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From heavy ion collisions towards the QCD phase diagram:
an equilibration process
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From heavy ion collisions towards the QCD phase diagram:
an equilibration process
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We can investigate this equilibration using effective field theories.

o low-energy QCD

> /LB
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We can investigate this equilibration using effective field theories.

T 5
1. low-energy QCD
2. non-equilibrium dynamics
3. approach of thermal state |,
thermal
state

> /LB

initial
state
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The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

chiral symmetric

o d.o.f.: light quarks and mesons critical point ¢ =0

o chiral symmetry breaking

o phase diagram with 15t order & chiral broken
2" order/crossover transition ¢F#0

> 1B
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The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

St v.00m1 = [

[ e N%ﬁ o+ iysT T
+ 1 0,00"0 + 0, mO!T| — 1m2 [0? + 7] — A (0% + m%7®]
2 8 2 AIN

2
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The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

u & d quark

St v.00m1 = [

[ O [iy Oy — my] h — N%ﬁ [0 4 iy T
+ 1 0,,00"0 + 0, mO* 1| — 1m2 [02 + wawa] — L [02 + 7Ta7Ta]2
2 - H 2 4N
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The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

St ool = | [ 310270, = my] = oo + e
+ 1 0,,00"0 + 0, mO* 1| — 1m2 [02 + wawa] — L [02 + 7Ta7Ta]2
2 K H D) 4N

sigma meson & pions

Linda Shen | Institute for Theoretical Physics | Heidelberg 05.04.18



The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

Yukawa coupling

St v.00m1 = [

[ U (i7" 0y — my| h — N%%ﬁ [0 4 iysTm] Y
+ 1 0,,00"0 + 0, mO* 1| — 1m2 [02 + wawa] — L [02 + 7Ta7Ta]2
2 - H 2 4N
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The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

S or = [ | B0, = mylv = {oblo + i
+ ! 0,,00"0 + 0, mO* 1| — 1m2 [02 + ] — A [02 + 7ro‘7ro‘}2
2 ¢ : 2 AN

scalar potential ><
V(¢) a
m? > 0 m? < 0
> ¢
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The 2P| effective action is a practical tool to study thermalization.

ClaSS|Ca| aCtlon Berges. AIP Conference Proc. (2004)
— Borsanyi. arXiv hep-ph/0512308 (2005)
S[Zp? Z/b? 0-7 7T]

2PI effective action
['¢,G]

evolution equations
for ¢ and G
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The 2P| effective action is a practical tool to study thermalization.

classical action

S[&? w, 0-7 7T]

2PI effective action
['¢,G]

non-equilibrium

evolution equations
for ¢ and G

non-equilibrium
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The 2P| effective action is a practical tool to study thermalization.

ClaSS|Ca| aCtlon Berges. AIP Conference Proc. (2004)
— Borsanyi. arXiv hep-ph/0512308 (2005)
S[’lp? Z/b? 0-7 7T:|

2PI effective action
['¢,G]

non-equilibrium v non-perturbative approximations

evolution equations
for ¢ and G

non-equilibrium v non-secular and universal
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classical action non-equilibrium generating functional for pGa“SS(tO)

SWJ%U, 7T] Z[J R] _ eiW[J,R] _ /’DQO eiS[cp]—I—iJ-cp—l—%gD-R-cp
Y]
to
double . : .
Legendre with 4 _)lo: Re(t)
transf.

2PI effective action
I'¢,G]

evolution equations
for ¢ and G
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classical action non-equilibrium generating functional for pGa“SS(tQ)

S|, ¢, o, 7] Z[J, R] _ oWIJLR] _ /Dgp 67:3[@]+7:.]-¢+;¢-R-¢
' to
double : 1 > .
Legendre with — ;D: Re(t)
transf. |
2PI effective action _ .
Tld. G = S|¢] + 1-loop quantum + 2PI diagrams
¢, G] corrections
stationary
conditions

evolution equations
for ¢ and G
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classical action non-equilibrium generating functional for pGaUSS(tO)

SW#P,@ 7T] Z[e], R] . (z’iW[,],R] - /Dgp (z’iS[gO]—i—’i,]-gO—i—égO-R-gp
: 5
double with : > Re(t)
Legendre 7
— 00
transf.
2P| effective action 1-loop quantum .
Tl = S[¢] + P qu + 2Pl diagrams
9, G] corrections
large N expansion
stationary LO diagrams + NLO diagrams+ ... + fermion-boson-loop
conditions ~ ~ 7N G g

evolution equations
for ¢ and G
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classical action non-equilibrium generating functional for pGa”SS(tO)

SW,@U,U, 7T] Z[Ja R] - 67',I/V[JjR] - /Dgp eiS[go]ntiJ-gonL%go-R-go

double with e} Re()
Legendre

— 00

transf.

