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1969: Donald Lynden-Bell: 
Explains that quasars could be 
powered by supermassive black 
holes 

1971: Louise Webster, Paul 
Murdin, and Thomas Bolton: 
Discover 15 solar mass invisible 
companion (Cygnus X-1) to a star


 
Soon: Event Horizon Telescope 
Shadow of Sagittarius A*

Examples of black hole evidence 
Circumstantial evidence 

Gravitational waves ➡ Direct evidence for black holes
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Everything starts with the Einstein field equations


Weak field approximation (linearise) - expanding around flat space 

Three simple steps: 
 

1. Linearise equation 
2. Choose gauge fixing (Lorentz gauge                 )  
3. Define the trace-reversed metric perturbation:


Gives a relativistic wave equation for a symmetric two-tensor: 

What are gravitational waves?

gµ⌫ = ⌘µ⌫ + hµ⌫ , |hµ⌫ | ⌧ 1
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Gµ⌫ ⌘ Rµ⌫ � 1

2
Rgµ⌫ = 8⇡GTµ⌫
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h̄µ⌫ = hµ⌫ � 1

2
⌘µ⌫h
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Consider vacuum solutions                  , and write a solution 
 
 
where       is the wave vector. 
 
What do we learn from the E.O.M. and gauge fixing?


•                   :  Gravitational waves propagate at the speed of light


• Parameters of         reduced from 10 to 2: Two polarisations 


For a wave travelling in       direction (                               ) we get: 

