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Stages of a Heavy Ion Collision
Collision of two Lorentz-contracted nuclei: tcoll ≈ R

γ
2
c

Landau already considered hydrodynamics
for high-energy physics (1953)
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Hydrodynamic Stage

I explains dynamics:
pressure gradients
⇒ expansion

I assumes local equilibration
⇒ few variables

I amenable to numerics

I access to EoS

I easy to account for
phase transitions

I fluid-like behaviour (one fluid)
in contrast to thermal
equilibrium

12/39 HGSFP Winter School, Obergurgl, Jan 6 ! 10, 2009 Kai Schweda

Collision Geometry

x

z

Non-central Collisions

Au + Au   "s
NN 

= 200 GeV

Uncorrected

Number of participants: number of incoming nucleons in the overlap region

Number of binary collisions: number of inelastic nucleon-nucleon collisions

Charged particle multiplicity  # collision centrality

Reaction plane:   x-z plane
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mT spectra
I mT scaling for indepent

particles (thermal source):

d3N
dp3 ∝ exp

{
−E

T

}

dp3 = EmT dmT dy dφ

E = mT · cosh y

d2N
mT dmT dy

∝

mT ·cosh y ·exp
{
−mt cosh y

T

}
I in AuAu: scaling violated →

collective motion

pp
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Figure 3. mt spectra of identified hadrons produced in p-p collisions near pz = 0
(data from [32], replotted).

by taking the log of (60) and differentiating with respect to mt. We use the fact that
p2

t = m2
t −m2 implies dpt/dmt = mt/pt:

d

dmt
log

(

dN

2πptdptdpz

)

=
−u0 + umt/pt

T
. (61)

For a given mt, heavier particles have a smaller pt. If u > 0, this gives a positive
contribution to the slope, resulting in flatter mt-spectra+. This is clearly seen in Au-
Au collisions, figure 4: (anti)proton spectra and kaon spectra are much flatter than
pion spectra. This is generally considered evidence for transverse flow [35]. In the case
of central collisions, which have rotational symmetry in the (x, y) plane, transverse
flow is also called “radial” flow.

5.3. Chemical versus kinetic freeze-out

Comparing Figs. 3 and 4, it is clear that the relative abundances of pions, kaons, and
(anti)protons, also known as particle ratios, do not change dramatically from pp to
Au-Au collisions: what happens between pp and Au-Au is essentially a redistribution
of the transverse masses for heavier particles.

Now, the number of particles of a given type emitted by a fluid element is obtained
by integrating the Boltzmann factor, (58), over momentum. As a consequence, particle
ratios only depend on the temperature. The fact that particle ratios are the same in
pp and Au-Au collisions means that the temperature is the same: the temperature
extracted from particle ratios is called the “chemical freeze-out temperature”, and
its value is Tc " 170 MeV [36]. A detailed calculation shows that the kaon/pion
ratio is in fact larger in Au-Au collisions than in pp collisions, and that there is no
“strangeness suppression” in Au-Au collisions. Although this is generally considered

+ Please note that (61) applies only to fast particles, for which pt > mu and mt > mu0, so that the
slope is always negative.
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contribution to the slope, resulting in flatter mt-spectra+. This is clearly seen in Au-
Au collisions, figure 4: (anti)proton spectra and kaon spectra are much flatter than
pion spectra. This is generally considered evidence for transverse flow [35]. In the case
of central collisions, which have rotational symmetry in the (x, y) plane, transverse
flow is also called “radial” flow.

5.3. Chemical versus kinetic freeze-out

Comparing Figs. 3 and 4, it is clear that the relative abundances of pions, kaons, and
(anti)protons, also known as particle ratios, do not change dramatically from pp to
Au-Au collisions: what happens between pp and Au-Au is essentially a redistribution
of the transverse masses for heavier particles.