2P| effective action 1-loop duantum |
Tlé. G = S|¢] + P QU + 2Pl diagrams
9, G] corrections
large N expansion

stationary LO diagrams + NLO diagrams + ... + fermion-boson-loop
conditions b e S e g

evolution equations (07 + M?(x; ¢)] ¢(t) = fermion backreaction + 2P| corrections
for ¢ and & Uz + M?(z; 0)] G(z,y) = —’i/ [X(x, z;0,G)| G(z,y) —id(z — y)

effective mass ® self-energy
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Numerical solution of the equations of motion

o symmetries: spatial homogeneity & isotropy

o propagator decomposition:
1
G(z,y) = F(w,y) + 5p(w,y) sgn(a” —y”)

e AN

statistical function spectral function

t/
o iterative real-time evolution A

> 1
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Real-time evolution of the macroscopic field

0.8
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—0.4-
S
0.9-
" A =900, g =5.0, m?= —0.008, my = 0.18
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Real-time evolution of the macroscopic field

0.8
0.6- \_
When does this stationary

—0.4- state become thermal?
©
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0 A =900, g = 5.0, m*> = —0.008, my = 0.18
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(1) Thermal equilibrium is a time-translation invariant state.

o time-translation invariance implies

G(t, 1, |p|) ~ G(w, |pl)

/ N\

In general depending independent of ¢ + t/
ont+t and t — ¢

o temporal Wigner transformation:

p(t,t',|p]) = p(X°,w,|p|)

\

center-of-mass time frequency
X0 — t+t’
— 72
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The two-point functions become time-translation invariant.

. — XY=25.0
I —— X%=375
jﬁ —— X0=1750.0
= — XY=625
S — X"=125.0
| X0 =950
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The two-point functions become time-translation invariant.

constant in XY ~t+¢  for X° > 150

10.0
—~ 7.5 — X'=250
= — X'=375
3 5.0 —— X%=50.0
= — X" =625
£ 29 —— X"=1250
| 0 _

0.0 X0 = 250.0

—2.5 | | |
0.0 0.5 1.0 1.5 2.0
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(2) Thermal eq. as state with thermal particle distributions.

o thermal initial density matrix implies fluctuation-dissipation relation:

Pl ) = =i ( 5+ 10(6) ) plic: )

o effective particle number:

F(w,|p]) 1
n<w7 ‘p’) — 1 a
plw,|p]) 2
o In thermal equilibrium:
1 .
n(w, |p|) — nBE/FD(w) ~ oBw -1 with 8 =1/T
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Determination of the thermalization temperature
using the Bose-Einstein and Fermi-Dirac distribution

Y boson (pion)

+  fermion

T ~m, ~ 130 MeV

log [y (w, Ip]) + 1]
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Particle masses from spectral functions by dispersion relation

— 10- l | i X0 = 250.0
& a a a
5 ; : i —— |p| = 0.016
% 5 | | l —— |p|=1571
E | i k — |p| = 3.142
0 e , |
0 1 2 3 4
w
. . 1.6
o particle mass from peak position:
2 —1.4-
m(lpl) = /w2 lIPI?) — [P =
S 12

o physical mass at zero momentum 0
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Particle masses from spectral functions: Breit-Wigner fit

() 2wl ny 21
pPrit\W) =
w2 — m2]2 4+ w22 w2 — m2]2 +w2r2’
/ / /
mass of skewness width
particle parameter
X0 =250.0
10.0- * data
= — it
3
=~ 50
g m g = 1.0406
T
0.0+
0.8 1.0 1.2 1.4 1.6
w
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Results in MeV converted by using m, = 135 MeV

13,00 23,40 52,00

Mg 241,65 228,15 211,95
m, 205,20 191,70 184,95
f 91,30 82,35 71,55

Ty, 148,50 133,65 118,80
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A step forward
In describing the thermalizing of the QGP in a heavy ion collision

We were able to
o Include non-equilibrium dynamics
o observe the approach of thermal equilibrium

o determine the physical mass spectrum

Next steps:
o non-zero baryon-chemical potential
o expanding box size

o scaling behavior around critical point
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Phase diagram of the
quark-meson model




The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

S0l = | [zz 170, —}@ b= b+ inerene]y

1 1 A
+3 [Ouo0¥c + 0,0 7| — §m2 02 + %% — N 02 + %] 2
T A
chiral symmetric
2nd order $»=0
15t order
chiral broken Invariance under chiral transformations
»70 SU2)r, x SU(2)r ~ O(4)

> /1B
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The quark-meson model provides
a successful formulation of QCD below scales ~1 GeV.

