the oscillations shown in Fig. 1 have been
damped out, and the displacement between the centres of mass is
much smaller than the widths of the clouds. The relaxation dynamics
can then be described by linear response theory, giving access to the
spin transport coefficients. The spin drag coefficient Csd is defined as
the rate of momentum transfer between opposite-spin atoms12,14, and
is therefore related to the collision rate. From the Boltzmann transport
equation, the relaxation of the displacement d near equilibrium follows
the differential equation22

C sd
_dzv2

z d~0

in the case of strongly overdamped motion realized here. Fitting an
exponential with decay time t to the displacement gives the spin drag
coefficient of the trapped system as C sd~v2

zt. In the deeply degenerate
regime, the relationship between the measured and the microscopic
spin drag coefficient might be affected by a weak enhancement of the
effective mass23 and the attractive interaction energy between the
clouds10,22,24.

The spin drag coefficient is found to be greatest on resonance, and thus
spin conduction is slowest on resonance (see Supplementary Informa-
tion). On resonance, Csd in a homogeneous system must be given by a
function of the reduced temperature T/TF times the Fermi rate EF/B. At
high temperatures, we expect the spin drag coefficient to obey a universal
scaling C sd!nsv! EF

B T=TFð Þ{1=2. In Fig. 2 we show the spin drag
coefficient as a function of T/TF; Csd is normalized by EF/B, where EF

and TF are the local values at the centre of total mass. We observe T21/2

scaling for T/TF . 2, finding C sd~0:16 1ð Þ EF
B T=TFð Þ{1=2. At lower

temperatures, we observe a crossover from classical to non-classical
behaviour as the spin drag coefficient reaches a maximum of approxi-
mately 0.1EF/B near the Fermi temperature. We interpret this saturation
of the spin drag coefficient as a consequence of Fermi statistics and
unitarity4,5, as s and v approach values determined by the Fermi wave-
vector kF. The spin drag coefficient is inversely proportional to the spin
conductivity, which describes the spin current response to an external
spin-dependent force. Near the Fermi temperature, the maximum spin
drag coefficient corresponds to a minimum spin conductivity of the
order of kF/B. This is the slowest spin conduction possible in three
dimensions in the absence of localization.

At low temperatures, the spin drag coefficient decreases with
decreasing temperature. Reduced spin drag at low temperatures is
expected in Fermi liquids owing to Pauli blocking11,18,22,24,25, and is also
expected in one-dimensional Fermi gases26. In the case of collective
density (rather than spin) excitations, it was shown that pairing cor-
relations enhance the effective collision rate dramatically as the tem-
perature is lowered6. The effect of pairing on the spin drag coefficient
may be qualitatively different. In a simple picture, spin currents require
the flow of unpaired atoms, whereas collective density excitations
affect paired and unpaired atoms alike.

Comparing the relaxation rate to the gradient in spin density allows
us to also measure the spin diffusivity Ds. At the centre of the trap, the
spin current density Js is given by the spin diffusion equation27
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Figure 1 | Observation of spin current reversal in a resonant collision
between two oppositely spin-polarized clouds of fermions. a, b, Total
column density (a) and the difference in column densities (b: red, spin up; blue,
spin down) during the first 20 ms after the collision. The central column
densities here are typically 7 3 109 cm22. Strong repulsion is observed that
leads to a high-density interface. c, The centre of mass separation initially
oscillates at 1.63(2) times the axial trap frequency of 22.8 Hz (see
Supplementary Information) before decaying exponentially at later times. The
initial atom number per spin state is 1.2 3 106, and the temperature 200 ms
after the collision and later is 0.5TF, with TF the Fermi temperature at the centre
of each cloud. d, The trapping potential V is harmonic along the symmetry axis.
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Figure 2 | Spin drag coefficient of a trapped Fermi gas with resonant
interactions. The spin drag coefficient Csd is normalized by the Fermi rate EF/B
at the trap centre, whereas the temperature is normalized by TF 5 EF/kB. We
find agreement between measurements taken at three different axial trapping
frequencies, 22.8 Hz (red circles), 37.5 Hz (blue triangles) and 11.2 Hz (black
squares). The data for T/TF . 2 fit to a T 21/2 law (solid line). Dashed line, a
power law fit for T/TF , 0.5 to show the trend. Each point is a mean from
typically three determinations of Csd, each obtained from a time series of about
30 experimental runs and weighted according to the standard deviation from
fitting error and shot to shot fluctuations. Error bars, 61s.e.

RESEARCH LETTER

2 0 2 | N A T U R E | V O L 4 7 2 | 1 4 A P R I L 2 0 1 1

Macmillan Publishers Limited. All rights reserved©2011

Sommer et al. 2011



Spin conductivity and spin susceptibility
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�s

�s
use Einstein relation

medium effects important:
• large-N transport calculation Enss PRA 2012
• in two dimensions Enss, Küppersbusch, Fritz PRA 2012
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related work on spin transp.:
Bruun 2011; Duine et al. 2011; 
Mink et al. 2012, 2013



Spin diffusivity

• obtain diffusivity from Einstein relation,

                                                                               minimum

• Quantum Monte Carlo simulation for finite range interaction:                        
Wlazlowski et al. PRL 2013

(dashed black line). In the strongly interacting region
near Tc, however, the fermions cease to be well-defined
quasiparticles [17,18] and the Boltzmann theory is not
applicable. Therefore, we employ the strong coupling
Luttinger-Ward theory to compute spin transport. The
Luttinger-Ward (or 2PI) formalism [19,20] is based on
the self-consistent T matrix for repeated particle-particle
scattering and becomes exact at high temperatures. In the
most interesting regime near Tc and unitarity there is no
small parameter to estimate its accuracy. Instead, a com-
parison with experiment shows that it accurately describes
both the normal and the superfluid phase of the BEC-BCS
crossover problem [21]: the values for Tc=TF ¼ 0:16ð1Þ
and the Bertsch parameter ! ¼ 0:36ð1Þ agree within error
bounds with precision experimental [13] and diagrammatic
Monte Carlo [22] results. We have devised a framework
which includes all diagrams needed to exactly fulfill the
conservation laws including scale invariance [9] and the
Tan relations [11].

The Luttinger-Ward theory has recently been extended to
compute transport coefficients in linear response using the
Kubo formula: this gives access to the frequency-dependent
shear viscosity of the unitary Fermi gas, which was found
to satisfy the exact viscosity sum rule [9,23].We now extend
this work to the case of spin transport in order to explain the
recent experiment by Sommer et al. [4], and we proceed as
follows: first we compute the frequency-dependent spin
conductivity "sð!Þ of the unitary Fermi gas. The dc value
"s ¼ "sð! ¼ 0Þ determines the spin drag rate !sd ¼
n=m"s at density n, which is the rate of momentum transfer
between atoms of opposite spin. We then compute the spin
susceptibility #s ¼ @ðn" $ n#Þ=@ð$" $$#Þ which charac-
terizes the magnetic properties of the system [14,24].
Finally, we determine the spin diffusivity shown in Fig. 1
by the Einstein relation Ds ¼ "s=#s.