Now, the number of particles of a given type emitted by a fluid element is obtained
by integrating the Boltzmann factor, (58), over momentum. As a consequence, particle
ratios only depend on the temperature. The fact that particle ratios are the same in
pp and Au-Au collisions means that the temperature is the same: the temperature
extracted from particle ratios is called the “chemical freeze-out temperature”, and
its value is Tc " 170 MeV [36]. A detailed calculation shows that the kaon/pion
ratio is in fact larger in Au-Au collisions than in pp collisions, and that there is no
“strangeness suppression” in Au-Au collisions. Although this is generally considered

+ Please note that (61) applies only to fast particles, for which pt > mu and mt > mu0, so that the
slope is always negative.
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Figure 4. mt spectra of identified hadrons produced in central Au-Au collisions
near pz = 0 (data from [32], replotted). Yields are normalized per event, which
explains why they are ≈ 200× larger than in p-p collisions.

a strong argument for thermalization, it has been shown that the mechanism of quark
production itself can produce apparent thermal equilibrium [37].

While the same value of the temperature explains both the particles ratios and
the mt spectra in pp collisions, it is no longer the case for Au-Au collisions. If T in (61)
was the same for pp and Au-Au collisions, transverse flow would result in much flatter
pion spectra for Au-Au than pp collisions. The phenomenon of transverse (or radial)
flow nicely explains the slopes of mt spectra of identified hadrons, but the price to pay
is a lower value of the temperature. This temperature is referred to as the temperature
of “kinetic freeze-out”, and its typical value at RHIC is Tf ! 100 MeV.

The fact that Tf < Tc is usually interpreted in the following way: inelastic
collisions, which maintain chemical equilibrium, stop below Tc; below Tc, particle
abundances are frozen, but there are still enough elastic collisions to maintain
Boltzmann distributions of momenta, i.e., kinetic equilibrium. Kinetic equilibrium
is eventually broken when the temperature becomes lower than Tf , the kinetic freeze-
out temperature.

5.4. Elliptic flow

We now study non-central collisions, and we define the x and y axes as in figure 2.
We rewrite (58) using dpxdpy = ptdptdφ and (59), where we take into account the fact
that the maximum fluid velocity at zero rapidity may also depend on φ:

dN

ptdptdpzdφ
∝ exp

(

−mtu0(φ) + ptu(φ)

T

)

. (62)

According to (54), the fluid velocity is larger on the x-axis than on the y-axis, which
is the phenomenon referred to as elliptic flow. This effect can be parameterized in the
form

u(φ) = u + 2α cos 2φ, (63)
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Relativistic Hydrodynamics
I energy momentum tensor: T µν

I energy momentum conservation:

∂µT µν = 0

I in ideal hydrodynamics only dependent on ε, P.

I in local restframe:

T µν =


ε

P
P

P


I in any frame:

T µν = (ε + P) uµuν − P gµν
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Analogy to non-relativistic case

∂µT µν = ∂µ ((ε + P) uµuν − P gµν) = 0

I projection parallel to uµ:

uν∂µT µν = D︸︷︷︸
:=uµ∂µ

ε + (ε + p) ∂µuµ = 0

I projection perpendicular to uµ (∆µν = gµν − uµuν):

∆α
ν ∂µT µν = (ε + p) Duα − ∇α︸︷︷︸

:=∆αβ∂β

p = 0

I non-relativistic limit:

D ≈ ∂t + ~v · ~∇+ O(|~v |2)
∇i ≈ ∂ i + O(|~v |)
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Ideal Relativistic Hydrodynamics

I No dissipative processes:

∂µsµ = 0

I Additional continuity equations for conserved charges:

∂µNµ = 0

I Equation of State needed, e.g. for ultrarelativistic gas:

P =
ε

3

I Prediction of momentum anisotropy from initial spatial
anisotropy
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Flow - Introduction
I azimuthal anisotropy of non-central events
I sensitive to early stages (high pressure gradients)
I reaction and participant plane

4 S.A. Voloshin, A.M. Poskanzer, and R. Snellings

fer to the original papers, we hope that the information presented here could provide
a good basis to get involved. One will find that, unfortunately, the systematic uncer-
tainties in flow measurements are still rather large, up to 10–15%, and often more.
We identify two directions for future flow measurements, one being large statistics
to try to better understand systematics, and the other being measurement of flow of
rare particles.