Sl or] = [ 61740, @) — -l + inar"m]

1 1 A
+3 [Ouo0¥c + 0,0 7| — §m2 02 + %% — N 02 + %] 2
T A
chiral symmetric
crossover ¢o=0

15t order

chiral broken (o) # 0 : spontaneous symmetry breaking

¢ #0 my, 7 0 @ explicit symmetry breaking

> /1B
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Wigner transformation




Computation of spectral functions in
spatial Fourier and temporal Wigner space

o Definition of the temporal Wigner transformation:

2X0©
p(X° w,|p|) =/

_2XO

S

ds e™%p (XO + 5

S
7X0 - 57 ’p|>

A with relative time s = ¢ — ¢/,

t+t
2

center-of-mass time XY =

«a\—2XO

(et pl) — (X0 lp])|

4

/

‘v > spectral function in terms of
¢ center-of-mass time and frequency
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2P| effective action
techniques




Schwinger-Keldysh contour for initial value problems

o expectation value:

_ Tr[p(t)O]
O = o)

N J
Y

von Neumann equation

with ,O(t) = Ut,top(tO)Uto,t

Tr [p(t()) Uto,tOUt,to]

o only need initial density matrix:  (O(t)) =
Trip(to)]

to
Schwinger-Keldysh contour : — —» Re(t)

— OO

o generating functional:

Z\|J, R;p| = Tr [P(to) Ic €iJ'¢+%¢'R'¢]

source terms
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Initial conditions

Z[‘L R; /0] = Ir {,O(t()) TC 6iJ'90+%90'R’90]

/

In equilibrium

pth ~e PP~ Uto—iB,to
to
0 - = > —p Re(t)
— OO
Y
— B
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Initial conditions

Z1J, R; p] = Tr | plto) T #5055

TN

iIn equilibrium out of equilibrium
th —BH Gauss ra-p+10-b-
p  ~€ ~ Uto—iB,to % ~ et
0 . 4— > ) ’R@(f)
! — 00
non-equilibrium generating functional for p®U(ty)
y 4 . . . : )
— 3B Z[J, R] _ ezW[J,R] _ /DQO ezS[@]-l-zJ'SO-I-%SO'R'SO
to
Wlth : < > ) VRe(t)
\ % y,
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classical action _ . .
—— generating functional with 2 source terms:

S|e]
Z[J,R] = cWILR] /Dgp piSlel+iJ o+ 50 R
one-point function two-point function
(macroscopic field) (propagator)
_ O0WI[J, R] _OWI[J, R 1
Lo, G] 5T Y SR transformation
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2P| effective action

o 1-loop quantum
rg,G,a]  ~ O0IF

_ + 2Pl diagrams
corrections

large N expansion for bosons
A

4 N

LO diagrams + NLO diagrams 4+ NNLO diagrams+ ... + fermion-boson-loop

v '
NN]' NNO

~N-1

// \\\
! }
\
+@+@+@++..' \\~—_‘//
no further fermion
contributions due to
+ + + + 00O + ... -
low occupation number
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2P| effective action _ SW X 1-loop quantum + 2PI1 diagrams

I'l¢, G, Al corrections

N J
Y

I'lo, G, Al = S[¢| + %Tr In [G7'] + %Tr G (¢)G]

cl

—iTrIn [A™'] —4Tr [A_l(qb)A]

cl
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2P| effective action

¢, G|

evolution equations
for ¢ and G

—— stationary conditions:

ST, G 0 5F[¢, G] _0
op(x) p=¢,G=G (o) ’ ¢ G=G(¢)
/ cO

S-69-69-6-
S-69-69- -

| . _ —1 . _ .

