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Scale transformations

ds2 = gµνdxµdxν

Rescaling of lenghts
δs = εs

can be realized either by δxµ = εxµ or δgµν = 2εgµν .
Choose the latter.
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Anomalous scale invariance

Scalar field in external metric with action S(φ; gµν).
Probe behavior under scale transformations.

δεgµν = 2εgµν

δεΦ = −d − 2
2

εΦ

Assume
δεS = 0

Scale invariance broken in the quantum theory.
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The cutoff term

∆Sk (φ; gµν) =

∫
ddx
√

g φRk φ .

Rk = k2r(y) ; y = ∆/k2

Since
δε∆ = −2ε∆ .

we have δεRk = −2εk2yr ′.
On the other hand ∂tRk = 2k2r − 2k2yr ′, so

δεRk = −2εRk + ε∂tRk .

The cutoff term transforms as

δε∆Sk (φ; gµν) = ε
1
2

∫
ddx
√

g φ∂tRk φ .
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The EAA

Wk (J; gµν) = log
∫

(dΦ)Exp
[
− S −∆Sk +

∫
ddx JΦ

]

Γk (ϕ; gµν) = −Wk (J; gµν) +

∫
ddx Jϕ−∆Sk (ϕ)

where ϕ = 〈φ〉 = δWk
δJ
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The Ward identity

δεWk = −〈δε∆Sk 〉+

∫
ddx J〈δεΦ〉

= ε

[
− 1

2
Tr ∂tRk

δ2Wk

δJδJ
+

1
2

∫
ddx
√

g
δWk

δJ
∂tRk

δWk

δJ

+
d − 2

2

∫
ddx J

δWk

δJ

]
,

δεΓk (ϕ) = −δεWk +

∫
ddx Jδεϕ− δε∆Sk (ϕ)

= ε
1
2

Tr ∂tRk
δ2Wk

δJδJ

= ε
1
2

Tr
(
δ2Γk

δϕδϕ
+ Rk

)−1

k
dRk

dk
= ε∂t Γk
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Meaning

δεΓk = ε∂t Γk

thus defining

δE
ε = δε − εk

d
dk

we have

δE Γk = 0
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The trace anomaly

ε

∫
ddx

[
2gµν

δΓk

δgµν
− d − 2

2
ϕ
δΓk

δϕ

]
= εk

dΓk

dk

∫
dx
√

g 〈Tµ
µ〉k =

d − 2
2

∫
dx ϕ

δΓk

δϕ
+ k

dΓk

dk
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Local transformations

Assume S is invariant under Weyl transformations

δεgµν = 2ε(x)gµν

δεΦ = −d − 2
2

ε(x)Φ
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Plan

If we can write cutoff actions that are invariant under extended
transformations where the fields transform as above and also

δk = −ε(x)k

then we will find the same msWI as before.

Note that k cannot be constant!
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Weyl calculus

Introduce a dilaton field χ and define flat abelian gauge field
bµ = −χ−1∂µχ transforming as δbµ = ∂µε.
For scalar field φ of weight w

Dµφ = ∂µφ− wbµφ

More generally

Γ̂µ
λ
ν = Γµ

λ
ν − δλµbν − δλνbµ + gµνbλ

is invariant under local Weyl transformations, hence for a tensor
of weight w

Dµt = ∇̂µt − wbµt

is diffeomorphism and Weyl covariant.
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Cutoff terms

Replacing ∇µ by Dµ the cutoff terms now satisfy

δε∆Sk =

∫
dx ε k

δ

δk
∆Sk
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Local ERGE

δk
δΓk

δk
=

1
2

STr

[(
δ2Γk

δφδφ
+Rk

)−1

δk
δRk

δk

]
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Modified Weyl WI

δεΓk =

∫
dx εk

δΓk

δk

〈Tµ
µ〉k (x) =

d − 2
2

ϕ(x)
δΓk

δϕ(x)
+ k(x)

δΓk

δk(x)
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Note: where is the RG?