The strongly interacting two-component Fermi gas is
described by the grand canonical Hamiltonian

H ¼
X

k;"

ð"k $$"Þcyk"ck" þ g0
V

X

k;k0;q

cyk"c
y
k0#ck0$q#ckþq"

where "k ¼ k2=2m (@ & 1) is the free particle dispersion
and$" the chemical potential for the" ¼" , # components.
The s-wave contact interaction g0 acts only between differ-
ent fermion species at low temperatures. The bare interac-
tion is singular in the ultraviolet [2] and needs to be
regularized; the renormalized coupling g ¼ 4%@2a=m
determines the s-wave scattering length a.
The transport coefficients are obtained from the micro-

scopic model via the retarded number-current or spin-
current correlation function

#jn=jsðq; !Þ ¼ i@ Z 1

0
dt

Z
d3xeið!t$q'xÞ

( h½ðjz" * jz# Þðx; tÞ; ðjz" * jz# Þð0; 0Þ+i: (1)

The spin selective current operators in Fourier representa-
tion are given by j"ðqÞ ¼ V$1P

kð@k=mÞcyk$q=2;"ckþq=2;".

The correlation function determines the conductivity

"n=sð!Þ ¼ lim
q!0

Im#jn=jsðq; !Þ
!

(2)

which measures the relaxation of a global number or spin
current at frequency !. The total response integrated over
all frequencies is proportional to the particle density by the
number or spin f-sum rule [25,26]

Z 1

$1

d!

%
"n=sð!Þ ¼ n

m
: (3)

For a momentum-conserving interaction the particle cur-
rent cannot decay and "nð!Þ ¼ %n&ð!Þ=m. In contrast,
scattering transfers momentum between " and # particles so
that the spin current relaxes and "sð!Þ has a nontrivial
structure.
We compute the current correlation function (1) using

field theoretical methods and Feynman diagrams in the
Matsubara formalism [25]. The current operator jz ¼ jz" *
jz# implies a current response vertex J""0 ¼ J0""0 þ JMT

""0 þ
JAL""0 in the Feynman diagrams which splits into three con-
tributions [9,20] (","0 are the spin indices of incoming and
outgoing fermion lines). The first term is the bare number
(spin) current vertex J0""0nðpÞ ¼ pz'

0
""0 [J0""0sðpÞ ¼

pz'
3
""0] with the ‘ ¼ 1 partial wave component of the

momentum p and Pauli matrices 'j. The other two terms
are current vertex corrections which are required to fulfill
the conservation laws. The Maki-Thompson (MT) contri-
bution describes direct scattering between quasiparticles
while the Aslamazov-Larkin (AL) term captures the in-
duced current of fermion pairs, or molecules (for details
see Ref. [9]). For a mass current both " and # fermions move
in the same direction and induce a current of pairs, leading
to a sizeable AL term. In contrast, for a spin current " and #
atoms move in opposite directions [4] and no pair current is
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FIG. 1 (color online). Spin diffusivity Ds vs reduced tempera-
ture T=TF (solid red line) in the normal phase, T > Tc ’ 0:16TF.
The experimental data [4] (blue squares) for the trapped gas are
rescaled down by a factor of 4.7 to compensate for the effect of
the trapping potential. The dashed black line is the result from
kinetic theory, Ds ¼ 1:1ðT=TFÞ3=2@=m.
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Longitudinal vs transverse spin diffusion

Spin Diffusion in Dilute, Polarized ~Ie-4He Solutions 435 

One of the prime results of  the present theory, previously reported 
elsewhere, 2 is the distinction, in a degenerate Fermi system, between trans- 
verse and longitudinal spin diffusion processes. Since the theory of  this effect, 
given below, is complicated mathematically we would like to present some 
heuristic arguments that may give some insight into the difference. As we 
will see, the main effect is a difference in phase space for the collisions 
responsible for the spin diffusion. Consider first longitudinal spin diffusion. 
Mathematically, we can write the magnetization as m = m~ where m is the 
magnitude and ~ the direction. Then Vm = ~Vm + mV~. The first term drives 
a "longitudinal" spin current, which in spin space is parallel to m. The 
magnetization gradient is in the magnitude of the magnetization, giving an 
uneven picket fence as shown in Fig. I a. In the case of a polarized degenerate 
system, the Fermi spheres, shown in momentum space in Fig. lb, corre- 
sponding to two positions at x and x + dx, are not quite the same size. The 
one at x has an up-spin sphere that is a little larger than that at x + dx, and 
the down-spin sphere at x is a little smaller than that at x + dx. Consider the 
diffusion of  an up spin from x to x + dx. If that spin is in the narrow annular 

(a) 

x+dx @ 
M - dM 

x 

M (b) 

superimposed fermi spheres 

Fig. 1. Longitudinal spin diffusion. The gradient is in the length of the 
magnetization vector as shown in (a). Thus the fermi spheres of up and 
down spins are of different sizes at different positions as shown in (b). To 
restore equilibrium scattering need occur only right at the Fermi surfaces. 
The spin current is parallel to the local magnetization. 

436 W . J .  Mullin and J. W. Jeon 

region of up signs that constitutes the difference between the two up-spin 
Fermi spheres, it is out of equilibrium when it reaches x +dx and must 
scatter to become equilibrated. Up spins that are farther down in the Fermi 
sphere may not be able to move from x because their momentum states at 
x + dx are already occupied; or perhaps such a spin has a large wave packet 
so that it is really the same spin as in the momentum state at x + dx. Thus 
the scattering occurs just in a little layer around the Fermi sphere and the 
spin diffusion coefficient will have the characteristic 1 /T  2 factor that arises 
from scattering limited to the Fermi surface. 

On the other hand in a spin-echo experiment the spins are tipped at an 
angle from the field direction. A gradient field then causes them to precess 
at differing rates so that the tips of the spins form a spiral as shown in Fig. 
2a. The gradient in magnetization then corresponds to the term mV6. There 
is then a "transverse" spin current along V6, which is perpendicular to m. 
As shown in Fig. 2b below, the Fermi spheres are the same size at x and 
x + dx; but they have slightly different directions of magnetization. (The 
different directions of magnetization are greatly exaggerated in the Figure.) 
Thus a spin migrating from x to x + dx in any momentum state between the 
up and down Fermi spheres is out of equilibrium and must scatter to return 

/ (a) 

x x+dx  

(b) 

M(x) M(x+dx) 
Fig. 2. Transverse spin diffusion. In a spin echo experiment the spins are 
tipped away from the external field and a gradient field causes a spiral 
to form as shown in (a). The spin current, which is now driven by a 
gradient in the direction of  the magnetization and not its magnitude, is 
transverse to the local magnetization. To restore equilibrium all spins 
between the two Fermi surfaces must scatter. 

