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Renormalization group flow

L = −1
4F0,µνF

µν
0 + i Ψ0γ

µ(∂µ − ig0 A0,µ)Ψ0

Quantum corrections give infinite contributions

= −g2
0

∫
d4k

(2π)4

Tr
[
γµ(/k − /p)γν/k

]
k2(k − p)2

=∞

Calculability is recovered using dimensional regularization, d = 4− ε

= −g2
0

∫
ddk

(2π)d
Tr
[
γµ(/k − /p)γν/k

]
k2(k − p)2

' −i g2
0

12π2
(p2gµν − pµpν)

[
2

ε
+

5

3
− γE + log

(
−4π

p2

)]
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Renormalization group flow

The 1/ε poles are absorbed into the bare couplings and fields

g0 = µε/2Zgg , where Zg = 1 +
1

ε
Z

(1)
g +

1

ε2
Z

(2)
g + . . .

As a result the renormalized coupling g(µ) gets a running

βg =
dg

d lnµ
= 1

2

(
−1 + g

∂

∂g

)
(−1

2Z
(1)
g g) =

g3

12π2
+O(g5)

Computing the beta functions have all the usual difficulties of perturbation
theory
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Gauge-fermion theories at 1-loop

QED: Landau Pole

g

βg

lnµ

g

A fundamental theory must reach a FP in the UV

QCD: Asymptotic freedom

g

βg

lnµ

g
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Perturbative UVFP

In a gauge-Yukawa theory D.F. Litim and F. Sannino [1406.2337]

βαg =
4

3

(
Nf

Nc
− 11

2
+ f (αg , αy , αλ)

)
α2
g

A perturbative FP can be reached at Nf ,Nc →∞

α

βα

lnµ

α

A non-vanishing αg in the UV can tame the other couplings, e.g.

βαy ' αy (13αy − 6αg )
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Where the large Nf fits in

Idea: Organize the the computation as an expansion in 1/Nf

Computational control in a limit of QFT

A new non-vanishing zero of the beta function

α

βα

lnµ

α

A tool for model building
S. Abel and F. Sannino [1707.06638], E. Molinaro, F. Sannino and

Z.W. Wang [1807.03669], R.B. Mann et al. [1707.02942]
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1/Nf counting

The goal is to expand the a gauge theory in 1/Nf ;

L = −1
4FµνF

µν +

Nf∑
I=1

i ΨIγ
µ(∂µ − ig Aµ)ΨI

It is insufficient to take Nf →∞:

: βg =
dg

dt
=

1

12π2
g3Nf

Introduce a ’t Hooft-like coupling

K =
g2Nf

4π2

1/Nf � 1 limit: K = cst. g ∼
√

1/Nf
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What diagrams should we include?

Diagrams contain fermion loops with n ≥ 2 gauge insertions;

µn

µ3

µ2

µ1

∼ gn Nf = O
(

1

Nf

)(n−2)/2

Loops with n = 2 are “free”; internal gauge lines must be dressed as

= O(1)

Loops with n ≥ 3 decreases the order of a diagram.
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Large Nf beta function in QED

At LO in 1/Nf the beta function for the renormalized coupling, K , is

: βK =
dK

dt
=

2K 2

3
+ . . .

At NLO there is an infinite number of diagrams:
A. Planques-Mestre and P. Pascual ’84

βK =
2K 2

3

[
1 +

1

Nf
F1(K )

]
+ . . .

F1(K ) =
3

4

∫ K

0
dx F̃

(
0, 2

3x
)

F̃ (0, x) =
(1− x)(1− x

3 )(1 + x
2 )Γ(4− x)

3Γ(3− x
2 )Γ2(2− x

2 )Γ(1 + x
2 )

F1 (F̃ ) has a pole at K = 15/2 (x = 5)
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Non-Abelian gauge theories

In simple non-Abelian theories a new renormalized coupling is introduced

K =
g2Nf S2(RΨ)

4π2

Self-interacting gluons give new contributions at NLO:
J.A. Gracey [hep-ph/9602214] B. Holdom [1006.2119]

βK =
2K 2

3

[
1 +

1

Nf

d(G )

d(RΨ)
H1(K )

]
+ . . .

