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The Averaging Problem of General Relativity
I Standard Cosmology based on

Gµν(〈gµν〉) = 8πG 〈Tµν〉+ Λ 〈gµν〉

I Einstein equations are nonlinear

〈Gµν(gµν)〉 6= Gµν(〈gµν〉)

⇒ We are using the wrong metric to describe the universe!

I Correct equations

〈Gµν(gµν)〉 = 8πG 〈Tµν〉+ Λ 〈gµν〉
for some average 〈A〉 in a domain D

⇒ Modifications can in principle act as a dark energy

Gµν(〈gµν〉) = 8πG 〈Tµν〉+ 8πGT g
µν + Λ 〈gµν〉
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Riemann-Cartan Spacetime

I Let spacetime be a four-dimensional differentiable manifold.

I Parallely displaced from xµ to xµ + dxµ a vector V λ changes
according to

dV λ = −ΓλµνV
µdxν .

⇒ The manifold is a linearly connected space L4.

I Let there be a metric tensor field gµν(x) which allows local
measurements of distances and angles

ds2 = gµν(x)dxµdxν .

I Let this interval be invariant to ensure local Minkowskian
structure.

⇒ Nonmetricity is zero

Qλµν = ∂λgµν − Γρµλgρν − Γρνλgµρ = 0.

⇒ Such a manifold is called a Riemann-Cartan spacetime U4.
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I In a Riemann-Cartan spacetime the difference between the
affine connection and the Levi-Civita connection defines the
contortion tensor

Kλ
µν = Γλµν − Γ̊λµν .

I In terms of the torsion tensor Tλ
µν = Γλµν − Γλνµ it is

Kλ
µν = 1

2

(
Tλ

µν − Tν
λ
µ − Tµν

λ
)
.

I If torsion vanishes (Tλ
µν = 0) we recover the

(pseudo-)Riemannian spacetime V4 of General Relativity.

I If curvature additionally vanishes (R̊λρµν = 0) we find the
Minkowski spacetime R4 of Special Relativity.

⇒
(L4, g)

Q=0−→ U4
T=0−→ V4

R=0−→ R4
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General Relativity

I The presence of a nontrivial
tetrad eaµ(x) on the spacetime
manifold

⇒ induces a metric structure

gµν(x) = ηabe
a
µ(x)ebν(x)

⇒ with the Levi-Civita connection

Γ̊λµν=
1
2g

λρ(∂νgρµ−∂ρgµν+∂µgνρ)

⇒ whose torsion is zero

Γ̊λµν − Γ̊λνµ = 0

⇒ and whose curvature is
(in general) non-zero

R̊λρµν=∂µ̊Γ
λ
ρν−∂ν̊Γλρµ+̊Γλσµ̊Γ

σ
ρν−̊Γλσν̊Γ

σ
ρµ

Teleparallel Gravity

I The presence of a nontrivial
tetrad eaµ(x) on the spacetime
manifold

⇒ induces a parallel structure

∂µea
ν(x) + Γνλµ(x)ea

λ(x) = 0

⇒ with the Weitzenböck
connection

Γνλµ = ea
ν∂µe

a
λ

⇒ whose curvature is zero

∂µΓλρν−∂νΓλρµ+ΓλσµΓσρν−ΓλσνΓσρµ = 0

⇒ and whose torsion is
(in general) non-zero

Tλ
µν = Γλµν − Γλνµ
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connection

Γνλµ = ea
ν∂µe

a
λ

⇒ whose curvature is zero

∂µΓλρν−∂νΓλρµ+ΓλσµΓσρν−ΓλσνΓσρµ = 0

⇒ and whose torsion is
(in general) non-zero

Tλ
µν = Γλµν − Γλνµ

6 / 14



The Averaging Problem Teleparallel Gravity Averaging Process Einstein-Cartan Theory Gravitation in Macroscopic Media

General Relativity

I The presence of a nontrivial
tetrad eaµ(x) on the spacetime
manifold

⇒ induces a metric structure

gµν(x) = ηabe
a
µ(x)ebν(x)

⇒ with the Levi-Civita connection

Γ̊λµν=
1
2g

λρ(∂νgρµ−∂ρgµν+∂µgνρ)