1.2 Definitions: flow and nonflow, the reaction and participant
planes.

The reaction plane is spanned by the vector of the impact parameter and the beam
direction. Its azimuth is given by ΨRP. The particle azimuthal distribution measured
with respect to the reaction plane is not isotropic; so it is customary to expand it in
a Fourier series [12]:

E
d3N
d3 p

=
1

2π
d2N

pT d pT dy
(1+

∞

∑
n=1

2vn cos(n(φ −ΨRP))), (1)

where the vn = 〈cos[n(φi −ΨRP)]〉 coefficients are used for a quantitative charac-
terization of the event anisotropy, and the angle brackets mean an average over all
particles in all events. The sine terms are not present because of symmetry with re-
spect to the reaction plane. v1 is referred to as directed flow, and v2 as elliptic flow
(see Fig. 1). Radial flow in this paper refers to radial in the transverse plane. The
vn coefficients are functions of rapidity and transverse momentum, and as such they
are often referred to as nth harmonic differential flow. By integrated flow we mean
the values of the vn coefficients averaged over transverse momentum and rapidity.

Fig. 1 Diagrams of elliptic and directed flow.
Fig. 2 The definitions of the Reaction Plane
and Participant Plane coordinate systems.

I in momentum space:

E
d3N
d3p

=
1

2π

d2N
pT dpT dy

radial flow
I vn(pT, η) for given

√
sNN
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Flow - Measurement
I Reconstruction from particle trajectories
I event-plane method:

Qn, x
y

=
∑

i

wi
cos
sin

(nφi)

reaction-plane:

Ψn =
1
n

arctan
Qn,y

Qn,x

vobs
n = 〈cos [n(φi −Ψn)]〉

I correlation method:

dNpairs

d∆φ
∝

(
1 +

∞∑
n=1

2 v2
n cos(n∆φ)

)

fitted to data
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Mass splitting in v2

36 S.A. Voloshin, A.M. Poskanzer, and R. Snellings

3.3.6 Low pT region: mass splitting

For charged hadrons, shown in Fig. 24, the elliptic flow increases almost linearly
as a function of pT reaching values of about 0.15 at large pT . At low transverse
momenta, the dependence is well described by hydrodynamics.
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Fig. 34 Comparison of v2(pT ) dependence of pions and protons with hydrodynamic calculations
for a hadron gas and also including a phase transition [52, 107].

As explained in section 3.1.1 in a (locally) thermalized system, like in hydro-
dynamics, the interplay of radial expansion and anisotropic flow should lead to
a specific dependence of the differential flow v2(pT ) on the mass of the parti-
cle [51, 52, 108]. Figure 34 shows v2 as function of transverse momentum for two
particle species. As expected, at low pT the elliptic flow clearly depends on the
mass of the particle with v2 at a fixed pT decreasing with increasing mass. The hy-
drodynamic model calculations of v2(pT ) for pions and (anti-)protons in Fig. 34 are
performed for two equations of state: the full curves are for an EoS which incorpo-
rates the effect of a phase transition from a QGP to a hadron gas, the dashed curves
are for a hadronic EoS without phase transition. The hydro calculations clearly pre-
dict the observed behavior rather well with a better description of the measurements
provided by the EoS incorporating a phase transition. For the pions the effect of a
phase transition is less pronounced compared to the protons. The lighter particles
are more affected by the temperature, thus less sensitive to the collective flow veloc-
ity and vice versa for the heavier particles. One should not, however, conclude from
the good fit of the ideal hydro calculations to the data in Fig. 34 that the EoS which
includes the phase transition is the only allowed EoS. To draw conclusions about
the EoS one first has to better understand the initial conditions [77, 78, 79, 80], has
to have a more realistic description of the phase transition [109], and quantify the
effects of viscous corrections [87, 88, 89, 90, 91, 92].

Figure 35 shows that the elliptic flow of the different mass particles at low pT
can be characterized rather well by a common set of four freeze-out parameters: the
temperature, the mean radial flow velocity, the azimuthal dependence of the radial
flow velocity and the source deformation [35]. In hydrodynamics, these parameters

I heavy particles shifted to higher pT

I sensitive to equation of state

11 / 23



pT- and
√

sNN-dependence of v2

I Change from out-of-plane (squeezing) to in-of-plane

May 2, 2009 4:18 WSPC/INSTRUCTION FILE qgp4˙v2chapter

4 P. Sorensen

phenomena in non-central nuclear collisions that deals with a similar subject matter.
That article provides valuable detail on technical aspects of measuring v2. In this
review I will attempt to avoid duplicating that work by discussing interpretations
of v2 more extensively and refer the reader to that review where appropriate.