Solutions to the wave equation

Cµ⌫ =

0

BB@

0 0 0 0
0 C+ C⇥ 0
0 C⇥ �C+ 0
0 0 0 0

1

CCA
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kµk
µ = 0

<latexit sha1_base64="Wi/yEF1/eG67KceKt3RA8efVp6A=">AAACE3icbVC7TsMwFL3hWcqrwMhiUZCYqoQFGJAqWBiLRGilNlSO47RWnAe2U1FF/Q1Y4SeYGBBi5QP4DSR23KYDbbmSraNz7tU997gJZ1KZ5pcxN7+wuLRcWCmurq1vbJa2tm9knApCbRLzWDRcLClnEbUVU5w2EkFx6HJad4OLoV7vUSFZHF2rfkKdEHci5jOClaacoN0KUxTc6v/MbJfKZsUcFZoF1hiUq/s/L28AUGuXvlteTNKQRopwLGXTMhPlZFgoRjgdFFuppAkmAe7QpoYRDql0spHpATrQjIf8WOgXKTRi/05kOJSyH7q6M8SqK6e1Ifmf1vR6LJHjXff5skknyj9xMhYlqaIRyY34KUcqRsOEkMcEJYr3NcBEMH0LIl0sMFE6x6IOyZqOZBbYR5XTinWlwzqHvAqwC3twCBYcQxUuoQY2ELiDR3iCZ+PBeDXejY+8dc4Yz+zARBmfvz/oofc=</latexit><latexit sha1_base64="JcFKsQvRTTokHxEyVkgjYsf7J98=">AAACE3icbVC7TsMwFHV4lpZHgZHFoiAxVQkLMCBVsDAWidJKbagcx2mt2E6wnYoq6m/ACj/BxASsfAC/gQQzbtOBtlzJ1tE59+qee7yYUaVt+9Oam19YXFrOreQLq2vrG8XNrWsVJRKTGo5YJBseUoRRQWqaakYasSSIe4zUvfB8qNd7RCoaiSvdj4nLUUfQgGKkDeWG7RZPYHhj/lO7XSzZZXtUcBY4Y1Cq7H0/v/UKP9V28avlRzjhRGjMkFJNx461myKpKWZkkG8lisQIh6hDmgYKxIly05HpAdw3jA+DSJonNByxfydSxJXqc890cqS7alobkv9pTb9HYzXedZctm3Sig2M3pSJONBE4MxIkDOoIDhOCPpUEa9Y3AGFJzS0Qd5FEWJsc8yYkZzqSWVA7LJ+UnUsT1hnIKgd2wC44AA44AhVwAaqgBjC4BQ/gETxZ99aL9Wq9Z61z1nhmG0yU9fELZk6jcQ==</latexit><latexit sha1_base64="JcFKsQvRTTokHxEyVkgjYsf7J98=">AAACE3icbVC7TsMwFHV4lpZHgZHFoiAxVQkLMCBVsDAWidJKbagcx2mt2E6wnYoq6m/ACj/BxASsfAC/gQQzbtOBtlzJ1tE59+qee7yYUaVt+9Oam19YXFrOreQLq2vrG8XNrWsVJRKTGo5YJBseUoRRQWqaakYasSSIe4zUvfB8qNd7RCoaiSvdj4nLUUfQgGKkDeWG7RZPYHhj/lO7XSzZZXtUcBY4Y1Cq7H0/v/UKP9V28avlRzjhRGjMkFJNx461myKpKWZkkG8lisQIh6hDmgYKxIly05HpAdw3jA+DSJonNByxfydSxJXqc890cqS7alobkv9pTb9HYzXedZctm3Sig2M3pSJONBE4MxIkDOoIDhOCPpUEa9Y3AGFJzS0Qd5FEWJsc8yYkZzqSWVA7LJ+UnUsT1hnIKgd2wC44AA44AhVwAaqgBjC4BQ/gETxZ99aL9Wq9Z61z1nhmG0yU9fELZk6jcQ==</latexit><latexit sha1_base64="Mh44OfNjTe/1oD6phWpDLGcGbLE=">AAACE3icbVDLTsMwENzwLOVV4MjFokLiVCVcgANSBReORSK0Uhsqx3FaK44TbKeiivobcIX/4IS48gH8Bl+A2+ZAW1ayNZrZ1c6On3KmtG1/W0vLK6tr66WN8ubW9s5uZW//XiWZJNQlCU9ky8eKciaoq5nmtJVKimOf06YfXY/15oBKxRJxp4cp9WLcEyxkBGtDeVG3E2coejD/pd2tVO2aPSm0CJwCVKGoRrfy0wkSksVUaMKxUm3HTrWXY6kZ4XRU7mSKpphEuEfbBgocU+XlE9MjdGyYAIWJNE9oNGH/TuQ4VmoY+6Yzxrqv5rUx+Z/WDgYsVcWup+myWSc6PPdyJtJMU0GmRsKMI52gcUIoYJISzYcGYCKZuQWRPpaYaJNj2YTkzEeyCNzT2kXNubWr9asirRIcwhGcgANnUIcbaIALBB7hBV7hzXq23q0P63PaumQVMwcwU9bXLx5nnyg=</latexit>