⇒ whose torsion is zero

Γ̊λµν − Γ̊λνµ = 0

⇒ and whose curvature is
(in general) non-zero

R̊λρµν=∂µ̊Γ
λ
ρν−∂ν̊Γλρµ+̊Γλσµ̊Γ

σ
ρν−̊Γλσν̊Γ

σ
ρµ

Teleparallel Gravity

I The presence of a nontrivial
tetrad eaµ(x) on the spacetime
manifold

⇒ induces a parallel structure

∂µea
ν(x) + Γνλµ(x)ea

λ(x) = 0

⇒ with the Weitzenböck
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General Relativity

I Einstein-Hilbert
lagrangian

L = e
16πG R̊

I (Spinless) test particles
move along geodesics

duλ
ds − Γ̊µλνu

µuν = 0

Teleparallel Gravity

I In terms of Weitzenböck connection

L = e
16πGT

T = 1
4T

λσνTλσν−Tλσ
λT

ν
σν+

1
2T

λνσTσνλ
I Autoparallels?

duλ
ds − Γµλνu

µuν = 0

I Extremal curves?
duλ
ds − Γ̊µλνu

µuν = 0

⇒ Force equation:
duλ
ds − Γµλνu

µuν = Tµλνu
µuν

⇒ duλ
ds − Γµλνu

µuν = Kλµνu
µuν
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Averaging Process in General Relativity

Parallel transport along geodesics Cxx ′
realized by Wegner-Wilson line operator

V (x ′, x ; Cxx ′) = P exp
[
−
∫
Cxx′

dzµ Γµ(z)
]

where Γµ(x) are four matrices with
components (Γµ(x))λν = Γλµν(x)

〈Tµ
ν〉(x) =

1
VΣ

∫
Σ V µ

µ′(x , x
′; Cxx ′)V̂νν

′
(x , x ′; Cxx ′)Tµ′

ν′(x
′)
√
−g(x ′)d4x ′
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Averaging Process in Teleparallel Gravity

〈Tµ
ν〉(x) = 1

VΣ

∫
Σ Pµµ′(x , x

′)Pν
ν′(x , x ′)Tµ′

ν′(x
′)e(x ′)d4x ′

I where e(x ′) = det (eaµ(x ′))

I Path independent parallel transporters
Pµµ′(x , x

′) = ea
µ(x)eaµ′(x

′) and Pν
ν′(x , x ′) = eaν(x)ea

ν′(x ′)

I Domain of averaging VΣ =
∫

Σ e(x ′)d4x ′

I Problem: The average depends on the chosen tetrad field and
is not invariant under local Lorentz transformations!

I Problem: The metric is invariant under both averaging
processes!
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Einstein-Cartan Theory

Hehl, von der Heyde, Kerlick, and Nester:

I Lagrangian invariant under Poincaré gauge transformations

L =
√
−g

16πG R + Lm(Ψ, ∂Ψ, g , ∂g ,T )

I Metric energy-momentum tensor σµν = 2√
−g

δLm
δgµν

and spin energy potential µνλ
µ = 2√

−g
δLm
δTλ

µν

I Spin angular momentum tensor τνλ
µ = 2√

−g
δLm
δKλ

µν

and total energy-momentum tensor Σa
µ = δLm

δeaµ

I They are related according to

µνλµ = 1
2

(
τνλµ − τλµν + τµνλ

)
and

Σµν = σµν + (∇λ − T ρ
λρ)µµνλ
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Field Equations

I Matter equation
δLm
δΨ = 0

I 1st field equation

Gµν = Rµν − 1
2Rg

µν = 8πGΣµν

I 2nd field equation

Tλ
µν − δλνT ρ

µρ + δλµT
ρ
νρ = 8πGτλµν

⇒ Combined field equation

R̊µν − 1
2 R̊g

µν

= 8πGσµν + (8πG)2

4 (−2τλ
µρτρ

νλ + 2τλµλτ
ρν
ρ − 2τλµρτλ

ν
ρ

+τµρλτνρλ + 1
2g

µν(2τλρ
στσ

ρλ − 2τλρλτ
σρ
σ + τλσρτλσρ))

11 / 14



The Averaging Problem Teleparallel Gravity Averaging Process Einstein-Cartan Theory Gravitation in Macroscopic Media

