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Introduction and motivation

Gauge-fermion theories

Gauge-Yukawa theories

m Summary and outlook
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@ Introduction and motivation
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Renormalization group flow

L= —%FO’IWF(;W + I.Wo’y‘u(au — igo AO,M)\UO
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Renormalization group flow

L= —%FO’MVFéW + I.Wo’y‘u(au — igo Ao7u)\|10

Quantum corrections give infinite contributions

_Q_ g [ LTkl
(@m)*  K(k-p2
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Renormalization group flow

L= =3 FouF8" + W0y (9 — igo Aoy Vo

Quantum corrections give infinite contributions

/ d*k Tr [yu(k = p)wk]
(@m)*  K(k-p2
Calculability is recovered using dimensional regularization, d =4 — ¢

_ d9 Tr [”Yu(k - P)VUK]
@_ a —g§/ (2m)d  k2(k - p)?

~ i (P )2+ 2 = e+ log (— 22
= 12 >\P 8uw — PuPv c 3 YE g P2
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Renormalization group flow

The 1/e poles are absorbed into the bare couplings and fields

¢ 1oy, 1 e
gozu/ngg, where Zg:1+ZZg()+€—22£,)+...
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Renormalization group flow

The 1/e poles are absorbed into the bare couplings and fields
/2 1w, 150
8o = H""Zgg, where Zy=1+-Zg + 575+

As a result the renormalized coupling g(x) gets a running

dg 0 15(1) g* 5
Bg = din i 2( 1+g8 )( 54g g)—m-l-(?(g)

Computing the beta functions have all the usual difficulties of perturbation
theory
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Gauge-fermion theories at 1-loc

QED: Landau Pole
Bg g

N

! g ! In

A fundamental theory must reach a FP in the UV
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Gauge-fermion theories at 1-lc

QED: Landau Pole
Bg g

N

! g ! In

A fundamental theory must reach a FP in the UV

QCD: Asymptotic freedom
ﬁg»[ g
‘ | ?

Inp

Qv
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Perturbative UVFP

In a gauge-Yukawa theory D.F. Litim and F. Sannino [1406.2337]

4 (N 11
oy = 3 (ﬁ ) + f(ag,ay,oo\)> O‘é
Cc
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Perturbative UVFP

In a gauge-Yukawa theory D.F. Litim and F. Sannino [1406.2337]
/Bag :§ (m_7+f(ag7ay7a>\)> ag
A perturbative FP can be reached at N, N — oo
ﬂoz (0%
t
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Perturbative UVFP

In a gauge-Yukawa theory D.F. Litim and F. Sannino [1406.2337]
4 (Ne 11 5
/Bag:§ (M_7+f(ag7ay7a>\)> ag
A perturbative FP can be reached at N, N — oo
ﬂoz (0%
o

! Ir;,u

A non-vanishing o, in the UV can tame the other couplings, e.g.

Ba, = ay (130 — 6ay)
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Where the large Nf fits in

Idea: Organize the the computation as an expansion in 1/N¢
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Idea: Organize the the computation as an expansion in 1/N¢

m Computational control in a limit of QFT
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Where the large Nf fits in

Idea: Organize the the computation as an expansion in 1/N¢

m Computational control in a limit of QFT

m A new non-vanishing zero of the beta function

ﬂa «
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Where the large Nf fits in

Idea: Organize the the computation as an expansion in 1/N¢

m Computational control in a limit of QFT

m A new non-vanishing zero of the beta function

ﬂa «

m A tool for model building
S. Abel and F. Sannino [1707.06638], E. Molinaro, F. Sannino and
Z.W. Wang [1807.03669], R.B. Mann et al. [1707.02942]
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© Gauge-fermion theories
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1/Ns counting

The goal is to expand the a gauge theory in 1/Ng;

Ny
L=—1FuF" +> V"0, — ig A,V
1=1
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1/Nf counting

The goal is to expand the a gauge theory in 1/Ng;

N¢
L=—1FuF" +> V"0, — ig A,V
1=1

It is insufficient to take Nf — oo:
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1/Nf counting

The goal is to expand the a gauge theory in 1/Ng;

N¢
L=—1FuF" +> V"0, — ig A,V
1=1

It is insufficient to take Nf — oo:

Introduce a 't Hooft-like coupling
_ g%N¢
472
1/Nf < 1 limit: K =cst. g~ +/1/N¢
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What diagrams should we incluc

Diagrams contain fermion loops with n > 2 gauge insertions;

P
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What diagrams should we incl

Diagrams contain fermion loops with n > 2 gauge insertions;

P

m Loops with n > 3 decreases the order of a diagram.
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Large N¢ beta function in QED

At LO in 1/Nf the beta function for the renormalized coupling, K, is

_ ﬁ_dK_2K2+
' K=dr ~ 3
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Large N¢ beta function in QEL

At LO in 1/Nf the beta function for the renormalized coupling, K, is

_ ﬁ_dK_2K2+
' K=dr ~ 3

At NLO there is an infinite number of diagrams:
A. Planques-Mestre and P. Pascual '84
2K?