Cµ⌫
<latexit sha1_base64="1bsLmuJqaxvbJFcaLQsd2LbdA1M=">AAACEHicbVDLSsNAFL3xWeur6tJNsAiuSiKCuit247KCscUmlMlk0g6dmYSZSbGEfoVu9T9ciVv/wN/wC5y2WdjWAwOHc+7lnjlhyqjSjvNtrayurW9slrbK2zu7e/uVg8MHlWQSEw8nLJHtECnCqCCeppqRdioJ4iEjrXDQmPitIZGKJuJej1IScNQTNKYYaSM9Nrq5zzNfZONuperUnCnsZeIWpAoFmt3Kjx8lOONEaMyQUh3XSXWQI6kpZmRc9jNFUoQHqEc6hgrEiQryaeKxfWqUyI4TaZ7Q9lT9u5EjrtSIh2aSI91Xi95E/M/rREOaquLW0+zYfBIdXwU5FWmmicCzIHHGbJ3Yk3rsiEqCNRsZgrCk5i827iOJsDYllk1J7mIly8Q7r13X3LuLav2maKsEx3ACZ+DCJdThFprgAQYBL/AKb9az9W59WJ+z0RWr2DmCOVhfv8qDnok=</latexit><latexit sha1_base64="1bsLmuJqaxvbJFcaLQsd2LbdA1M=">AAACEHicbVDLSsNAFL3xWeur6tJNsAiuSiKCuit247KCscUmlMlk0g6dmYSZSbGEfoVu9T9ciVv/wN/wC5y2WdjWAwOHc+7lnjlhyqjSjvNtrayurW9slrbK2zu7e/uVg8MHlWQSEw8nLJHtECnCqCCeppqRdioJ4iEjrXDQmPitIZGKJuJej1IScNQTNKYYaSM9Nrq5zzNfZONuperUnCnsZeIWpAoFmt3Kjx8lOONEaMyQUh3XSXWQI6kpZmRc9jNFUoQHqEc6hgrEiQryaeKxfWqUyI4TaZ7Q9lT9u5EjrtSIh2aSI91Xi95E/M/rREOaquLW0+zYfBIdXwU5FWmmicCzIHHGbJ3Yk3rsiEqCNRsZgrCk5i827iOJsDYllk1J7mIly8Q7r13X3LuLav2maKsEx3ACZ+DCJdThFprgAQYBL/AKb9az9W59WJ+z0RWr2DmCOVhfv8qDnok=</latexit><latexit sha1_base64="1bsLmuJqaxvbJFcaLQsd2LbdA1M=">AAACEHicbVDLSsNAFL3xWeur6tJNsAiuSiKCuit247KCscUmlMlk0g6dmYSZSbGEfoVu9T9ciVv/wN/wC5y2WdjWAwOHc+7lnjlhyqjSjvNtrayurW9slrbK2zu7e/uVg8MHlWQSEw8nLJHtECnCqCCeppqRdioJ4iEjrXDQmPitIZGKJuJej1IScNQTNKYYaSM9Nrq5zzNfZONuperUnCnsZeIWpAoFmt3Kjx8lOONEaMyQUh3XSXWQI6kpZmRc9jNFUoQHqEc6hgrEiQryaeKxfWqUyI4TaZ7Q9lT9u5EjrtSIh2aSI91Xi95E/M/rREOaquLW0+zYfBIdXwU5FWmmicCzIHHGbJ3Yk3rsiEqCNRsZgrCk5i827iOJsDYllk1J7mIly8Q7r13X3LuLav2maKsEx3ACZ+DCJdThFprgAQYBL/AKb9az9W59WJ+z0RWr2DmCOVhfv8qDnok=</latexit><latexit sha1_base64="1bsLmuJqaxvbJFcaLQsd2LbdA1M=">AAACEHicbVDLSsNAFL3xWeur6tJNsAiuSiKCuit247KCscUmlMlk0g6dmYSZSbGEfoVu9T9ciVv/wN/wC5y2WdjWAwOHc+7lnjlhyqjSjvNtrayurW9slrbK2zu7e/uVg8MHlWQSEw8nLJHtECnCqCCeppqRdioJ4iEjrXDQmPitIZGKJuJej1IScNQTNKYYaSM9Nrq5zzNfZONuperUnCnsZeIWpAoFmt3Kjx8lOONEaMyQUh3XSXWQI6kpZmRc9jNFUoQHqEc6hgrEiQryaeKxfWqUyI4TaZ7Q9lT9u5EjrtSIh2aSI91Xi95E/M/rREOaquLW0+zYfBIdXwU5FWmmicCzIHHGbJ3Yk3rsiEqCNRsZgrCk5i827iOJsDYllk1J7mIly8Q7r13X3LuLav2maKsEx3ACZ+DCJdThFprgAQYBL/AKb9az9W59WJ+z0RWr2DmCOVhfv8qDnok=</latexit>