Field Equations

I Matter equation
δLm
δΨ = 0

I 1st field equation

Gµν = Rµν − 1
2Rg

µν = 8πGΣµν

I 2nd field equation

Tλ
µν − δλνT ρ

µρ + δλµT
ρ
νρ = 8πGτλµν

⇒ Combined field equation

R̊µν − 1
2 R̊g

µν

= 8πGσµν + (8πG)2

4 (−2τλ
µρτρ

νλ + 2τλµλτ
ρν
ρ − 2τλµρτλ

ν
ρ

+τµρλτνρλ + 1
2g

µν(2τλρ
στσ

ρλ − 2τλρλτ
σρ
σ + τλσρτλσρ))

11 / 14



The Averaging Problem Teleparallel Gravity Averaging Process Einstein-Cartan Theory Gravitation in Macroscopic Media

Field Equations

I Matter equation
δLm
δΨ = 0

I 1st field equation

Gµν = Rµν − 1
2Rg

µν = 8πGΣµν

I 2nd field equation

Tλ
µν − δλνT ρ

µρ + δλµT
ρ
νρ = 8πGτλµν

⇒ Combined field equation

R̊µν − 1
2 R̊g

µν

= 8πGσµν + (8πG)2

4 (−2τλ
µρτρ

νλ + 2τλµλτ
ρν
ρ − 2τλµρτλ

ν
ρ

+τµρλτνρλ + 1
2g

µν(2τλρ
στσ

ρλ − 2τλρλτ
σρ
σ + τλσρτλσρ))

11 / 14



The Averaging Problem Teleparallel Gravity Averaging Process Einstein-Cartan Theory Gravitation in Macroscopic Media

Field Equations

I Matter equation
δLm
δΨ = 0

I 1st field equation

Gµν = Rµν − 1
2Rg

µν = 8πGΣµν

I 2nd field equation

Tλ
µν − δλνT ρ

µρ + δλµT
ρ
νρ = 8πGτλµν

⇒ Combined field equation

R̊µν − 1
2 R̊g

µν

= 8πGσµν + (8πG)2

4 (−2τλ
µρτρ

νλ + 2τλµλτ
ρν
ρ − 2τλµρτλ

ν
ρ

+τµρλτνρλ + 1
2g

µν(2τλρ
στσ

ρλ − 2τλρλτ
σρ
σ + τλσρτλσρ))

11 / 14



The Averaging Problem Teleparallel Gravity Averaging Process Einstein-Cartan Theory Gravitation in Macroscopic Media

Gravitation in Macroscopic Media
Szekeres:

I Maxwell equations

Fµν
,ν = 4π

c jµ

I In macroscopic media the average current has the structure

〈jµ〉 = Jµ − cPµν,ν
Jµ: average ”free” current and Pµν : polarization tensor
In a Lorentz frame it has the components

Pij = −εijkMk Pi0 = −P0i = Pi

with the magnetization M and polarization or average dipole
moment P of the molecules

I Average of Maxwell equations

〈Fµν〉,ν = 4π
c (Jµ − cPµν,ν)

⇒ Macroscopic equations

Hµν
,ν = 4π

c Jµ with Hµν = 〈Fµν〉+ 4πPµν
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I Einstein equations in Jordan’s form

Cµνρσ
;σ = κJµνρ

with Cµνρσ: Weyl tensor and Jµνρ = −
(
Tρ[µ;ν] − 1

3gρ[µT,ν]

)

I Multipole expansion of the source

〈Tµν〉 = Tµν − Dµνρ
,ρ + 1

2Qµρνσ
,ρσ = Tµν + 1

2Q
′
µρνσ

,ρσ

I Average matter current

〈Jµνρ〉 = −
〈
Tρ[µ

〉
,ν]

+ 1
3 〈T 〉,[ν ηµ]ρ

I Average Einstein equations

〈Cµνρσ〉,σ = κ 〈Jµνρ〉
⇒ Macroscopic equations

Eµνρσ
,σ = κJµνρ with Eµνρσ = 〈Cµνρσ〉 − κPµνρσ

with the polarization tensor

Pµνρσ = 1
2

(
−Q ′ρσε[µ,ε − 1

3ηρ[µQ
′γ
σγε

,ε
)
,ν]
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Conclusions and Outlook

Constructing a macroscopic theory of gravity for a corpuscular
medium along the lines of classical electromagnetism leads
naturally to an Einstein-Cartan theory!

I Determine the torsion tensor from the averaged quadrupole
moment density

I Find constitutive equations comparable with the
electromagnetic ones

I Determine cosmological implications of the formalism

I Generalize formalism to more general metrics
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