H1(K ) = −11C2(G )

4C2(RΨ)
+

3

4

∫ K

0
dx F̃ (0, 2

3x)G̃ ( 1
3x)

G̃ (x) = 1 +
C2(G )

C2(RΨ)

20− 43x + 32x2 − 14x3 + 4x4

4 (2 x − 1) (2 x − 3) (1− x2)

H1 (G̃ ) has a pole at K = 3 (x = 1)
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Zeros of the beta functions

Behavior of the NLO contributions (Nc = 3, RΨ = fund)

0 1 2 3 4 5 6 7

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

K

(a) Abelian, F1(K)

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-6

-5

-4

-3

-2

K

(b) Non-Abelian, H1(K)

βK =
2K 2

3

[
1 +

1

Nf
F1(K )

]
βK =

2K 2

3

[
1 +

1

Nf

d(G )

d(RΨ)
H1(K )

]
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Semi-simple extension

Consider a gauge group G = ×αGα and fermions ΨI ∈ Nf × (⊗αRαΨ)

New effective flavor number

N ≡ Nf

∏
α

d(RαΨ) and Kα =
g2
αN S2(RαΨ)

4π2 d(RαΨ)

α αβ

α β α
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α αβ

α β α

New mixed diagrams are like the Abelian NLO
diagrams, but

g4Nf −→ g2
αg

2
βTr

[
TA
Rα

Ψ
TB
Rα

Ψ
TC
Rβ

Ψ

TC
Rβ

Ψ

]
= (4π2)2 d(Gβ)

N
KαKβδ

AB
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N ≡ Nf

∏
α

d(RαΨ) and Kα =
g2
αN S2(RαΨ)

4π2 d(RαΨ)

α αβ

α β α

The full NLO beta function

βKα =
2K 2

α

3

[
1+

d(Gα)

N
H

(α)
1 (Kα) +

∑
β 6=α

d(Gβ)

N
F1(Kβ)

]
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Semi-simple phase diagram

0 2 4 6 8 10

0

1

2

3

4

K1

K
2

(c) An Abelian and a non-Abelian group

0 1 2 3 4

0

1

2

3

4

K1

K
2

(d) Two non-Abelian groups
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Asymptotic safety?

F. Sannino and O. Antipin [1709.02354], B. Holdom [1006.2119]

Large Nf expansion seems to be valid for Nf & 10Nc with Ψ ∈ Nc

Anomalous dimension as a check of the FP

Abelian: γm →∞ for Nf →∞
Non-Abelian: γm → 0 for Nf →∞

Series expansion of F1 and H1 seems to indicate worse convergence of
the Abelian series

We should be skeptic of the Abelian fixed point
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Generic gauge-Yukawa theory

Fields SO(1, 3)+ SU(Nf ) ×αGα
Ψ

(
1
2 , 0
)
⊕
(
0, 1

2

)
Nf ⊗αRαΨ

χ
(

1
2 , 0
)

1 ⊗αRαχ
φ (0, 0) 1 ⊗αRαφ

The most general Lagrangian with real scalars and Weyl fermions

L =− 1
4F

a
µνF

µν
a +

Nf∑
I=1

ΨI iγ
µDµΨI + i χ̄i σ̄

µ(Dµχ)i + 1
2 (Dµφ)a(Dµφ)a

− 1
2

(
yaijφ

aχiχj + h.c.
)
− 1

24λabcdφ
aφbφcφd

Perturbative counting

λ ∼ y2 ∼ g2 ∼ 1

N
ensures that higher order contributions in regular loop counting can be
consistently ignored.
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Large Nf machinery: the bubble chain

In the Landau gauge ξ = 0,

D(n)
µν (p) = ︸ ︷︷ ︸

n

=
−i
p2

∆µν(p) Πn
0(p2)

The single bubble contribution is (d = 4− ε dimensions)

Π0(p2) = −2K0
Γ2(2− ε

2 )Γ( ε2 )

Γ(4− ε)

(
−4πµ2

p2

)ε/2

The dimension-dependent contribution from the bubble shows up in every
beta-function as Γ−1

0 ( 2
3K ) −→ pole at K = 15/2.
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beta-function as Γ−1

0 ( 2
3K ) −→ pole at K = 15/2.
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Fermion self-energy

n-bubble contribution to Weyl-spinor self-energy

−iΣ(n)
χ (p) = (i g̃0)2C2(Rχ)µε

∫
ddk

(2π)d
σ̄µ

iσ · (p − k)

(p − k)2
σ̄νD(n)

νµ (k)

Z
(1)
χ is given by the simple pole of

dΣχ

dσ̄ · p
= − 9

16N
d(RΨ)C2(Rχ)

S2(RΨ)