x

3
<latexit sha1_base64="ZOuoeUECEFhnbo21E/4S5+5+Sjw=">AAACCXicbVDLTsJAFL31ifhCXbqZSExckVZN1B3RjUuMVkigkul0ChOm02ZmSiANf6Bb/Q9Xxq1f4W/4BQ7QhYAnmeTknHtzzxw/4Uxp2/62lpZXVtfWCxvFza3tnd3S3v6jilNJqEtiHsuGjxXlTFBXM81pI5EURz6ndb93M/brfSoVi8WDHibUi3BHsJARrI10P3g6a5fKdsWeAC0SJydlyFFrl35aQUzSiApNOFaq6diJ9jIsNSOcjoqtVNEEkx7u0KahAkdUedkk6ggdGyVAYSzNExpN1L8bGY6UGka+mYyw7qp5byz+5zWDPktUfmswPTabRIeXXsZEkmoqyDRImHKkYzTuBQVMUqL50BBMJDN/QaSLJSbatFc0JTnzlSwS97RyVXHuzsvV67ytAhzCEZyAAxdQhVuogQsEOvACr/BmPVvv1of1OR1dsvKdA5iB9fULtwCbNQ==</latexit><latexit sha1_base64="ZOuoeUECEFhnbo21E/4S5+5+Sjw=">AAACCXicbVDLTsJAFL31ifhCXbqZSExckVZN1B3RjUuMVkigkul0ChOm02ZmSiANf6Bb/Q9Xxq1f4W/4BQ7QhYAnmeTknHtzzxw/4Uxp2/62lpZXVtfWCxvFza3tnd3S3v6jilNJqEtiHsuGjxXlTFBXM81pI5EURz6ndb93M/brfSoVi8WDHibUi3BHsJARrI10P3g6a5fKdsWeAC0SJydlyFFrl35aQUzSiApNOFaq6diJ9jIsNSOcjoqtVNEEkx7u0KahAkdUedkk6ggdGyVAYSzNExpN1L8bGY6UGka+mYyw7qp5byz+5zWDPktUfmswPTabRIeXXsZEkmoqyDRImHKkYzTuBQVMUqL50BBMJDN/QaSLJSbatFc0JTnzlSwS97RyVXHuzsvV67ytAhzCEZyAAxdQhVuogQsEOvACr/BmPVvv1of1OR1dsvKdA5iB9fULtwCbNQ==</latexit><latexit sha1_base64="ZOuoeUECEFhnbo21E/4S5+5+Sjw=">AAACCXicbVDLTsJAFL31ifhCXbqZSExckVZN1B3RjUuMVkigkul0ChOm02ZmSiANf6Bb/Q9Xxq1f4W/4BQ7QhYAnmeTknHtzzxw/4Uxp2/62lpZXVtfWCxvFza3tnd3S3v6jilNJqEtiHsuGjxXlTFBXM81pI5EURz6ndb93M/brfSoVi8WDHibUi3BHsJARrI10P3g6a5fKdsWeAC0SJydlyFFrl35aQUzSiApNOFaq6diJ9jIsNSOcjoqtVNEEkx7u0KahAkdUedkk6ggdGyVAYSzNExpN1L8bGY6UGka+mYyw7qp5byz+5zWDPktUfmswPTabRIeXXsZEkmoqyDRImHKkYzTuBQVMUqL50BBMJDN/QaSLJSbatFc0JTnzlSwS97RyVXHuzsvV67ytAhzCEZyAAxdQhVuogQsEOvACr/BmPVvv1of1OR1dsvKdA5iB9fULtwCbNQ==</latexit><latexit sha1_base64="ZOuoeUECEFhnbo21E/4S5+5+Sjw=">AAACCXicbVDLTsJAFL31ifhCXbqZSExckVZN1B3RjUuMVkigkul0ChOm02ZmSiANf6Bb/Q9Xxq1f4W/4BQ7QhYAnmeTknHtzzxw/4Uxp2/62lpZXVtfWCxvFza3tnd3S3v6jilNJqEtiHsuGjxXlTFBXM81pI5EURz6ndb93M/brfSoVi8WDHibUi3BHsJARrI10P3g6a5fKdsWeAC0SJydlyFFrl35aQUzSiApNOFaq6diJ9jIsNSOcjoqtVNEEkx7u0KahAkdUedkk6ggdGyVAYSzNExpN1L8bGY6UGka+mYyw7qp5byz+5zWDPktUfmswPTabRIeXXsZEkmoqyDRImHKkYzTuBQVMUqL50BBMJDN/QaSLJSbatFc0JTnzlSwS97RyVXHuzsvV67ytAhzCEZyAAxdQhVuogQsEOvACr/BmPVvv1of1OR1dsvKdA5iB9fULtwCbNQ==</latexit> kµ = (!, 0, 0,!)