G (I’,y, §b) _ZGd.(iB,y,Qb) ZZ(CIZ’,y,qb, G) G=G(4)

classical propagator self-energy

(07 + M?(z; ¢)] ¢(t) = fermion backreaction + 2P| corrections

O, + M2(2:9)] Gla,y) = —i / (2, %6, Q)] Gz y) — ib(z — y)

effective mass
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evolution equations o Spatial homogeneity and isotropy

o e Gy & G(z,y) — Gt |p|)

o Boson sector: (o) £ 0, (m) =0

G — longitudinal (o) -+ transverse () direction

o Fermion sector:

A — Lorentz components S,0,V, T

o Propagator decomposition:
1
Gle,y) = Fla,y) + 5o, y) sgn(a” —y7)

statistical function spectral function
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luti i . . . .
evolution equations coupled integro-differential equations for

for ¢, G, A
F2 (2,4 Ip)), F2(«9°, Ipl) real, symmetric
p2(x%,4°,Ipl), p%(z"3°, |pl) real, antisymmetric

FY (40 [p), Fy (2% Ip)), Fy(2°,4°, |p|) real, symmetric
ps(@®,4% b)), P4 (2%, 4%, |pl), p(2®,4% |p|)  real, antisymmetric

Fé’b (z°, 4", |p|) imaginary, antisymmetric

pz’)b( O 42 Ip|) imaginary, symmetric

o(t)
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evolution equations

for &, G, A coupled integro-differential equations like

t
07 + Pl + M (t)] Fo(t,t,pl) = —/ dt" Aq (t,t", [p[) Fo(t", ', |pl)

to

t/
+/ dt"Cy(t,t",|p|)ps(t", 1, |p|)

to

10 Fs(t,t',|p|) = —tilp| Fr(t,t,|p|) + My(t)Fo(t,t, |p|)

t
+ / dt// |:AS(t7t//7 ‘p’) FO(tllat/7 ’p|) + AO(t7t//7 |p|) FS<t”7t/7 |p’)

to

+ iAV(tat,/7 |p‘) FT(t,,7t/7 ’p|) - iAT(tat”7 |p‘) FV(tﬂa tlv |p’)]

t/
-+ / dt” [ - CS(ta tllv |p|) pO(t”v tlv ‘p|) - CO(t7t”7 |p|> pS<t”7t/7 |p|)

to

- iCV(tﬂfﬁv |p’) pT(t”at/7 ’P|) + iCT(t7t//7 ’p’) pv(t”,t/, ’P|)},
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Discretized evolution equations

po i+ 1,5) = 200 (is1) = po (i = 1,§) = 4| [p? + M2(1) | o i, )

— dt?

| I T
5 Ao (1,1)po (1, ) + > A (i, D)ps(l,4) + QAU(@,J)pa(J,J)]
l=1+1

pr(i+1,) = pr(i — 1.j) + 2 dt|plps(i. j) = My (B)pv (i)

1 . . . N . .
5 As (6, 9)pv (i, 7) + > As(i,D)pv (. 5) + 5As(0,7)pv (5, 7) +
l=i+1

— 4 dt?

Linda Shen | Institute for Theoretical Physics | Heidelberg 05.04.18



Numerical
Set-up
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Quench In the 15t time step

initial conditions: non-equilibrium time-evolution:
propagators of the free theory, Mexican hat potential allowing
zero macroscopic field for spontaneous symmetry
breaking
t=20
t>0
o — » o
quench NS
of scalar
potential
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Input parameters

parameter value
A 90.0
m? —0.008
My 0.18
g 50 dr = 0.2
N, = 200
dt = 0.01

Ny = 5000
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Input parameters in MeV
converted by using m,; = 135 MeV

A 90,0
m* -23,3
m,, 23,4
g 5,0
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Numerical Results




B0se-EInstein distribution

80 1t

60 1

= 40-

20 -

X |p| =0.016
—— BE fit with 7' = 1.023

X0 =250.0

\<\/\/\/\/\/\/\/\/

0.2

NC N N/
//\/\/\/\/\/\/\/\/\/\/\X/\

0.4 0.6
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Particle masses from spectral functions: Breit-Wigner fit

() 2wl ny 21
pPrit\W) =
w2 — m2]2 4+ w22 w2 — m2]2 +w2r2’
/ / /
mass of skewness width
particle parameter
X0 =250.0
10.0- * data
= — it
3
=~ 50
g m g = 1.0406
T
0.0+
0.8 1.0 1.2 1.4 1.6
w
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Results in MeV converted by using m, = 135 MeV

13,00 23,40 52,00

Mg 241,65 228,15 211,95
m, 205,20 191,70 184,95
f 91,30 82,35 71,55

Ty, 148,50 133,65 118,80
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