∞∑
n=1

(
−2K0

3

)n 1

nεn
Hψ(n, ε)

Hψ(n, ε) is a regular function in nε and ε. A. Planques-Mestre and P. Pascual ’84

Resummation required to extract the 1/ε pole

K0 = Z−1
K K = K

[
1− 2K

3ε
+ O

(
1

N

)]
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Self-energies

Z (1)
χ =

d(RΨ)

4N S2(RΨ)
C2(Rχ)

∫ K

0
dx xH0( 2

3x)

The new function H0(x) = Hψ(0, x)/x and is given by

H0(x) =
(1− x

3 )Γ(4− x)

3Γ(3− x
2 )Γ2(2− x

2 )Γ(1 + x
2 )

= 1− 5

12
x − 35

144
x2 + . . .

The scalar self-energy is computed in a similar manner

Z
(1)
φ =

3 d(RΨ)

2N S2(RΨ)
C2(Rφ)

∫ K

0
dx H0( 2

3x)
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Yukawa beta function

The Yukawa beta function begins at order

O(y3) = O(yg2Kn) = O
( y

N

)
Only one kind of diagrams contribute to the vertex correction in the
Landau gauge K. Kowalska and E.M. Sesslo [1712.06859]

δy
(1)
aij = −3d(RΨ)

2N
yakjC2(Rχ)k i + yaikC2(Rχ)k j − ybijC2(Rφ)ab

2S2(RΨ)

×
∫ K

0
dx (1− 1

6x)H0( 2
3x)
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Yukawa beta function

The Yukawa beta function at LO in 1/N including regular 1-loop
contributions

βy ,aij =
1

32π2

(
yby
†
bya + yay

†
byb

)
ij

+
1

32π2
Tr
[
yay
†
b + y †ayb

]
ybij

+
1

8π2
(yby

†
ayb)ij −

∑
α

d(RαΨ)

8N
ybijC2(Rαφ )ab

S2(RαΨ)
K 2
α H0( 2

3Kα)

−
∑
α

3d(RαΨ)

4N
yakjC2(Rαχ )k i + yaikC2(Rαχ )k j

S2(RαΨ)
KαH0( 2

3Kα)

Abelian: Kα → 15/2 in the UV forces y free

Non-Abelian: Kα → 3 in the UV opens an interacting FP
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The H0 function

0 1 2 3 4 5 6 7
0.0

0.2

0.4

0.6

0.8

1.0

K

H
_0

H0( 2
3K ) =

2

45π2

1
15
2 − K

+
2(1 + 60 ln 2)

2025π2
+ . . .

Anders Eller Thomsen (CP3-Origins) Beta functions at large Nf Heidelberg ’18 22 / 27



Yukawa beta function
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8π2
(yby
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∑
α
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S2(RαΨ)
K 2
α H0( 2
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Quartic beta function

The quartic beta function begins at

O(λ)2 = O(y)4 = O(λy2) = O(λg2Kn) = O(g4Kn) = O
(

1

N

)2

Leading single gauge contribution to the Quartic beta function
G.M. Pelaggi et. al. [1708.00437]

The divergence occurs at p = 0, where the loop
integral is insensitive to the location of the bubbles;

div Λ(n) = 1
2nK

n+2
α,0 L(n, ε)

δλ
(1)
abcd =

24π2d2(RαΨ)

N 2S2
2 (RαΨ)

Aαabcd K
2
α(1− 1

6Kα)H0( 2
3Kα)
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Quartic beta function

The leading mixed gauge contribution to the quartic beta function differs
from the simple gauge case

The divergence takes the form

div Λ(n) = Kα,0Kβ,0

n∑
m=0

Kn−m
α,0 Km

β,0 L(n, ε)

=
Kα,0Kβ,0

Kα,0 − Kβ,0

(
Kn+1
α,0 − Kn+1

β,0

)
L(n, ε).

δλ
(1)
abcd = Bα,βabcd

48π2

N 2

d(RαΨ) d(RβΨ)

S2(RαΨ)S2(RβΨ)

KαKβ
Kα − Kβ

∫ Kα

Kβ

dx (1− 1
6x)H0( 2

3x)

Anders Eller Thomsen (CP3-Origins) Beta functions at large Nf Heidelberg ’18 25 / 27



Quartic beta function

The leading mixed gauge contribution to the quartic beta function differs
from the simple gauge case

The divergence takes the form

div Λ(n) = Kα,0Kβ,0

n∑
m=0

Kn−m
α,0 Km

β,0 L(n, ε)

=
Kα,0Kβ,0

Kα,0 − Kβ,0

(
Kn+1
α,0 − Kn+1

β,0

)
L(n, ε).