<latexit sha1_base64="Mz4W4ftkgVpANc1aWda/IRmA2ic=">AAACIXicbVDLSsNAFJ3UV62vqCtxM1iEClISEdSFUHTjsoKxhSaWyWTaDp1JwsykWELxZ3Sr/+FK3Il/4Rc4bbKwrWcYOJxzL/fe48eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd37mWUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eux3xgQIWkU3qlhTDyOuiHtUIyUltrmXv/B5cllxY046aJjS7+MHrXNslW1JoDzxM5JGeSot80fN4hwwkmoMENStmwrVl6KhKKYkVHJTSSJEe6jLmlpGiJOpJdOThjBQ60EsBMJ/UMFJ+rfjhRxKYfc15UcqZ6c9cbif14rGNBY5rMes2HTm6jOuZfSME4UCXG2SCdhUEVwnBcMqCBYsaEmCAuqb4G4hwTCSqda0iHZs5HME+ekelG1b0/Ltas8rSLYBwegAmxwBmrgBtSBAzB4Ai/gFbwZz8a78WF8ZqUFI+/ZBVMwvn8BnpejfA==</latexit><latexit sha1_base64="Mz4W4ftkgVpANc1aWda/IRmA2ic=">AAACIXicbVDLSsNAFJ3UV62vqCtxM1iEClISEdSFUHTjsoKxhSaWyWTaDp1JwsykWELxZ3Sr/+FK3Il/4Rc4bbKwrWcYOJxzL/fe48eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd37mWUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eux3xgQIWkU3qlhTDyOuiHtUIyUltrmXv/B5cllxY046aJjS7+MHrXNslW1JoDzxM5JGeSot80fN4hwwkmoMENStmwrVl6KhKKYkVHJTSSJEe6jLmlpGiJOpJdOThjBQ60EsBMJ/UMFJ+rfjhRxKYfc15UcqZ6c9cbif14rGNBY5rMes2HTm6jOuZfSME4UCXG2SCdhUEVwnBcMqCBYsaEmCAuqb4G4hwTCSqda0iHZs5HME+ekelG1b0/Ltas8rSLYBwegAmxwBmrgBtSBAzB4Ai/gFbwZz8a78WF8ZqUFI+/ZBVMwvn8BnpejfA==</latexit><latexit sha1_base64="Mz4W4ftkgVpANc1aWda/IRmA2ic=">AAACIXicbVDLSsNAFJ3UV62vqCtxM1iEClISEdSFUHTjsoKxhSaWyWTaDp1JwsykWELxZ3Sr/+FK3Il/4Rc4bbKwrWcYOJxzL/fe48eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd37mWUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eux3xgQIWkU3qlhTDyOuiHtUIyUltrmXv/B5cllxY046aJjS7+MHrXNslW1JoDzxM5JGeSot80fN4hwwkmoMENStmwrVl6KhKKYkVHJTSSJEe6jLmlpGiJOpJdOThjBQ60EsBMJ/UMFJ+rfjhRxKYfc15UcqZ6c9cbif14rGNBY5rMes2HTm6jOuZfSME4UCXG2SCdhUEVwnBcMqCBYsaEmCAuqb4G4hwTCSqda0iHZs5HME+ekelG1b0/Ltas8rSLYBwegAmxwBmrgBtSBAzB4Ai/gFbwZz8a78WF8ZqUFI+/ZBVMwvn8BnpejfA==</latexit><latexit sha1_base64="Mz4W4ftkgVpANc1aWda/IRmA2ic=">AAACIXicbVDLSsNAFJ3UV62vqCtxM1iEClISEdSFUHTjsoKxhSaWyWTaDp1JwsykWELxZ3Sr/+FK3Il/4Rc4bbKwrWcYOJxzL/fe48eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd37mWUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eux3xgQIWkU3qlhTDyOuiHtUIyUltrmXv/B5cllxY046aJjS7+MHrXNslW1JoDzxM5JGeSot80fN4hwwkmoMENStmwrVl6KhKKYkVHJTSSJEe6jLmlpGiJOpJdOThjBQ60EsBMJ/UMFJ+rfjhRxKYfc15UcqZ6c9cbif14rGNBY5rMes2HTm6jOuZfSME4UCXG2SCdhUEVwnBcMqCBYsaEmCAuqb4G4hwTCSqda0iHZs5HME+ekelG1b0/Ltas8rSLYBwegAmxwBmrgBtSBAzB4Ai/gFbwZz8a78WF8ZqUFI+/ZBVMwvn8BnpejfA==</latexit>