/BK—T[lJrNifFl(K)] + ...

F(0,x) = (1 —x)( %)(1+§ (4 —x)

)r(a -
3G - P - i+

(" "
Fl(K)z%/o dxF(O, %X)
Eor i
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Large N¢ beta function in QEL

At LO in 1/Nf the beta function for the renormalized coupling, K, is

_ 5 dK 2K2+
' K=4r = 3

At NLO there is an infinite number of diagrams:

A. Planques-Mestre and P. Pascual '84
2K? 1
= 1+ —FA(K
=25 |1+ A0 +

Fi(K) = / dx F (0, 2x)
(

@ ﬁ(o,x):(l x) _§ 1+§r4x)
F

)
33— -2)rit +3)

1 (F) has a pole at K = 15/2 (x = 5)

Heidelberg '18 10 / 27
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Non-Abelian gauge theories

In simple non-Abelian theories a new renormalized coupling is introduced

K — gsz 52(R\|;)
472
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Non-Abelian gauge theories

In simple non-Abelian theories a new renormalized coupling is introduced

K — gsz 52(R\|;)
472

Self-interacting gluons give new contributions at NLO:
J.A. Gracey [hep-ph/9602214] B. Holdom [1006.2119]

2
Bk = 2§ [1 li(g))H(K)]jL...

%@io% Hy(K) = _%ﬁ 4 %/0 dx £(0, 2x) G(1x)

20 — 1 + Go(G) 20 — 43x + 32x% — 14x3 + 4x*
N G(Ry) 4(2x—1)(2x—3)(1 —x2)
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Non-Abelian gauge theories

In simple non-Abelian theories a new renormalized coupling is introduced

K — 82N S(Ry)
472

Self-interacting gluons give new contributions at NLO:
J.A. Gracey [hep-ph/9602214] B. Holdom [1006.2119]

2
Bk = 2§ [1 li(g))H(K)]jL...

%@io% Hy(K) = _%ﬁ 4 %/0 dx £(0, 2x) G(1x)

%) — 14 G(G) 20 — 43x + 32x% — 14x3 + 4x*
N G(Ry) 4(2x—1)(2x—3)(1—x?)

H; (G) has a pole at K =3 (x = 1)
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Zeros of the beta functions

Behavior of the NLO contributions (N, = 3, Ry = fund)

0.6 Ao
0.5}
-3F
0.4}
0.3F —4F
0.2}
0.1F _5l
0.0
-0.1F -6r
o 1 2 3 4 5 6 7 00 05 10 15 20 25 30
K K
(a) Abelian, Fi(K) (b) Non-Abelian, H:(K)
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Semi-simple extension

Consider a gauge group G = X, G, and fermions W, € N¢ x (®,RY)

New effective flavor number

82N S(RY)

=N d(Ry d K,=
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Semi-simple extension

Consider a gauge group G = X, G, and fermions W, € N¢ x (®,RY)

New effective flavor number

gaN S2(RY)

=N d(RS d K, =

New mixed diagrams are like the Abelian NLO
diagrams, but

g'Nr — g2g3Tr | TR TR TS TS

2d(Gﬁ) AB
Q@ @ = (4r ) N Ka.Kzo
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Semi-simple extension

Consider a gauge group G = X, G, and fermions W, € N¢ x (®,RY)

New effective flavor number

gaN S2(RY)

=N d(RS d K, =

The full NLO beta function

2K?2 d(Ga) | (a)
= 5% = H (Ka)+ﬁ%

d(Gp)
N

Bk, F1(Kps)

Anders Eller Thomsen (CP>-Origins) Beta functions at large Ny Heidelberg '18 13 /27



Semi-simple phase diagram

n-Abelian groups

(d) Two no

n-Abelian group

nd a no

(c) An Abelian a




Asymptotic safety?

F. Sannino and O. Antipin [1709.02354], B. Holdom [1006.2119]
m Large N¢ expansion seems to be valid for Ny = 10N, with ¥ € N,

m Anomalous dimension as a check of the FP

m Abelian: ~,, — oo for Nf — oo
m Non-Abelian: v, — 0 for Nf — oo

m Series expansion of F; and H; seems to indicate worse convergence of
the Abelian series
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Asymptotic safety?