δλ
(1)
abcd = Bα,βabcd

48π2

N 2

d(RαΨ) d(RβΨ)

S2(RαΨ)S2(RβΨ)

KαKβ
Kα − Kβ

∫ Kα

Kβ

dx (1− 1
6x)H0( 2

3x)

Anders Eller Thomsen (CP3-Origins) Beta functions at large Nf Heidelberg ’18 25 / 27



Quartic beta function

The quartic beta function at LO in 1/N

βλ,abcd =
1

16π2
Labcd︸ ︷︷ ︸
3×λ2

− 1

4π2
Habcd︸ ︷︷ ︸
6×y4

+
1

32π2

[
λabceTr(yey

†
d + y†e yd) + 3 perm.

]

−
∑
α

3 d(Rαψ )

4N S2(Rαψ )

[
λabceC2(Rαφ )ed + 3 perm.

]
Kα H0( 2

3Kα)

+
24π2

N 2

∑
α

Aαabcd
d2(Rαψ )

S2
2 (Rαψ )

[
(K 2

α − 1
3K

3
α)H0( 2

3Kα)+ 2
3 (K 3

α − 1
6K

4
α)H ′0( 2

3Kα)
]

+
48π2

N 2

∑
α<β

Bα,βabcd

d(Rαψ ) d(Rβψ)

S2(Rαψ )S2(Rβψ)

KαKβ
Kα − Kβ

×
[
(Kα − 1

6K
2
α)H0( 2

3Kα)− (Kβ − 1
6K

2
β)H0( 2

3Kβ)
]

Abelian: Kα → 15/2 in the UV forces λ ∼ − exp(N )

Non-Abelian: Kα → 3 in the UV opens an interacting FP
take e.g. y → 0
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Summary and outlook

Summary

The zeros of the gauge beta functions persists when generalized to
semi-simple gauge theories

The leading 1/Nf gauge contributions to βy and βλ share the pole of
H0( 2

3Kα)

If the non-Abelian gauge couplings reach FPs, then the Yukawa and
quartic coupling can become safe

Future prospects

Other limits to explore T. Alanne and S.Blasi [1806.06954]

Check that the 0 of the beta function corresponds to a FP
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Resummation

Here H(n, ε) =
∑∞

j=0(nε)jH(j)(ε) and K0 = K (1− 2K
3ε + . . .)−1. All

functions are taken to be regular in all arguments.

∞∑
n=1

(
−2K0

3

)n 1

nεn
H(n, ε)

∣∣∣∣
1/ε

=
∞∑

m=1

(
−2K0

3

)m m−1∑
j=0

H(j)(ε)

εm−j

m−1∑
K=0

(
m − 1

k

)
(−1)k(m − k)j−1

∣∣∣∣∣∣
1/ε

=
∞∑

m=1

(
2K0

3

)m 1

m

H(0)(ε)

εm

∣∣∣∣∣
1/ε

=
1

ε

∞∑
m=1

(
2K0

3

)m H
(0)
m

m

= − 2

3ε

∫ K

0
dx H(0)( 2

3x).
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Renormalization

A-dimensional bare couplings are

y0,aij µ
−ε/2 = yaij −

1

2ε

(
Z

(1)
1 + Z

(1)
2 + Z

(1)
φ

)
yaij +

1

ε
δy

(1)
aij +

∞∑
k=2

1

εk
y

(k)
aij ,

λ0,abcd µ
−ε = λabcd −

2

ε

(
(Z

(1)
φ )aeλebcd + 3perm.

)
+

1

ε
δλ

(1)
abcd +

∞∑
k=2

1

εk
λ

(k)
abcd ,

K0 µ
ε = K − 1

ε
Z

(1)
A K +

∞∑
k=2

1

εk
K (k).

The beta functions depend on the simple poles of the bare couplings

βKα =

(
−1 + Kβ

∂

∂Kβ

)
K (1)
α ,

βy ,aij =

(
−1

2
+ Kβ

∂

∂Kβ
+

yekl
2

∂

∂yekl

)
y

(1)
aij ,

βλ
ab

cd =

(
−1 + Kβ

∂

∂Kβ
+

yekl
2

∂

∂yekl
+ λefgh

∂

∂λefgh

)
λ

(1)
abcd .
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