


collective
degrees of freedom



m Electrons on a cubic lattice

here : on planes (d = 2)

m Repulsive local interaction if two electrons are
on the same site

m Hopping interaction between two neighboring
sites



In solid state physics :
“ model for everything

B Antiferromagnetism
m High T_superconductivity
B Metal-insulator transition

B Ferromagnetism



Functional integral formulation

o next neighbor interaction
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T : temperature

w : chemical potential

b0 (doping )

repulsive local interaction
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Collective degrees of freedom
are crucial !

for T <'T

B nonvanishing otder parameter

m(X) = ¢'(X)ay(X) m(Q) — a@(Q— 1)

B oap for fermions

B [ow energy excitations:

antiferromagnetic spin waves



Short distances : quarks and gluons
Long distances : baryons and mesons

confinement/chirall symmetry breaking
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(expected for O(4) Heisenberg model)

Universal
Crbiee,
Cgve breon of

<(' Le :0(({')

T/T.

Explicit link between xPT domain of validity (4d) and
critical (universal) domain near 7, (3d)




Functional Renormalization Group



Find effective description where relevant degrees
of freedom depend on momentum scale or
resolution in space.

Microscope with vatiable resolution:
m [High resolution , small piece of volume:
quarks and gluons

B [Low resolution, large volume : hadrons



From

Microscopic Laws
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Fluctuations!

Macroscopic Observation




e block spins

Kadanoff, Wilson

e exact renormalization group equations
Wilson, Kogut
Wagner, Houghton
Weinberg
Polchinski

4 0
Hasenfratz-

e Lattice finite size scaling
Luscher,...

e coarse grained free energy/average action




Average potential U,

= scale dependent effective
potential
= coarse grained free energy

Only fluctuations with
momenta ¢° > k* included




linear sigma-model for

chiral symmetry breaking in QCD

of:

scalar model for antiferromagnetic spin waves

(linear O(3) — model )

fermions will be added later



walx): magnetization, density, chemical concentra-
tion, Hig eld, meson field, inflaton, cosmon

O(N )-symmetry:

1, ) .
S = / dz {Si')"l,t,t,-;?'ﬂf)p?'-’a + 1--"'[I_p_}} TP = =Pat

%




T P .
ﬂ"{ﬁf ab — — : Mass matrix

ﬂ"irf?f :  Eigenvalues of mass matrix







R, : IR- cutofl
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Flow equation for Uy

O =3 % | (e a Partial differential
equation for function
U(k,p) depending on

two ( or mote )
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For suitable R, : 7 O — g

m Momentum integral is ultraviolet and infrared
finite

m Numerical integration possible

m Flow equation defines a regularization scheme
( ERGE —regularization )




Momentum integral

is dominated by
G ~ k2.

NI () = L 4 9 Ry
OkUk(e) =353 g Opfylq)

(27)" Zyg?+ Ry, (2)+M (0)

Flow only sensitive to

physics at scale k



Zr: wave function renormalization
kOZr = —Mi 2K

Nk: anomalous dimension

t = In(k/A)

OlnZ = —n

for Z, (@,q°) : flow equation is



Effective average action




generating functional for connected Green’s
functions in presence of quadratic infrared cutoff

Wilj] = In ] Dx exp (—5 [x] — ArS[x] + / d'z ]\)

Zig?

lim R =0
k—0




['x includes all fluctuations (quantum, thermal)
with ¢* > k?

['A specifies microphysics

Loop expansion :
perturbation theory
with

infrared cutoff

In propagator



for Kk — 0
all fluctuations (quantum + thermal)
are included




Exact flow equation

for scale dependence of average action

(2) N 8Ty
(Fk )”b (..Q? q)= dpal—q)0wp(q’)

e
Tr: Zuf t'ﬂ%_"{g

(fermions : STr)




m Fvaluate exact flow equation for homogeneous

field @ .

m R.h.s. involves exact propagator in

homogeneous background field .



Critical exponents

Ising model

Experiment :

T.=304.15 K
p- =73.8.bar
S.Seide ... p. =0.442 g cm-2



Antiferromagnetic order
in the Hubbard model

A functional renormalization group study

T.Baier, E.Bick, ...
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Mermin-Wagner theorem ?