Spin Diffusion in Dilute, Polarized "~l-le-4He Solutions 437 

to local equilibrium. On the other hand, an up spin or a down spin in a 
state below the Fermi momentum of the down-spin sphere, comes from a 
momentum region of zero magnetization into a zero magnetization region 
and "senses" no lack of equilibrium, does not need to scatter, and indeed 
cannot scatter. To restore equilibrium in the transverse case, we require 
scattering throughout the region between the up and down-spin Fermi 
spheres; we will see that the scattering is proportional to the number of 
particles in the intermediate momentum region, (np + -np_),  which provides 
considerably more phase space. The result is that the transverse relaxation 
time can be considerably shorter than the longitudinal relaxation time. In 
Fig. 3, we show how these two diffusion constants diverge from one another 
with D• approaching a constant as T ~ 0  and DII ~ l i T  2. The separation 
occurs in the degenerate Fermi system when the chemical potential difference 
between up and down spin states exceeds kT .  Thus for larger polarization 
the separation occurs at higher T and the constant approached by D• will 

100 

r  

b 

10 

' : J I ' ' ' ' ' ' ' ' I ' 

J : i i I i i i i : i i i I 

1 lO 
T(mK) 

Fig. 3. Comparison of the transverse diffusion coefficient D• and longitud- 
inal diffusion coefficient D n . In the degenerate regime the transverse spin 
diffusion coefficient goes to a constant at low temperature while the longi- 
tudinal coefficient is proportional  to T -2. The reason is the much larger 
density of states for scattering in the transverse case as explained in Fig. 
2. The parameters for this calculation are the same as in the experiment 
described in Fig. 4 in Sec. 7. 

Mullin & Jeon 1992
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Spin-echo experiment (Thywissen group, Toronto)

B

A

 W
 (m

s)

0

1

2

0.5

1.5

10 15 20 25 3050
B-field gradient B’ (G/cm)

0 1 2 3 4
0

0.2
0.4
0.6
0.8

1

Hold time t (ms) 

|M
A
|

0

10

2

4

6

8

0 10.2 0.4 0.6 0.8
Temperature (T/TF)i

D
sA  

(ƫ
/m

)

Transverse Demagnetization Dynamics of a Unitary Fermi Gas

A. B. Bardon1, S. Beattie1, C. Luciuk1, W. Cairncross1, D. Fine1, N. S. Cheng1,
G. J. A. Edge1, E. Taylor2, S. Zhang3, S. Trotzky1, J. H. Thywissen1,4

1 Department of Physics, CQIQC, and Institute for Optical Sciences, University of Toronto, M5S 1A7 Canada
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3 Department of Physics, Center of Theoretical and Computational Physics, University of Hong Kong, China and
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(Dated: October 21, 2013)

Understanding the quantum dynamics of strongly interacting fermions is a challenge raised by
diverse forms of matter, including high-temperature superconductors, neutron stars, and quark-
gluon plasmas. An appealing benchmark is o↵ered by cold atomic gases in the unitary limit of strong
interactions, where the system is both scale-invariant and known to obey universal thermodynamics
in equilibrium. Here we study the dynamics of a transversely magnetized unitary Fermi gas in an
inhomogeneous magnetic field. We find that demagnetization is caused by di↵usive spin transport
with a di↵usion constant that saturates at low temperatures to the conjectured quantum-mechanical
lower bound ' ~/m, where m is the particle mass. The development of pair correlations is observed
by measuring Tan’s contact parameter.

Short-range interactions reach their quantum-
mechanical limit when the scattering length that
characterizes inter-particle collisions diverges. The
absence of a small parameter in this unitary regime
renders a quantitative and sometimes even a qualitative
theoretical description challenging. A well controlled
model system that realizes unitarity is provided by ul-
tracold fermionic alkali atoms tuned to a Fano-Feshbach
resonance [1]. These scale-invariant gases are charac-
terized by universal parameters not only relevant to all
species of cold atoms in this limit, but also, for example,
to the crust of neutron stars at twenty-five orders of
magnitude higher density [2, 3]. While experiments with
ultracold atoms have already greatly contributed to the
understanding of equilibrium properties of unitary gases
[4–6], the nature of transport in this extreme form of
matter so far remains elusive. Recent measurements
provide a glimpse into unitary non-equilibrium dynamics
and spin transport properties [7–10]. Here, we measure
the demagnetization dynamics of an initially fully spin-
polarized, ideal Fermi gas with two available resonantly
interacting spin eigenstates in a three-dimensional (3D)
geometry. The loss of magnetization is driven by a
magnetic field gradient and transverse spin di↵usion and
imposes a drastic transformation of the non-interacting
gas toward a unitary spin mixture. We follow the
complex many-body dynamics by time-resolved mea-
surements of both the bulk magnetization and emerging
local pair correlations.

Spin di↵usion is the transport phenomenon that re-
laxes magnetic inhomogeneities in a many-body system.
At low temperature, where Pauli blocking can suppress
collision rates, one must distinguish between di↵usion
driven by gradients either in the magnitude of magne-
tization (longitudinal) or in its direction (transverse spin

di↵usion), quantified by individual di↵usivities D

||
s

and
D

?
s

, respectively [11, 12]. Within the kinetic theory of

transport, spin current is carried by some quasi-particle
with kinetic energy ✏ and lifetime ⌧

qp

. The di↵usion con-
stant is then ⇠ ✏⌧

qp

/m. In the unitary regime, strong
scattering can drastically reduce ⌧

qp

, challenging the self-
consistency of the kinetic picture when ⌧

qp

approaches
the Heisenberg limit ~/✏, at which the di↵usivity reaches
its quantum-mechanical lower bound ⇠ ~/m. A measure-

ment of the longitudinal di↵usivity D

||
s

in 3D yielded a
minimum trap-averaged value of ' 6.3~/m, which is con-
sistent with the Heisenberg bound after compensating for
inhomogeneities [9, 13]. More recently, a transverse dif-
fusivity two orders of magnitude smaller than ~/m was
observed in a strongly interacting two-dimensional (2D)
Fermi gas [10, 14]. In our experiments, we find a lower
bound for D?

s

in a 3D unitary Fermi gas that is remark-
ably close to ~/m, demonstrating a universal lower limit
of di↵usive spin transport for the 3D unitary gas.

All of our measurements are carried out with samples
of ultracold 40K atoms. Each atom is prepared in an
equal superposition of two resonantly interacting inter-

FIG. 1. Magnetization dynamics. A ⇡/2 pulse at t =
0 initializes the system with a homogeneous magnetization
(My = 1 in the rotating frame) perpendicular to the magnetic
field, which is along z. A spin spiral develops because of
a magnetic field gradient, and drives di↵usive spin currents
(zoom ellipse). The upper and lower sequences show evolution
without and with a ⇡ pulse, respectively.
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Spin diffusion in kinetic theory

• local magnetization vector and gradient

• Boltzmann equation for spin distribution function

• many-body T-matrix in collision integral and spin rotation  Enss 2013
derived as leading order in large-N expansion  Enss 2012

longitudinal

transverse

Landau 1956, Silin 1957;
Leggett & Rice 1968-70;
Lhuillier & Laloë 1982;
Meyerovich 1985;
Jeon & Mullin 1988, 1992

M(r, t) = M(r, t) ê(r, t)

4

One may parametrize the occupation matrix np in
terms of particle fp and spin σp variables

np =
1

2
(fpI + σp · σ) , (17)

and the kinetic equation (14) may be written in compo-
nents

Dfp
Dt

≡
∂fp
∂t

+
∑

i

[

∂εp
∂pi

∂fp
∂ri

−
∂εp
∂ri

∂fp
∂pi

+
∂hp

∂pi
·
∂σp

∂ri
−

∂hp

∂ri
·
∂σp

∂pi

]

=

(

∂fp
∂t

)

coll

(18)

and

Dσp

Dt
≡

∂σp

∂t
+
∑

i

[

∂εp
∂pi

∂σp

∂ri
−

∂εp
∂ri

∂σp

∂pi

+
∂hp

∂pi

∂fp
∂ri

−
∂hp

∂ri

∂fp
∂pi

]

−
2

!
hp × σp =

(

∂σp

∂t

)

coll

.