1.1. Two Decades in Time and Five Decades in Beam Energy

/A (GeV)beamE

-110 1 10
210

3
10 410

-0.1

-0.05

0

0.05

0.1

2v

in-plane

plane
out-of- FOPI

EOS
E895
E877
CERES
NA49
STAR
Phenix
Phobos

Fig. 3. The beam energy dependence of elliptic flow measurements. Data are shown for 0%–20%
most central A+A collisions. Positive values indicate that particles tend to be more aligned with
the reaction-plane (in-plane). RHIC and SPS data suggest a smooth trend of in-plane v2 growing
with log(

√
s

nn
) above Ebeam/A ≈ 20 GeV or

√
s

NN
≈ 6 GeV.

Positive values of v2 imply that particles tend to be produced more abundantly
in the x−direction than in the y−direction. This is referred to as in-plane flow.
Fig. 3 shows v2 measured in an interval of beam energies covering five orders of
magnitude13,14,15,16,17. For Ebeam/A ranging from approximately 0.12 − 5 GeV
(1.4 <

√
s

nn
< 3.3 GeV), v2 is negative. For this energy range, spectator protons

and neutrons are still passing the interaction region while particles are being pro-
duced. Their presence inhibits particle emission in the in-plane direction leading to

I decreasing slope with increasing pT

I hint for viscosity: η
s > 0
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Fig. 13. v2(pT ) for a variety of identified particle species and inclusive charged hadrons. Data are
for Au+Au collisions at 200 GeV averaged over all centralities. At low momentum v2(pT ) exhibits
mass ordering while at larger pT the identified particle v2 appears to be grouped according to
constituent quark number. The mass ordering at low pT is approximately reproduced by the
hydrodynamic calculation.

pT
76,77. The integration shows that v2 increases with particle mass. This is because

the more massive particles have a larger 〈pT 〉 and v2 is generally increasing with pT

in the pT region where the bulk of the particles are produced. The hydrodynamic
model also exhibits this trend.

2.1.1. Identified Particle v2(pT ): RHIC versus SPS

Fig. 15 shows pion and proton v2 from
√

s
NN

= 62.4 Au+Au78 and 17.3 GeV

Pb+Pb collisions16. The centrality intervals have been chosen similarly for the
17.3 GeV and 62.4 GeV data. The STAR data at 62.4 GeV are measured within
the pseudo-rapidity interval |η| < 1.0 and the 17.3 GeV data are from the rapidity
interval 0 < y < 0.7. These intervals represent similar y/ybeam intervals. It has been
shown that v2 data for pions and kaons at 62.4 GeV are similar to 200 GeV data;
the 62.4 GeV data only tending to be about 5% smaller than the 200 GeV data.

Appreciable differences are seen between the 17.3 GeV and 62.4 GeV data. At
pT > 0.5 GeV/c, for both pions and protons, the v2 values measured at 62.4 GeV
are approximately 10%–25% larger than those measured at 17.3 GeV. Although the
magnitude of v2 is different at the lower energy, the systematics of the particle-type
dependencies are similar. In particular, pion v2 and proton v2 cross over each other

I decreasing slope with increasing pT

I hint for viscosity: η
s > 0
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Relativistic Hydrodynamics - Viscous

∂µT µν = ∂µ

(
T µν

ideal + Πµν
)

= 0

Dε + (ε + p) ∂µuµ − uν∂µΠµν = 0
(ε + p) Duα −∇αp + ∆α

ν ∂µΠµν = 0

I Πµν = πµν︸︷︷︸
shear

+ ∆µνΠ︸ ︷︷ ︸
bulk

I require: ∂µsµ ≥ 0
given for:

πµν = η ∇<µuν> , Π = ζ ∇αuα

I in non-relativistic limit → Navier-Stokes equation:

Πki = η

(
∂kv i + ∂ ivk − 2

3
δki∂lv l

)
− ζ δik∂lv l
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Acausality problem