Assume u = k/χ is constant. Think of the EAA as

Γk (φ; gµν , χ) = Γu(φ; gµν , χ)

It satisfies

u
dΓk

du
=

1
2

Tr
(
δ2Γk

δϕδϕ
+ Rk

)−1

u
δRu

du

R. P., New J. Phys. 13 125013 (2011) arXiv:1110.6758 [hep-th]
A. Codello, G. D’Odorico, C. Pagani, R. P., Class. Quant. Grav. 30 (2013), arXiv:1210.3284 [hep-th]
C. Pagani, R. P. Class. Quant. Grav. 31 (2014) 115005, arXiv:1312.7767 [hep-th]
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Turn on gravity

Definition of EAA requires a background split

gµν = ḡµν + hµν

Two generalizations
“physical” scale transformation δεgµν = 2εgµν
“background” scale transformations δεgµν = 0
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Split symmetry

Bare action is invariant under

gµν = ḡµν + hµν

δḡµν = εµν , δhµν = −εµν .

but the EAA Γk (h; ḡ) is not.

Same with exponential split

g = ḡeX ; X ρ
ν = ḡρσhσν .

δḡµν = εµν , δX = − adX

eadX − 1
ḡ−1δḡ.
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Plan

Write the anomalous Ward identity for the split symmetry
or a subgroup thereof
Solve it to eliminate from the EAA a number of fields equal
to the number of parameters of the transformation
Write the flow equation for the EAA depending on the
remaining variables



Global scale WI The WI of Weyl transformations Gravity Conclusions

Transformations

Here I will consider the case of a rescaling of the background

δḡµν = 2εḡµν

Define hµν = hTµ
ν + 1

d δ
µ
νh, h = h⊥ + h̄ with

∫
dx
√

ḡh⊥ = 0

In exponential parametrization gµν is left invariant provided

δhTµ
ν = 0

δh⊥ = 0
δh̄ = −2dε

(Note δhT
µν = 2εhT

µν)
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Gauge fixing

SGF =
1

2α

∫
ddx

√
ḡ FµYµνFν ,

Fµ = ∇̄ρhρµ −
β + 1

d
∇̄µh

δFµ = 0

To compensate δ
√

ḡ = dε
√

ḡ, choose

Yµν = ∆̄
d−2

2 ḡµν .

Since δ∆̄ = −2ε∆̄, we have δSGF = 0.
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Ghost action

Sgh(C∗µ,C
µ; ḡµν) =

∫
ddx

√
ḡ C∗µYµν∆FPνρCρ

δ(Q)
η ḡ = 0 ; ḡδ(Q)

η eX = Lηg = LηḡeX + ḡLηeX .

∆FPµνCν = ∇̄ρ
(

(δ
(Q)
C X)ρµ +

1 + β

d
δρµtr(δ(Q)

C X)

)

δ
(Q)
C X =

adX

eadX − 1

(
ḡ−1LCḡ + LCeXe−X

)
= ḡ−1LCḡ + LCX +

1
2

[ḡ−1LCḡ,X] + O(CX2)
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Ghosts

Choosing
δC∗µ = 0 , δCµ = 0 .

one has
δ∆FPµνCν = 0

and again δSgh = 0

Finally

Saux =

∫
dx
√

ḡ BµYµνBν

If δBµ = 0 then δSaux = 0
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Cutoff terms

∆Sk (hµν ; ḡµν) =
1
2

∫
ddx

√
ḡ hµνRk (∆̄)hνµ

∆Sgh
k (C∗µ,C

µ; ḡµν) =

∫
ddx

√
ḡ C∗µR

gh
k (∆̄)Cµ

∆Saux
k (Bµ; ḡµν) =

∫
ddx

√
ḡ B∗µḡµνRaux

k (∆̄)Bν

Rk = c kd r(y)

Rgh
k (∆̄) = cghkd r(y)
Raux

k (∆̄) = cauxkd−2r(y)

and y = ∆̄/k2
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Transformations

As before
δRk = ε(−dRk + ∂tRk ) .

δ∆Sk (hµν ; ḡµν) =
1
2
ε

∫
ddx

√
ḡ
[
hTµ

ν ∂tRkhTν
µ + h ∂tRkh

]
−2dε

∫
ddx

√
ḡRkh ,

δ∆Sgh
k (C∗µ,C

µ; ḡµν) = ε

∫
ddx

√
ḡ C∗µ∂tRgh

k Cµ .