h̄
µ⌫

= C
µ⌫

eik�x
�

<latexit sha1_base64="k08HfJHX2GCQvaGpuLFX4LTEfz0="></latexit><latexit sha1_base64="k08HfJHX2GCQvaGpuLFX4LTEfz0="></latexit><latexit sha1_base64="k08HfJHX2GCQvaGpuLFX4LTEfz0="></latexit><latexit sha1_base64="k08HfJHX2GCQvaGpuLFX4LTEfz0="></latexit>



Effect on separation of particles in the two modes:


 
Generation of gravitational waves? Couple to matter 
Solution: 
 
 
Lesson: Gravitational waves generated by the quadrupole moment 

Solutions to the wave equation

C⇥ = 0
<latexit sha1_base64="QT6fwej2NCDXTnu3ynLG54tTTSs=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRIR1IVQ7MZlBWOLbSiTyaQdOpmEmZtiCf0K3ep/uBK3/oG/4Rc4bbOwrRcGDufcyzlz/ERwDbb9bRVWVtfWN4qbpa3tnd298v7Bg45TRZlLYxGrlk80E1wyFzgI1koUI5EvWNMf1Cd6c8iU5rG8h1HCvIj0JA85JWCox3q3Azxi+trulit21Z4OXgZODioon0a3/NMJYppGTAIVROu2YyfgZUQBp4KNS51Us4TQAemxtoGSGBsvmyYe4xPDBDiMlXkS8JT9e5GRSOtR5JvNiEBfL2oT8j+tHQx5onOvp5nZfBIIL72MyyQFJuksSJgKDDGe1IMDrhgFMTKAUMXNXzDtE0UomBJLpiRnsZJl4J5Vr6rO3XmldpO3VURH6BidIgddoBq6RQ3kIookekGv6M16tt6tD+tztlqw8ptDNDfW1y/oBp3/</latexit><latexit sha1_base64="QT6fwej2NCDXTnu3ynLG54tTTSs=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRIR1IVQ7MZlBWOLbSiTyaQdOpmEmZtiCf0K3ep/uBK3/oG/4Rc4bbOwrRcGDufcyzlz/ERwDbb9bRVWVtfWN4qbpa3tnd298v7Bg45TRZlLYxGrlk80E1wyFzgI1koUI5EvWNMf1Cd6c8iU5rG8h1HCvIj0JA85JWCox3q3Azxi+trulit21Z4OXgZODioon0a3/NMJYppGTAIVROu2YyfgZUQBp4KNS51Us4TQAemxtoGSGBsvmyYe4xPDBDiMlXkS8JT9e5GRSOtR5JvNiEBfL2oT8j+tHQx5onOvp5nZfBIIL72MyyQFJuksSJgKDDGe1IMDrhgFMTKAUMXNXzDtE0UomBJLpiRnsZJl4J5Vr6rO3XmldpO3VURH6BidIgddoBq6RQ3kIookekGv6M16tt6tD+tztlqw8ptDNDfW1y/oBp3/</latexit><latexit