F. Sannino and O. Antipin [1709.02354], B. Holdom [1006.2119]

m Large N¢ expansion seems to be valid for Ny = 10N, with ¥ € N,

m Anomalous dimension as a check of the FP

m Abelian: ~,, — oo for Nf — oo
m Non-Abelian: v, — 0 for Nf — oo

m Series expansion of F; and H; seems to indicate worse convergence of
the Abelian series

We should be skeptic of the Abelian fixed point
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© Gauge-Yukawa theories
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Generic gauge-Yukawa theory

Fields | SO(1,3)T  SU(Nf) xqGa

v 30601 M @R

% (2,0 1 ®aR2
¢ (0,0) 1 ®aRS

The most general Lagrangian with real scalars and Weyl fermions

N
L=—3F3F™ 4+ Wiy DV + ixie*(Dux)’ + 3(Du¢)*(Dus)?
=1
— L (vaiio®X'x + hec.) — L dabead® PP B

Heidelberg '18
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Generic gauge-Yukawa theory

Fields [ SO(1,3)F  SU(Nf) x,G.
v | (3,0)®(0,3) Ny ®a RS

% (2,0 1 ®aR2
¢ (0,0) 1 ®aRS

The most general Lagrangian with real scalars and Weyl fermions

N
L=—3F3F™ 4+ Wiy DV + ixie*(Dux)’ + 3(Du¢)*(Dus)?
=1
— L (vaiio®X'x + hec.) — L dabead® PP B

Perturbative counting
1

A~y gl —
y g N
ensures that higher order contributions in regular loop counting can be

consistently ignored.
Heidelberg '18
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Large N¢ machinery: the bubble

In the Landau gauge £ = 0,

w@w -©w A, (p) NG (%)
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Large Nr machinery: the bubbl

In the Landau gauge £ = 0,

- O O oo

The single bubble contribution is (d = 4 — e dimensions)

r?(2— 5)r(s) <_47w2)6/2

r(4—e) p?

Mo(p?) = —2Ko
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Large N¢ machinery: the bubk

In the Landau gauge £ =0,

me me By (p) TB(67)

The single bubble contribution is (d = 4 — e dimensions)
PR =$r(s) (_4mp?\
r(4—e) p?

To(e)

Mo(p®) = —2Ko

The dimension-dependent contribution from the bubble shows up in every
beta-function as Fal(%K) —> pole at K = 15/2.
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Fermion self-energy

n-bubble contribution to Weyl-spinor self-energy

d io-(p—
—i=((p) = (ig0)* Co(Ry)u* / (gﬁl)(d‘}” (p(fk)Zk)

5 Dig)(K)
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Fermion self-energy

n-bubble contribution to Weyl-spinor self-energy

el io-(p—
—iZ{(p) = (ig0)* Ca(R )1 / (gﬁl)(d o (p(f k)zk S0

Z)(Cl) is given by the simple pole of

d, 9 d(Ry)G(Ry) = 2Ko\" 1
dG-p 16N S‘Z(Ri) Z( 0) Hy(m <)

n=1

Hy(n, €) is a regular function in ne and e.
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Fermion self-energy

n-bubble contribution to Weyl-spinor self-energy

d g
d% _,io-(p—k)

. n (= \2 € =V n
_’zi )(P) - (’gO) CZ(RX)M / (27T)d0 (P — k)2 o DIS},L)(k)
Z)(Cl) is given by the simple pole of
d, 9 d(Ry)G(Ry) = 2Ko\" 1
dG-p 16N Sy(Ry) 2.7 ) pafhne)

n=1

Hw(n, 6) is a regular function in ne and €. A Planques-Mestre and P. Pascual '84
Resummation required to extract the 1/e pole

KO:Z}}IK:K[l—é—}:wLO(%)}
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Self-energies

B d(R\y) K
pﬁ Hs z0 = M\/S—Z(RW)CQ(R")/O dx xHo(3x)

The new function Ho(x) = Hy(0,x)/x and is given by

(1-3)M(4—x) 5 3% ,
= =1— —x— —x"+...
3r(3—3)r2(2—-3)r(1 + 3) 12 144

Ho(x)
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Self-energies

B d(Rq;) K
;QA Hs z0 = 4NS—Z(RW)cz(/rex)/o dx xHo(3x)

The new function Ho(x) = Hy(0,x)/x and is given by

(1-3)M(4—x) 5 3% ,
= =1— —x— —x"+...
3r(3—3)r2(2—-3)r(1 + 3) 12 144

Ho(x)