No spontaneous symmetry breaking

of continuous symmetry in d=2 |



N (X)P(X)

UM (X)Fd(X)
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Introduce sources for bilinears |- Spin + SU@)? — Jp— Tt
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m collective bosonic variables for fermion bilinears
m insert identity in functional integral
( Hubbard-Stratonovich transformation )

m replace four fermion interaction by equivalent
bosonic interaction ( e.g. mass and Yukawa
terms)

m problem : decomposition of fermion interaction
into bilinears not unique ( Grassmann variables)

M- F . R P 1; o
(PHX)D(X))? = p(X)? = —nmi(X)?
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Zn,n*, Jp, Jm] =
/ D™, 1, p, ot Jexp(— (S +5,+S))

1

S = Spkin T 3{..-",.3 P+ EE Jmm — U,pp — Upmm,

E;.I —_ = ni'ﬂj} - *_]F” }ﬁ

to
fermionic functional integral

Bosonic integration
is Gaussian

or:

solve bosonic field
equation as functional
of fermion fields and
reinsert into action




ﬁ; —_ H.'"L.lll - ::;B + :;1‘} + JS.J:,
fermion kinetic term

Selkin = Z Liff,}l (iwr — p — 2t(cosq1 + cos q2)) {, (@),
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boson quadratic term (“classical propagator’ )

(r HQ)H(=Q) + Ui (Q)it [_—c:;;';) |

Yukawa coupling
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1s now linear in the bosonic fields



pQ) — pd(Q)
m(Q) — as(Q —I1)
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= pu+ Up.







T/t =0.5 T/t =0.15

Baier, Bick,. ..



Artefact of
approximation ...

cured by inclusion of
bosonic fluctuations

J.Jaeckel,...

mean tield phase diagram



Flow equation




Ly, v =) v (Q)Pr(Q)Y(Q),
Q
Pp(Q) =iwr+e—p, €(q)=—2(cosq; + cosqy),
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Potential U depends

only on o = a*
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boson contribution

fermion contribution
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four-fermion interaction ~ m2 diverges




renormalized antiferromagnetic order parameter x



U/t=3,T/t=0.15



T.=0.115

In(k/1)



Limiting temperature at which bosonic mass
term vanishes ( # becomes nonvanishing )

I't cortresponds to a diverging four-fermion
couphng



MFT(HF)




ct. Chakravarty,Halperin,Nelson
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c(T) exp EU.?"_,B[_T;__T

c,p : slowly varying functions
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mean field theory




B adapt bosonisation to
every scale k such that

1s translated to bosonic
interaction

H.Gies ,

Trly, 9%, ¢ = Zl (Q) Py (Q)

5 Zd —Q) Py x(Q)9(Q)
= Z hi(Q)H(Q)p(—Q)
Q

+3 Mr(Q)F(Q)4(—Q)
Q

or(Q) = $1(Q) + Dax(Q)H(Q)

Q) = — Bar(Q)H(Q)




Evolution with Rebosonisation
k-dependent
field variables

Ohi(Q) = Ahi(Q)ls, + O (Q) Py i(Q),
DAk (Q) = OpApr(Q)|s, + Mi(Q) Ora(Q).
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Lattice simulation

J.Berges,D.Jungnickel,...



(expected for O(4) Heisenberg model)

Universal
Crbiee,
Cgve breon of

<(' Le :0(({')

T/T.

Explicit link between xPT domain of validity (4d) and
critical (universal) domain near 7, (3d)




pion nass

Sigma mass

80

T/ MeV

2 m, < 2m, for T2 100MeV | 2

No long pion correlation length in thermal equilibrium!



(ritical behavior 7@# Second orpler

phase bransitions :

Pz - veriovmalized Lield vaviable

Ul ) Aepencte only on g
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Clitical egve beou of state

ERGE | (owest ovter plvrvalive exp. - Berges, Tetraots, ...

EQGCE/ ?(/'kg‘lz Oroter glp'valive exp. . e, ...

Berges, pean fielol”
Tetradis,...

hl'gh —T -series, locp expangion, £~ CXparsoe

Monte Caule




Universal critical equation of state

Is valid near critical temperature
the only light degrees of freedom

are pions + sigma with

O(4) — symmetry.

Not necessarily valid in QCD, even
for two flavors !