δ∆Saux
k (Bµ; ḡµν) = ε

∫
ddx

√
ḡ Bµḡµν∂tRaux

k Bν .
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The generating functionals

eWk (jTµ
ν ,j,Jµ

∗ ,Jµ;ḡµν) =

∫
(dhdC∗dCdB)Exp

[
− S − SGF − Sgh

−∆Sk −∆Sgh
k −∆Saux

k

+

∫
ddx

(
jTµνhTµ

ν + jh + Jµ∗C∗µ + JµCµ
) ]

Γk (hT
µν ,h,C

∗
µ,C

µ; ḡµν) = −Wk (jTµν , j , Jµ∗ , Jµ; ḡµν)

+

∫
ddx

(
jTµνhTµ

ν + jh + Jµ∗C∗µ + JµCµ
)

−∆Sk −∆Sgh
k −∆Saux

k
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The msWI

δεΓk = ε∂t Γk

Under finite transformations

Γk (hTµ
ν ,h⊥, h̄,C∗µ,C

µ; ḡµν) = ΓΩ−1k (hTµ
ν ,h⊥, h̄−2d log Ω,C∗µ,C

µ; Ω2ḡµν)
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Solving the msWI

Γk (hTµ
ν ,h⊥, h̄,C∗µ,C

µ; ḡµν) = Γ̂k̂ (hTµ
ν ,h⊥,C∗µ,C

µ; ĝµν)

where e.g.
k̂ = V̄ 1/dk ; ĝµν = V̄−2/d ḡµν

We have eliminated one degree of freedom.

In linear parametrization
T. R. Morris, JHEP 1611 (2016) 160, arXiv:1610.03081 [hep-th]
N. Ohta, arXiv:1701.01506 [hep-th]
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Local transformations

Can we generalize to local Weyl transformations?
If we can write gauge and cutoff actions that are invariant under
extended transformations where the fields transform as above
and also

δk = −ε(x)k

then we will find the same msWI as before.
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Weyl calculus

Choose a representative ĝµν such that

ḡµν = e2σ̄ĝµν ; gµν = e2σĝµν ; σ = σ̄ +
1

2d
h

Define flat abelian gauge field

bµ = −∂µσ̄

transforming as δbµ = ∂µε.
Proceed as with matter fields.
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Gauge fixing and cutoff terms

Replacing ∇̄µ by Dµ can write invariant GF and ghost terms.
Writing

Yµν = e−(d−2)σ̄ḡµν

we do not need auxiliary fields anymore.

The cutoff terms now satisfy

δε∆Sk =

∫
dx ε k

δ

δk
∆Sk
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Modified background Weyl WI

δεΓk =

∫
εk
δΓk

δk
or

δE
ε Γk = 0

has solution

Γk (hTµ
ν ,h,C∗µ,C

µ; ĝµν , σ̄) = Γ̂k̂ (hTµ
ν , σ,C∗µ,C

µ; ĝµν)

where
k̂ = eσ̄k

and we already defined the invariants

σ = σ̄ +
1

2d
h ; ĝµν = e−σ̄ḡµν

We have eliminated one function.
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HOWEVER...

...the fiducial metric ĝµν is an unphysical external element.
It introduces a new split symmetry

δĝµν = 2εĝµν ; δσ̄ = −ε

that leaves the background metric invariant.

The chosen cutoff does not behave in a simple way under
these transformations. Writing and solving the corresponding
WI is possible but requires additional approximations.
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Summary

Anomalous WI for scale transformations, both global and
local, is expression of dimensional analysis
Background global scale WI can be solved in full generality.
Will give correct dependence of EAA on volume.
Background Weyl WI can probably be solved within some
truncations.
Simple scaling properties require certain choices in the
gauge and cutoff terms
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To do

Apply WI to particle physics models with classical scale
invariance
Relation between local FRGE and Osborn’s local RG
Use pure cutoffs in study of gravitational truncated RG
flows
Solve the mWI of background Weyl transformations in
some truncation
WI of physical scale transformations in QG
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