(19)

The local magnetization is M(r, t) =
∫

ddpσp/(2π)d =
M(r, t)ê(r, t) and we choose the local magnetization di-
rection ê(r, t) as the spin quantization axis, such that
the local equilibrium distribution matrix n0

p is diagonal
with entries np+ and np−. Note that M need not be
parallel to an external magnetic field B. According to
Eqn. (17), f0

p = np+ +np− and σ0
p = (np+ −np−)ê. The

gradient of the magnetization has two contributions, the
longitudinal and transverse parts

∂M

∂ri
=

∂M
∂ri

ê+M
∂ê

∂ri
. (20)

We linearize the kinetic equations (18) and (19) around
the local equilibrium distribution, np = n0

p + δnp, and
write the drift terms as

Dfp
Dt

≡
∂fp
∂t

−
∑

i

vpi
∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp
=

(

∂fp
∂t

)

coll

(21)

and

Dσp

Dt
≡

∂σp

∂t
−
∑

i

vpi
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp

+
∑

i

vpi
∂ê

∂ri
(np+ − np−) +Ω× σp =

(

∂σp

∂t

)

coll

(22)

up to corrections of order O(δnp). The second (longitu-
dinal) and third (transverse) terms in Eqn. (22) result
from the gradient of the local magnetization (20). The
derivative ∂npσ/∂εp in the longitudinal term restricts the
momentum integrals in the degenerate regime to a neigh-
borhood of the Fermi surface. In contrast, in the trans-
verse term np+−np− is nonzero everywhere between the

majority and minority Fermi surfaces, hence the phase
space for scattering at low temperature and the trans-
verse scattering rate τ−1

⊥ are larger than in the longitu-
dinal case [7].

In the derivation we have used the Gibbs-Duhem rela-
tion

∑

σ nσ(∂µσ/∂ri) = 0 and

∂nσ

∂ri
= χσ

∂µσ

∂ri
, χσ =

∂nσ

∂µσ
, (23)

∂µσ

∂ri
= σtσ

∂M
∂ri

, tσ =
1/nσ

χ+/n+ + χ−/n−
. (24)

It then follows that

∂εp
∂pi

=
pi
m

= vpi (25)

∂f0
p

∂ri
= −

∑

σ

∂npσ

∂εp

∂µσ

∂ri
= −

∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp
(26)

∂σ0
p

∂ri
=

∂(np+ − np−)

∂ri
ê+ (np+ − np−)

∂ê

∂ri

= −
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp
+

∂ê

∂ri
(np+ − np−) (27)

and we have assumed a constant hp.
The particle and spin currents are defined as the ve-

locity weighted by the distribution functions,

Jj =

∫

ddp

(2π)d
vpjfp (28)

Jj =

∫

ddp

(2π)d
vpjσp (29)

for a magnetization gradient in direction j = x, y, z. We
shall not consider the particle current further and instead
concentrate on the spin current. The continuity equation
for the spin density (magnetization) is

∂M

∂t
+
∑

j

∂Jj

∂rj
+Ω0 ×M = 0. (30)

The momentum integral over the Boltzmann equation
(22) weighted by the velocity vpj yields the time evolution
of the spin current,

DJj

Dt
≡

∂Jj

∂t
+ α‖

∂M
∂rj

ê+ α⊥M
∂ê

∂rj

+ (Ω0 +Ωmf)× Jj =

∫

ddp

(2π)d
vpj

(

∂σp

∂t

)

coll

(31)

with coefficients

α‖ =

∫

ddp

(2π)d

∑

i

vpivpj
∑

σ

tσ
∂npσ

∂εp
=

2/m

χ+/n+ + χ−/n−

(32)

α⊥ =
1

M

∫

ddp

(2π)d

∑

i

vpivpj(np+ − np−) =
P+ − P−

mM
(33)
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The local magnetization is M(r, t) =
∫

ddpσp/(2π)d =
M(r, t)ê(r, t) and we choose the local magnetization di-
rection ê(r, t) as the spin quantization axis, such that
the local equilibrium distribution matrix n0

p is diagonal
with entries np+ and np−. Note that M need not be
parallel to an external magnetic field B. According to
Eqn. (17), f0

p = np+ +np− and σ0
p = (np+ −np−)ê. The

gradient of the magnetization has two contributions, the
longitudinal and transverse parts

∂M

∂ri
=

∂M
∂ri

ê+M
∂ê

∂ri
. (20)

We linearize the kinetic equations (18) and (19) around
the local equilibrium distribution, np = n0

p + δnp, and
write the drift terms as
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Dt

≡
∂fp
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−
∑
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∑
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and

Dσp

Dt
≡

∂σp

∂t
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∑
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vpi
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp

+
∑

i

vpi
∂ê

∂ri
(np+ − np−) +Ω× σp =

(

∂σp

∂t

)

coll

(22)

up to corrections of order O(δnp). The second (longitu-
dinal) and third (transverse) terms in Eqn. (22) result
from the gradient of the local magnetization (20). The
derivative ∂npσ/∂εp in the longitudinal term restricts the
momentum integrals in the degenerate regime to a neigh-
borhood of the Fermi surface. In contrast, in the trans-
verse term np+−np− is nonzero everywhere between the

majority and minority Fermi surfaces, hence the phase
space for scattering at low temperature and the trans-
verse scattering rate τ−1

⊥ are larger than in the longitu-
dinal case [7].

In the derivation we have used the Gibbs-Duhem rela-
tion

∑

σ nσ(∂µσ/∂ri) = 0 and

∂nσ

∂ri
= χσ

∂µσ

∂ri
, χσ =

∂nσ

∂µσ
, (23)

∂µσ

∂ri
= σtσ

∂M
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, tσ =
1/nσ

χ+/n+ + χ−/n−
. (24)

It then follows that
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∂pi

=
pi
m

= vpi (25)
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= −
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= −
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σ
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(26)
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=
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∂ê
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= −
∂M
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ê
∑

σ

tσ
∂npσ

∂εp
+

∂ê

∂ri
(np+ − np−) (27)

and we have assumed a constant hp.
The particle and spin currents are defined as the ve-

locity weighted by the distribution functions,

Jj =

∫

ddp

(2π)d
vpjfp (28)

Jj =

∫

ddp

(2π)d
vpjσp (29)

for a magnetization gradient in direction j = x, y, z. We
shall not consider the particle current further and instead
concentrate on the spin current. The continuity equation
for the spin density (magnetization) is

∂M

∂t
+
∑

j

∂Jj

∂rj
+Ω0 ×M = 0. (30)

The momentum integral over the Boltzmann equation
(22) weighted by the velocity vpj yields the time evolution
of the spin current,

DJj

Dt
≡

∂Jj

∂t
+ α‖

∂M
∂rj

ê+ α⊥M
∂ê

∂rj

+ (Ω0 +Ωmf)× Jj =

∫

ddp

(2π)d
vpj

(

∂σp

∂t

)

coll

(31)

with coefficients

α‖ =

∫

ddp

(2π)d

∑

i

vpivpj
∑

σ

tσ
∂npσ

∂εp
=

2/m

χ+/n+ + χ−/n−

(32)

α⊥ =
1

M

∫

ddp

(2π)d

∑

i

vpivpj(np+ − np−) =
P+ − P−

mM
(33)

spin rotation



Spin-rotation effect

• diffusion equation:  Leggett 1970; Jeon & Mullin 1988; Enss 2013

Leggett-Rice spin-rotation effect: complex diffusion constant, spin waves;
spin current precesses around effective molecular field:

Enss PRA 2013
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x

+ iM
y
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@M+

@t
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z

)r2M+
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for a free Fermi gas. Both α‖ and α⊥ approach 1/mβ in
the Boltzmann limit and n/mχ for the unpolarized gas.