The scalar self-energy is computed in a similar manner

() _ _3d(Rv) «
ZQA \( z¢1 _2/\/5—2(‘:‘,%)@(%)/0 dx Ho(3x)
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Yukawa beta function

The Yukawa beta function begins at order

O(y*) = 0(yg?k™) = 0 ()
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Yukawa beta function

The Yukawa beta function begins at order
n Yy
O(y*) = 0(yg?k™) = 0 ()

Only one kind of diagrams contribute to the vertex correction in the
Landau gauge K. Kowalska and E.M. Sesslo [1712.06859]

50— 3d(Ru) o Go(Ry) i + yaik C2(Ra)' — yois Co(Rs)ab
Yai 2N 25,(Ry)

K
x/o dx (1 — 1x)Ho(3x)
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Yukawa beta function

The Yukawa beta function at LO in 1/N including regular 1-loop
contributions

1
By aij =352 (ybygya + yaygyb) 32 5 1r [yayg + ylyb} Ybij

1 d(RY ))/bUC2(Ra)ab
v lon e — E et~ ¢ 7342 (2 ¢

_ Z 3d R\U yakJC2(Ra) +Ya/kC2(Ra)k
S2(RY)

L Ko Ho(2Ka)
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The Hy function

of
N
N
w
N
o
o
~

2 1 N 2(1+601n2)
4572 % - K 202572

Ho(5K) =
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Yukawa beta function

The Yukawa beta function at LO in 1/N including regular 1-loop
contributions

1
By aij =302 (ybygya + yaylyb> 32 = 7 [yayg + ylyb] Ybij

1 d(RS) Ybij C2(R)ab
> (voydyb)i — D K2 Ho(2K
+8ﬂ_2(ybyayb)U 8N SZ(Rqu) a 0(3 Ot)
Z C i + Yaik Co(R2)k;
_ Yakj 2( ) Yaik 2( X) JKa Ho(%Ka)

S2(RY)

Abelian: K, — 15/2 in the UV forces y free
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Yukawa beta function

The Yukawa beta function at LO in 1/N including regular 1-loop
contributions

By aij = (ybybya + yaygyb) , 51T {yayb + Y;[Yb} Ybij

L
3272 3272
1 . d(R$) ¥bij C2(RS)ab
TN — v K2 Hn(2K
+87T2()/byayb)u ; 8N 52(R$) « 0(3 a)

%) Yaki C2(RE) i + yaik Co(R2)¥; 2
— KaH 7KO(
> 5:(R5) G

Abelian: K, — 15/2 in the UV forces y free
Non-Abelian: K, — 3 in the UV opens an interacting FP
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Quartic beta function

The quartic beta function begins at

1\2
O = O)* = O(?) = K" = O(g*k") = 0 ( 1.
Leading single gauge contribution to the Quartic beta function
G.M. Pelaggi et. al. [1708.00437]

. S The divergence occurs at p = 0, where the loop
. ~ integral is insensitive to the location of the bubbles;
/ AN . _ 1 +2

yany N div A" = 30Ky L(n,€)
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Quartic beta function

The quartic beta function begins at

1\2
O = O)* = O(?) = K" = O(g*k") = 0 ( 1.
Leading single gauge contribution to the Quartic beta function
G.M. Pelaggi et. al. [1708.00437]

. S The divergence occurs at p = 0, where the loop
. ~ integral is insensitive to the location of the bubbles;
Fay divA™ = 1nK"52 L(n, )
1 2472 d%( RY:
5>‘(ab)cd = ( W)Agbcd K§(1 - %Ka)HO(%Ka)

N2S3(R§)
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Quartic beta function

The leading mixed gauge contribution to the quartic beta function differs
from the simple gauge case

The divergence takes the form

\\ ’ // n
divAl) = Ko 0Kso > KIo"KEG L(n,e)
,// \\\ m:0
/// . \\\ Ka,OKB,O I7+1 n+1
. o (Kost = K55*) Lin,e).
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Quartic beta function

The leading mixed gauge contribution to the quartic beta function differs
from the simple gauge case

The divergence takes the form

\\\ . /// @
divAl) = Ko 0Kso > KIo"KEG L(n,e)
,// \\\ m:0
/// . \\\ Ka,OKB,O I7+1 n+1
. o (Kost = K55*) Lin,e).