I Consider small perturbation in homogeneous system at
rest:

ε = ε0 + δε(t , x) and uµ = (1, ~0) + δuµ(t , x)

for y -direction leads to:

∂tδuy − η0

ε0 + p0
∂2

x δuy = O(δ2)

ansatz: δuy = e−ωt+ikx fω,k

⇒ ω =
η0

ε0 + p0
k2

vT (k) =
∂ω

∂k
= 2

η0

ε0 + p0
k k→∞→ ∞

I perturbations travel faster than c
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Acausality (cont.)
Second Order Fluid Dynamics
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x
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f(x
)

Diffusion Eq. vs. Maxwell-Cattaneo

t=0, f(x)=δ(x)

t=10

excluded byexcluded by
causalitycausality

Maxwell-Cattaneo, t=10

Paul Romatschke Relativistic Viscous Hydrodynamics
I Maxwell-Cattaneo:

τπ∂2
t δuy + ∂tδuy − η0

ε0 + p0
∂2

x δuy = 0

“artificial” solution
I higher orders in viscosity

15 / 23



Higher orders in viscosity

I classification as gradient expansion

I ideal hydro, zeroth order (complete)

πµν = 0

I Navier-Stokes equation, first order (complete)

πµν = η ∇<µuν>

I second order:
complete πµν constructable from symmetry considerations
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Numerical implementation

I calculations on discretized space-time

I ideal hydro: turbulences
discretization of space-time (and derivations) adds
numerical viscosity

I viscous hydrodynamics (in first order) acausal ⇒
numerically problematic

I higher order viscous hydrodynamics well-behaved
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Viscous v2

I Significant reduction of v2
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FIG. 10: Reduction of elliptic flow coefficient due to shear viscosity: different groups agree that at
p⊥ = 1.5 GeV, there is a∼ 20 percent reduction of v2 for η/s = 0.08 (Figures from [79, 82, 100, 102],

clockwise from upper left.)

freeze-out, but unstable particles are allowed to decay, which changes the spectra of stable
particles [93, 94]. The decay of unstable resonances can be simulated using public codes
such as [95] and leads to particle production, as can be seen in Fig. 9.

F. Viscous effects and open problems

Ideal hydrodynamic simulations have been used quite successfully in the past to describe
the properties of the particle spectra produced in relativistic heavy-ion collisions [53, 96–98]
(for reviews, see e.g. [88, 99]). Viscous effects have only been studied more recently: the
presence of viscosity leads to viscous entropy production given by Eq. (27), which increases
the total multiplicity for fixed initial entropy. The amount of viscous entropy production
depends on the hydrodynamic initialization time τ0 [75], and for τ0 ∼ 1 fm/c is on the order
of 10 percent for η/s = 0.08 [78, 100].

Viscosity also leads to stronger radial flow, which increases the mean transverse momen-
tum of particles [77, 78, 101]. Maybe more importantly, the presence of shear viscosity

I Indication for small viscosity close to theoretical boundary
of η

s = 1
4π
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Caveats

I Determination of initial conditions:
Monte-Carlo Glauber calculations

I Freeze-out
at some temperature trying to match T µν

I How to disentangle different stages?
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Conclusions

I Hydrodynamic description of Heavy Ion Collisions
promising

I Viscosity seems to be needed:
I How large is η?
I bulk viscosity?

I Constraints from theory (next talks)

I Caveats for quantitative interpretations
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Landau vs. Eckart restframe

I with conserved charges restframe not uniquely defined any
more

I Landau:
Consider energy flos

uµT µν = εuν

I Eckart:
Consider conserved charge:

uµJµ = j0
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πµν in second order

not to be discussed here:

πµν = η∇<µuν> − τπ

[
∆µ

α∆ν
βuλ∂λπαβ +

4
3
πµν(∇αuα)

]
+

κ

2

[
R<µν> + 2uαRα<µν>βuβ

]
− λ1

2η2 π<µ
λ πν>λ − λ2

2η
π<µ

λ Ων>λ − λ3

2
Ω<µ

λ Ων>λ

with:
Ωµν = ∇[µuν]

by Baier et al., 2007
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