The collision integral on the right-hand side of Eq. (31)
determines how the spin current relaxes by collisions, and
one has to parametrize the decay by separate time con-
stants τ‖ and τ⊥ for longitudinal and transverse relax-
ation [9],

∫

ddp

(2π)d
vpj

(

∂σp

∂t

)

coll

= −
1

τ‖
(Jj · ê)ê−

1

τ⊥
(Jj · ĝj)ĝj .

(34)

The unit vector

ĝj = x
∂ê

∂rj
+ yê×

∂ê

∂rj
(35)

lies in the plane perpendicular to the local magnetization
direction ê, at an angle determined by the coefficients x
and y.

In order to solve Eq. (31), consider first the rota-
tion term (Ω0 + Ωmf) × Jj where the molecular field
Ωmf = Ωmf ê is parallel to the local magnetization M.
Hence, M in Eq. (30) precesses only about the external
magnetic field Ω0 but not about Ωmf. In contrast, the
spin current Jj is in general not parallel to M and can
precess also about the molecular field Ωmf. It is conve-
nient to work in a frame rotating with the external field
Ω0 in spin space such that the time evolution of M ap-
proaches a quasi steady state [1]. In the same rotating
frame, ∂Jj/∂t = −Ω0 × Jj cancels the free precession
of Jj in Eq. (31), but the spin current still precesses
about Ωmf. This causes the spin-rotation effect in trans-
verse diffusion, in contrast to longitudinal diffusion where
Jj ‖ M and spin rotation is absent. Via the continuity
equation (30) for the spin density, spin rotation in Jj

causes a similar effect in M. Equations (31) and (34)
are solved by the spin current [9, 12]

Jj = −D‖
∂M
∂rj

ê−
D0

⊥

1 + µ2
M
[

∂ê

∂rj
+ µê×

∂ê

∂rj

]

(36)

with diffusion coefficients D‖ = α‖τ‖ and D0
⊥ = α⊥τ⊥.

The full transverse diffusion coefficient, including the
spin-rotation effect, is given by

D⊥ =
D0

⊥

1 + µ2
(37)

where the spin-rotation parameter

µ = −Ωmf τ⊥ (38)

determines how the spin current is rotated in the plane
perpendicular to the local magnetization. (This parame-
ter is denoted as µM in other works [1, 9, 12], but we
have included the polarization M in the definition of
µ.) An example of how the spin-rotation effect lowers
the transverse diffusivity is shown in Sec. IV. Without

molecular field there is no spin-rotation effect, µ = 0 and
D⊥ = α⊥τ⊥.

One may parametrize the deviation from local equilib-
rium as

δnp =
1

2
(δfp I + δσp · σ). (39)

The deviations δfp and δσp should overlap with the drift
terms in Eqs. (21) and (22), and we choose the variational
trial functions [9]

δfp = c
∑

i

vpi
∂M
∂ri

∑

σ

σtσ
∂npσ

∂εp

δσp = δσ‖
p + δσ⊥

p (40)

with the longitudinal part

δσ‖
p = c‖

∑

i

vpi
∂M
∂ri

ê
∑

σ

tσ
∂npσ

∂εp
(41)

and transverse part

δσ⊥
p = c⊥

∑

i

vpiĝi(np+ − np−). (42)

In the following we shall linearize the collision integral
(16) for these small deviations from the equilibrium dis-
tribution, first in the transverse and then in the longitu-
dinal channel.

Let us briefly discuss the assumptions and approxima-
tions involved in the derivation of kinetic theory: we as-
sume (i) applicability of the general hypotheses of Fermi
liquid theory and the quasiparticle picture; this condition
is met in the normal phase sufficiently far above a possible
phase transition to a low-temperature symmetry broken
phase; (ii) total spin conservation; (iii) hydrodynamic
conditions, i.e., slow variations in time and space; (iv)
linearization of the Boltzmann equation, i.e., a small de-
parture from the local equilibrium distribution; (v) lad-
der approximation for the many-body T -matrix (4); con-
sequently, the T -matrix does not depend on the direction
of outgoing particles in the center-of-mass frame; (vi) no
mean-field drift terms except for the spin-rotation term;
(vii) the variational ansatz for the deviation from equi-
librium, Eqs. (41) and (42); and (viii) no off-energy shell
terms in the collision integral [12]. Both the ladder ap-
proximation and the absence of mean-field drift terms are
justified as the leading order of a low-density expansion
[11], or of a systematic 1/N expansion in the number of
fermion flavors [31]. Once these assumptions are made,
the kinetic theory applies to arbitrary temperature from
the Boltzmann to the degenerate limit, arbitrary polar-
ization, anisotropic spin-current relaxation times τ‖ and
τ⊥, and arbitrary s-wave scattering lengths a beyond the
Born approximation, as long as the quasiparticle picture
remains valid.

Note that the lateral spin-rotation term in the collision
integral [6, 12] only appears if the T -matrix is complex
and depends on direction; it vanishes in our case for a
direction-independent T -matrix, just as it does for a real
effective potential [12].

spin-rotation parameter



Transverse spin diffusivity (3D)

7

the weak-coupling limit the scattering cross section is
4πa2 and the term in parentheses in Eqn. (60) approaches
4πa2/λ2

T .
In two dimensions we find

1

τ⊥
=

nλ2
T

πβ
λ4
T

∫

dk k3
exp(−k2λ2

T /2π)

ln2(k2a22D) + π2
(63)

=
2πnλ2

T

βQ
=

4πkBTF

Q

with

Q = ln2(2βεB/3) + π2 (64)

evaluated at the saddle point of the k integral [32]. The
scattering time and diffusivity

τ⊥ =
!Q

4πkBTF
, D0

⊥ =
!Q

4πm∗

T

TF
(2D) (65)

again agree with the longitudinal scattering time and dif-
fusivity in the Boltzmann limit [18, 19].

The second limit where τ⊥ simplifies is the unpolarized
limit βh → 0 at arbitrary temperature in the normal
phase T > Tc. The prefactor sinh(βh)/(P+ − P−) →
β/n, and the angular average becomes [I−0 + I+0 ]I0 →
2I20 (a, b, c = 0):

1

τ⊥
=

8S3
dβ

d(2π)2dm∗2n

∫

dq qd−1

∫

dk kd+2 dσ

dΩ
I20 . (66)

We shall see below in section III B that this coincides
with the longitudinal scattering rate in the unpolarized
limit.