1 wp 4872 d(RY)d(RY) KoKz [Ke
Ny = B3 e [ ax(1= b3

N2 5y(Rg) Sa(Ry) Ko — Ks Uk,
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Quartic beta function

The quartic beta function at LO in 1/A

1 1 1
1672 Lobed = gz Habed ¥ 355 Nabee Tr(yeyd + vlva) + 3 perm.
3x A2 6><y4

3d(R%)
_Z 4}\/52(7?&)

B, abed =

[Aabce C2(R$ )ed + 3 perm.] K, Ho(2K.)

2471' d?*(R%
Z Aabcd 52(Ra

d(

(

L) K2 ~ 1) Ho(RI) R — e R

4872 Ra) ( ) K. K
+ N2 ZBabcdS ) o
K32

a<lf 2 Ry (RB) K - KB

x [(Ka — §K3) Ho(5Ka) — (K5 — §K3) Ho(5Ks)]
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Quartic beta function

The quartic beta function at LO in 1/A

1 1
ﬁ)x,abcd = W Labcd_4 > Habcd T
3x A2 6><y4

3d(R%)
_Z 4}\/52(7?&)

2471' d*(R
Z Aabcd 52(

d(

(

4872
+ N2 Z Babcds

a<lf 2
x [(Ka— %

1
3072 [AabceTr(YeYJ +ygyd) + 3 perm.

[Aabce C2(R$ )ed + 3 perm.] K, Ho(2K.)

SRy (K% — 3K3) Ho(3Ka)+3(K2 — §K2) Ho(3Ka)]
¥

R (RB) Ko — Ks
2) Ho(5Ka) — (Ks — §K3) Ho(5K5)]

Abelian: K, — 15/2 in the UV forces A\ ~ — exp(/N)

)
)
R:)d(R))  K.Kj
)S
K2
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Quartic beta function

The quartic beta function at LO in 1/A

1 1 1
Proowcd = 72 Lobed= g0 Laved v Nabee Tr(yeyd + vlva) + 3 perm.
3x A2 6><y4

3d(R3) )
Z 4NS (Ru) [Aabcec2(R(/) )ed + 3 perm_] K, HO(%KQ)
2471' ( a)

ZAabcd D 111; [(Ki — %Kg) H0(§Ka)+%(K3 o %Ki) H(/)(%Ka)]

S3(R3)
48m° Z BB d(Ra)d(RfZ) KaKﬂ
bcd . —
2 5 T S(RY) Sa(R)) Ko — Ks

Abelian: K, — 15/2 in the UV forces A\ ~ — exp(/N)

Non-Abelian: K, — 3 in the UV opens an interacting FP
take eg. y — 0
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@ Summary and outlook
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Summary and outlook

Summary
m The zeros of the gauge beta functions persists when generalized to
semi-simple gauge theories

m The leading 1/N¢ gauge contributions to 3, and (3 share the pole of
HO(%KQ)

m If the non-Abelian gauge couplings reach FPs, then the Yukawa and
quartic coupling can become safe
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Summary and outlook

Summary
m The zeros of the gauge beta functions persists when generalized to
semi-simple gauge theories

m The leading 1/N¢ gauge contributions to 3, and (3 share the pole of
HO(%KQ)

m If the non-Abelian gauge couplings reach FPs, then the Yukawa and

quartic coupling can become safe

Future prospects
m Other limits to explore T. Alanne and S.Blasi [1806.06954]

m Check that the 0 of the beta function corresponds to a FP
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Resummation

Here H(n,€) = > 2o(nef HU)(e) and Ko = K(1 — 3£ +...)7 1. All
functions are taken to be regular in all arguments.

[e's) m—1 m—1
2K \" 3 H(J) m—
1 j=0 =0

> 2Ko ’"i/-/(o)(e) 1 i H(O)
= 3 m €M €

1/e m=1
2 (¥ 0)(2
:—36/0 dx HO(2x)

1/e
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Renormalization

A-dimensional bare couplings are
_ 1 1 1
Y000 1% = Yaij — Z< ()+Z§)+Z())yau+ 5ya +Z kya,,,

2
>\0,abcd M_E = Aabed — ; ((Zq(sl))ae)\ebcd + 3perm.) + - 5)‘(2)<:d + Z )‘E?ll(n)cd’

e — 1
Kop*=K—-=-Z;"'K —K
oM - A + kZ:2 Ek
The beta functions depend on the simple poles of the bare couplings

0
Bk, = (‘1 + Kﬂa_Kg) K,

1 0 | Yeu O 1)
g= (=5 + Koo + 27 1)
By.ai ( 2 K, T 2 ayek,>ya'f

O Yew O 0 ))\(1)

ab
= (14 Ky o .
/B)\ cd ( =+ 58K5 + 2 a)/ekl + efgh aAefgh abcd
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