B. Longitudinal diffusion

For longitudinal spin diffusion one may linearize the
distribution matrix with a variation (41) that remains
diagonal in the spin indices. Then also the linearized
collision integral (16) is diagonal, and following the stan-
dard derivation one obtains the longitudinal scattering
rate [8, 17–19]

1

τ‖
=

2βn

(2π)2dm∗2n+n−

∫

ddq ddk dΩ k
dσ

dΩ

× n1+n2−ñ3+ñ4−kj(kj − k′j). (67)

The angular average yields
∫

dΩq dΩk dΩn1+n2−ñ3+ñ4−kj(kj − k′j)

=
S3
d

d
k2[I2!=0(a, b, c)− I2!=1(a, b, c)] (68)

in terms of the functions I!(a, b, c) defined in Eqns. (55),
(56), and

1

τ‖
=

2S3
dβn

d(2π)2dm∗2n+n−

∫ ∞

0

dq qd−1

∫ ∞

0

dk kd+2

×
dσ

dΩ
[I20 − I21 ]. (69)
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FIG. 1: Transverse and longitudinal spin diffusivities D⊥ and
D‖ vs reduced temperature T/TF for different polarizations
M for the unitary Fermi gas in three dimensions. The collision
integral is computed using the vacuum T -matrix.

In the Boltzmann limit T $ TF one finds I2!=0 →
z+z− exp(−βεq/2) exp(−2βεk) and I!=1 → 0, hence (69)
converges toward the transverse scattering rate (59) in-
dependent of polarization. Likewise, in the unpolarized
case n/n+n− → 4/n and I1 → 0, and the longitudinal
scattering time converges toward the transverse scatter-
ing time (66) for all temperatures.

IV. RESULTS

A. Three dimensions

Fig. 1 shows the transverse and longitudinal spin diffu-
sivity D⊥ and D‖ vs reduced temperature T/TF in three
dimensions. Within kinetic theory the transverse and
longitudinal diffusivities are equal in two limits: for un-
polarized gases (M = 0) at arbitrary temperature, and in
the Boltzmann limit T $ TF for arbitrary polarization.
We therefore focus our study on the polarized gas in the
quantum degenerate regime where D⊥ and D‖ differ: as
the polarization increases the transverse diffusivity D⊥

decreases at low temperatures and reaches a finite value
as T → 0. This is in marked contrast to the longitu-
dinal diffusivity which due to Pauli blocking diverges as
D‖ ∼ T−2 for a normal Fermi liquid within Born approx-
imation or using the vacuum T -matrix.

In Fig. 1 the diffusivities have been computed with the
vacuum scattering cross section, and the behavior agrees
qualitatively with that in Born approximation [10]. How-
ever, as explained in section IIA, in a systematic 1/N
expansion to leading order one has to use the medium
scattering cross section in combination with the ther-
modynamic functions of the free Fermi gas [28]. The
many-body T -matrix (4) has to be computed numeri-
cally, and the solution of the Boltzmann equation re-
quires a three-dimensional integral. The resulting diffu-
sivity D⊥ is shown in Fig. 2: in the nondegenerate regime

Enss PRA 2013

using vacuum (two-body)
scattering cross section:
similar to helium case

medium (finite density) scattering
and spin-rotation effect: 
diffusivity much smaller!

100 

r  

b 

10 

' : J I ' ' ' ' ' ' ' ' I ' 

J : i i I i i i i : i i i I 

1 lO 
T(mK) 

m
D

⊥
/− h

 (
3
D

) 
a
t 
M

=
0
.9

9
9

T/TF

no medium
with medium

medium & spin rotation

.1

.2

.5

 2

 5

 1

 10

 0.01  0.1  1  10

B

0

10

2

4

6

8

0 10.2 0.4 0.6 0.8
Temperature (T/TF)i

D
sA  

(ƫ
/m

)

Bardon+ Science 334, 722 (2014)



Transverse spin diffusivity (2D)

Enss PRA 2013

vacuum scattering dependence on interaction
and importance of medium effects
cf. η: Enss, Küppersbusch & Fritz PRA 2012
trap: Chiacchiera, Davesne, Enss & Urban,
          PRA 2013
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FIG. 5: (Color online) Transverse spin diffusivity D⊥ vs re-
duced temperature T/TF for different polarizations M (top
M = 0 to bottom M = 0.9) for a strongly interacting 2D
Fermi gas with interaction parameter ln(kF a2D) = 0 (with-
out medium scattering).
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FIG. 6: (Color online) Transverse spin diffusivity D⊥ vs re-
duced temperature T/TF in 2D including medium scatter-
ing at strong interaction ln(kF a2D) = 0 (solid lines: top
M = 0.999 to bottom M = 0.9). The dashed line is for vac-
uum scattering, while the dotted curve illustrates the classical
result (65) in the Boltzmann limit.

found in the strongly interacting regime. In order to un-
derstand these results, we first compute the transverse
and longitudinal spin diffusivities in 2D without medium
scattering and find that they exhibit a qualitatively sim-
ilar behavior as in the 3D case, as shown in Fig. 5.

However, the effect of medium scattering is even more
pronounced in 2D than in 3D and can suppress the diffu-
sivity by more than 1 order of magnitude at low temper-
ature (see Fig. 6). For very large polarization M = 0.999
the diffusivity appears to saturate around T/TF = 0.1
near D⊥ ≈ 5 !/m without medium scattering, and near
D⊥ ≈ 0.1 !/m if the medium is included in the calcula-
tion. While Pauli blocking alone increases D⊥ (dashed
curve), the medium compensates this effect and leads to
values of D⊥ closer to the classical result (65) (dotted
curve). The suppression of the diffusivity for smaller po-
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FIG. 7: (Color online) Transverse spin diffusivity D⊥ vs in-
teraction strength ln(kF a2D) at fixed polarization M = 0.999
and temperatures T/TF = 1 (blue/square), T/TF = 0.5
(red/circle). The dashed lines denote the diffusivity without
medium effects, while the solid lines include medium scatter-
ing.

larization signals the appearance of a superfluid density
at low temperature, which would lead to a pole in the
non-selfconsistent T -matrix and a diverging collision in-
tegral [22].

The interaction dependence of the transverse diffusiv-
ity is shown in Fig. 7 for two values of the temperature
in the quantum degenerate regime. At fixed polarization
M = 0.999, the suppression by medium effects (solid vs
dashed lines) is most pronounced in the strongly interact-
ing region −1 ! ln(kF a2D) ! 1, while at weak coupling
the medium effects lower the diffusivity only slightly. The
values of D⊥ in Fig. 7 come close to D⊥ = 0.25(3) !/m,
measured in a recent 2D spin-echo experiment [4], al-
though the measured minimum around ln(kF a2D) = 0 is
more shallow than in our calculation.

In order to make a detailed comparison of our trans-
port calculation for the homogeneous system with exper-
iments in a trap geometry, it would be useful to mea-
sure the diffusivity for evolution times shorter than the
trap period in order to minimize the effects of the trap.
Measuring the temperature dependence of the diffusivity
would also provide a much more sensitive comparison of
theory and experiment, in particular regarding the spin-
rotation effect displayed in Fig. 3.

V. CONCLUSION

We have presented a kinetic theory for transverse and
longitudinal spin diffusion in strongly interacting Fermi
gases in two and three dimensions based on the many-
body T -matrix. We find a significant suppression of the
spin diffusivities at low temperatures and strong coupling
due to medium scattering beyond the Born approxima-
tion. The results are consistent with the very low trans-
verse spin diffusivity D⊥ observed in a recent 2D spin-
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Conclusion and outlook

• lowest friction at strong interaction: almost perfect fluidity near QCP
Luttinger-Ward: Enss, Haussmann & Zwerger, Ann. Phys. 326, 770 (2011)
large-N: Enss, PRA 86, 013616 (2012)

• quantitative understanding of spin diffusion:
Luttinger-Ward transport calculation (tail, near Tc)
slowest longitudinal spin diffusivity                           
Enss & Haussmann, PRL 109, 195303 (2012)

• transverse spin diffusion:
        can be much lower than        in degenerate,
polarized gas; Leggett-Rice spin-rotation effect
Enss, PRA 88, 033630 (2013)

• outlook: spin-rotation effect (Thywissen group)
2D Fermi gas: EoS and pseudogap  Bauer, Parish & Enss, PRL 112, 135302 (2014)
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(dashed black line). In the strongly interacting region
near Tc, however, the fermions cease to be well-defined
quasiparticles [17,18] and the Boltzmann theory is not
applicable. Therefore, we employ the strong coupling
Luttinger-Ward theory to compute spin transport. The
Luttinger-Ward (or 2PI) formalism [19,20] is based on
the self-consistent T matrix for repeated particle-particle
scattering and becomes exact at high temperatures. In the
most interesting regime near Tc and unitarity there is no
small parameter to estimate its accuracy. Instead, a com-
parison with experiment shows that it accurately describes
both the normal and the superfluid phase of the BEC-BCS
crossover problem [21]: the values for Tc=TF ¼ 0:16ð1Þ
and the Bertsch parameter ! ¼ 0:36ð1Þ agree within error
bounds with precision experimental [13] and diagrammatic
Monte Carlo [22] results. We have devised a framework
which includes all diagrams needed to exactly fulfill the
conservation laws including scale invariance [9] and the
Tan relations [11].

The Luttinger-Ward theory has recently been extended to
compute transport coefficients in linear response using the
Kubo formula: this gives access to the frequency-dependent
shear viscosity of the unitary Fermi gas, which was found
to satisfy the exact viscosity sum rule [9,23].We now extend
this work to the case of spin transport in order to explain the
recent experiment by Sommer et al. [4], and we proceed as
follows: first we compute the frequency-dependent spin
conductivity "sð!Þ of the unitary Fermi gas. The dc value
"s ¼ "sð! ¼ 0Þ determines the spin drag rate !sd ¼
n=m"s at density n, which is the rate of momentum transfer
between atoms of opposite spin. We then compute the spin
susceptibility #s ¼ @ðn" $ n#Þ=@ð$" $$#Þ which charac-
terizes the magnetic properties of the system [14,24].
Finally, we determine the spin diffusivity shown in Fig. 1
by the Einstein relation Ds ¼ "s=#s.

The strongly interacting two-component Fermi gas is
described by the grand canonical Hamiltonian

H ¼
X

k;"

ð"k $$"Þcyk"ck" þ g0
V

X

k;k0;q

cyk"c
y
k0#ck0$q#ckþq"

where "k ¼ k2=2m (@ & 1) is the free particle dispersion
and$" the chemical potential for the" ¼" , # components.
The s-wave contact interaction g0 acts only between differ-
ent fermion species at low temperatures. The bare interac-
tion is singular in the ultraviolet [2] and needs to be
regularized; the renormalized coupling g ¼ 4%@2a=m
determines the s-wave scattering length a.
The transport coefficients are obtained from the micro-

scopic model via the retarded number-current or spin-
current correlation function

#jn=jsðq; !Þ ¼ i@ Z 1

0
dt

Z
d3xeið!t$q'xÞ

( h½ðjz" * jz# Þðx; tÞ; ðjz" * jz# Þð0; 0Þ+i: (1)

The spin selective current operators in Fourier representa-
tion are given by j"ðqÞ ¼ V$1P

kð@k=mÞcyk$q=2;"ckþq=2;".

The correlation function determines the conductivity

"n=sð!Þ ¼ lim
q!0

Im#jn=jsðq; !Þ
!

(2)

which measures the relaxation of a global number or spin
current at frequency !. The total response integrated over
all frequencies is proportional to the particle density by the
number or spin f-sum rule [25,26]

Z 1

$1

d!

%
"n=sð!Þ ¼ n

m
: (3)

For a momentum-conserving interaction the particle cur-
rent cannot decay and "nð!Þ ¼ %n&ð!Þ=m. In contrast,
scattering transfers momentum between " and # particles so
that the spin current relaxes and "sð!Þ has a nontrivial
structure.
We compute the current correlation function (1) using

field theoretical methods and Feynman diagrams in the
Matsubara formalism [25]. The current operator jz ¼ jz" *
jz# implies a current response vertex J""0 ¼ J0""0 þ JMT

""0 þ
JAL""0 in the Feynman diagrams which splits into three con-
tributions [9,20] (","0 are the spin indices of incoming and
outgoing fermion lines). The first term is the bare number
(spin) current vertex J0""0nðpÞ ¼ pz'

0
""0 [J0""0sðpÞ ¼

pz'
3
""0] with the ‘ ¼ 1 partial wave component of the

momentum p and Pauli matrices 'j. The other two terms
are current vertex corrections which are required to fulfill
the conservation laws. The Maki-Thompson (MT) contri-
bution describes direct scattering between quasiparticles
while the Aslamazov-Larkin (AL) term captures the in-
duced current of fermion pairs, or molecules (for details
see Ref. [9]). For a mass current both " and # fermions move
in the same direction and induce a current of pairs, leading
to a sizeable AL term. In contrast, for a spin current " and #
atoms move in opposite directions [4] and no pair current is
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FIG. 1 (color online). Spin diffusivity Ds vs reduced tempera-
ture T=TF (solid red line) in the normal phase, T > Tc ’ 0:16TF.
The experimental data [4] (blue squares) for the trapped gas are
rescaled down by a factor of 4.7 to compensate for the effect of
the trapping potential. The dashed black line is the result from
kinetic theory, Ds ¼ 1:1ðT=TFÞ3=2@=m.
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FIG. 5: Transverse spin diffusivity D⊥ vs reduced tempera-
ture T/TF for different polarizations M for a strongly inter-
acting 2D Fermi gas with interaction parameter ln(kF a2D) =
0 (without medium scattering).

B. Two dimensions

The spin diffusivity in two dimensions (2D) has re-
cently attracted interest after spin-echo measurements in
a transversely polarized spin state in an ultracold gas
of fermionic atoms [4]. The decay of magnetization over
time allows one to infer the spin diffusivity, and a very low
value D⊥ = 0.25(3) !/m has been found in the strongly
interacting regime. In order to understand these results,
we first compute the transverse and longitudinal spin dif-
fusivities in 2D without medium scattering and find that
they exhibit a qualitatively similar behavior as in the 3D
case, as can be seen in Fig. 5.
However, the effect of medium scattering is even more

pronounced in 2D than in 3D and can suppress the dif-
fusivity by more than one order of magnitude at low
temperature, see Fig. 6. For very large polarization
M = 0.999 the diffusivity appears to saturate around
T/TF = 0.1 near D⊥ ≈ 5 !/m without medium scat-
tering, and near D⊥ ≈ 0.1 !/m in the presence of the
medium. The suppression of the diffusivity for smaller
polarization signals the appearance of a superfluid den-
sity at low temperature, which would lead to a pole in
the T -matrix and a vanishing D⊥.
The interaction dependence of the transverse diffusiv-

ity is shown in Fig. 7 for two values of the temperature
in the quantum degenerate regime: at fixed polarization
M = 0.999, the suppression by medium effects (solid vs
dashed lines) is most pronounced in the strongly interact-
ing region −1 ! ln(kF a2D) ! 1, while at weak coupling
the medium effects lower the diffusivity only slightly. The
values of D⊥ in Fig. 7 come close those measured in the
recent 2D spin-echo experiment [4], although the mea-
sured minimum around ln(kF a2D) = 0 is more shallow
than in our calculation.
In order to make a detailed comparison of our trans-

port calculation for the homogeneous system with exper-
iments in a trap geometry, it would be useful to read
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FIG. 6: Transverse spin diffusivity D⊥ vs reduced tempera-
ture T/TF in 2D including medium scattering, at strong in-
teraction ln(kF a2D) = 0. The dotted curve illustrates the
result (65) for the Boltzmann limit.
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FIG. 7: Transverse spin diffusivity D⊥ vs interaction strength
ln(kF a2D) at fixed polarization M = 0.999 and temperatures
T/TF = 1 (blue/without circle), T/TF = 0.5 (red/with cir-
cle). The dashed lines denote the diffusivity without medium
effects, while the solid lines include medium scattering.

off the diffusivity for evolution times shorter than the
trap period in order to minimize the effects of the trap.
Measuring the temperature dependence of the diffusivity
would also provide a much more sensitive comparison of
theory and experiment, in particular regarding the spin-
rotation effect displayed in Fig. 3.

V. CONCLUSION

We have presented a kinetic theory for transverse and
longitudinal spin diffusion in strongly interacting Fermi
gases in two and three dimensions based on the many-
body T -matrix. We find a significant suppression of the
spin diffusivities at low temperatures and strong coupling
due to medium scattering beyond the Born approxima-
tion. The results are consistent with the very low trans-
verse spin diffusivity D⊥ = 0.25(3) !/m observed in a
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one may parametrize the decay in a relaxation time ap-
proximation by separate time constants τ‖ and τ⊥ for
longitudinal and transverse relaxation,
∫

ddp

(2π)d
vpj

(

∂σp

∂t

)

coll

= −
1

τ‖
(Jj(m) · ê)ê−

1

τ⊥
(Jj(m) · ĝj)ĝj . (33)

The unit vector

ĝj = x
∂ê

∂rj
+ yê×

∂ê

∂rj
(34)

lies in the plane perpendicular to the local magnetization
direction ê, as determined by the coefficients x and y.
Equations (30) and (33) are solved by the spin current
[9]

Jj(m) = −D‖
∂m

∂rj
ê−

D0
⊥

1 + µ2
m

[

∂ê

∂rj
+ µê×

∂ê

∂rj

]

(35)

with diffusion coefficients D‖ = α‖τ‖ and D0
⊥ = α⊥τ⊥.

The full transverse diffusion coefficient is given by

D⊥ =
D0

⊥

1 + µ2
(36)

where the spin-rotation parameter

µ = −γBτ⊥ (37)

determines how the spin current is rotated in the plane
perpendicular to the local magnetization. Without effec-
tive magnetic field there is no spin-rotation effect, µ = 0
and D⊥ = α⊥τ⊥. Even in the absence of an external field
there may be spin rotation around the mean field for a
polarized gas [1], as shown in section IV.

One may parametrize the deviation from local equilib-
rium as

δnp =
1

2
(δfp I + δσp · σ). (38)

The deviations δfp and δσp should overlap with the drift
terms in Eqns. (21), (22), and we choose the trial func-
tions [9]

δfp = c
∑

i

vpi
∂m

∂ri

∑

σ

σtσ
∂npσ

∂εp
(39)

δσp = δσ‖
p + δσ⊥

p (40)

with longitudinal part

δσ‖
p = c‖

∑

i

vpi
∂m

∂ri
ê
∑

σ

tσ
∂npσ

∂εp
(41)

and transverse part

δσ⊥
p = c⊥

∑

i

vpiĝi(np+ − np−). (42)

In the following we shall linearize the collision integral
(16) for small deviations from the equilibrium distribu-
tion, first in the transverse and then in the longitudinal
channel.

A. Transverse diffusion

The linearized form of the collision integral (16) for
T -matrix scattering differs from the Born approximation
[9] in that only + and − particles can scatter,

(

∂δnp1

∂t

)

coll

=
1

(2π)2d−1

∫

ddp2 d
dp3 d

dp4 |T (p1 + p2,ω)|2

× δ(p1 + p2 − p3 − p4) δ(εp1
+ εp2

− εp3
− εp4

)

×
1

2

{

[δñ±
2 ñ1 + ñ±

2 δñ1 + ñ1δñ
±
2 + δñ1ñ

±
2 ] Tr(n

±
4 n3)

− [δn±
2 n1 + n±

2 δn1 + n1δn
±
2 + δn1n

±
2 ] Tr(ñ

±
4 ñ3)

}

.

(43)

On the right-hand side a transverse variation of the dis-
tribution matrix is inserted, using the variational ansatz
in Eqn. (42),

δn⊥
p =

1

2
δσ⊥

p · σ =
c⊥
2
(np+ − np−)

∑

i

vpiĝi · σ

= (np+ − np−)

(

0 s∗p
sp 0

)

(44)

with sp = spx + ispy and sp = (c⊥/2)(vpxĝx + vpyĝy). A
typical term in the collision integral (43) has the form [9]

δn1n
±
2 = (n1+ − n1−)

(

0 s∗1n2−

s1n2+ 0

)

, (45)

[δn1, n
±
2 ]+ = (n1+ − n1−)(n2+ + n2−)

(

0 s∗1
s1 0

)

. (46)

Using δσ⊥±
p = −δσ⊥

p by exchange of + and−, the matrix
product in the curly brackets in Eqn. (43) becomes

c⊥
2

∑

i

{[

(ñ1+ − ñ1−)(ñ2+ + ñ2−)v1i

− (ñ1+ + ñ1−)(ñ2+ − ñ2−)v2i
]

(n3+n4− + n3−n4+)

−
[

(n1+ − n1−)(n2+ + n2−)v1i

−(n1++n1−)(n2+−n2−)v2i
]

(ñ3+ñ4−+ñ3−ñ4+)
}

ĝi·σ.
(47)

Using ñ1+ñ2−n3+n4− = n1+n2−ñ3+ñ4− from energy
conservation and

np+ñp−

np−ñp+
= exp(2βh) (48)

one can rewrite (47) as

− 2c⊥ sinh(βh)
∑

i

[

e−βhn1+n2+ + eβhn1−n2−

]

× ñ3+ñ4−(v1i − v2i)ĝi · σ. (49)
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