sha1_base64="QT6fwej2NCDXTnu3ynLG54tTTSs=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRIR1IVQ7MZlBWOLbSiTyaQdOpmEmZtiCf0K3ep/uBK3/oG/4Rc4bbOwrRcGDufcyzlz/ERwDbb9bRVWVtfWN4qbpa3tnd298v7Bg45TRZlLYxGrlk80E1wyFzgI1koUI5EvWNMf1Cd6c8iU5rG8h1HCvIj0JA85JWCox3q3Azxi+trulit21Z4OXgZODioon0a3/NMJYppGTAIVROu2YyfgZUQBp4KNS51Us4TQAemxtoGSGBsvmyYe4xPDBDiMlXkS8JT9e5GRSOtR5JvNiEBfL2oT8j+tHQx5onOvp5nZfBIIL72MyyQFJuksSJgKDDGe1IMDrhgFMTKAUMXNXzDtE0UomBJLpiRnsZJl4J5Vr6rO3XmldpO3VURH6BidIgddoBq6RQ3kIookekGv6M16tt6tD+tztlqw8ptDNDfW1y/oBp3/</latexit><latexit sha1_base64="QT6fwej2NCDXTnu3ynLG54tTTSs=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRIR1IVQ7MZlBWOLbSiTyaQdOpmEmZtiCf0K3ep/uBK3/oG/4Rc4bbOwrRcGDufcyzlz/ERwDbb9bRVWVtfWN4qbpa3tnd298v7Bg45TRZlLYxGrlk80E1wyFzgI1koUI5EvWNMf1Cd6c8iU5rG8h1HCvIj0JA85JWCox3q3Azxi+trulit21Z4OXgZODioon0a3/NMJYppGTAIVROu2YyfgZUQBp4KNS51Us4TQAemxtoGSGBsvmyYe4xPDBDiMlXkS8JT9e5GRSOtR5JvNiEBfL2oT8j+tHQx5onOvp5nZfBIIL72MyyQFJuksSJgKDDGe1IMDrhgFMTKAUMXNXzDtE0UomBJLpiRnsZJl4J5Vr6rO3XmldpO3VURH6BidIgddoBq6RQ3kIookekGv6M16tt6tD+tztlqw8ptDNDfW1y/oBp3/</latexit>

C+ = 0
<latexit sha1_base64="VqRgav4OlbQF6JK2Fvp4GRdMoNA=">AAACC3icbVDLSsNAFL2pr1pfVZduBosgCCURQV0IxW5cVjC20IYymUzaoZNJmJkUS+gv6Fb/w5W49SP8Db/AaZuFbT0wcDjnXu6Z4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0B/WJ3xxSqVgsHvQooV6Ee4KFjGBtJLfePbuxu+WKXbWnQMvEyUkFcjS65Z9OEJM0okITjpVqO3aivQxLzQin41InVTTBZIB7tG2owBFVXjYNO0YnRglQGEvzhEZT9e9GhiOlRpFvJiOs+2rRm4j/ee1gyBKV33qaHZtPosMrL2MiSTUVZBYkTDnSMZo0gwImKdF8ZAgmkpm/INLHEhNt+iuZkpzFSpaJe169rjr3F5Xabd5WEY7gGE7BgUuowR00wAUCDF7gFd6sZ+vd+rA+Z6MFK985hDlYX79SwJt6</latexit><latexit sha1_base64="VqRgav4OlbQF6JK2Fvp4GRdMoNA=">AAACC3icbVDLSsNAFL2pr1pfVZduBosgCCURQV0IxW5cVjC20IYymUzaoZNJmJkUS+gv6Fb/w5W49SP8Db/AaZuFbT0wcDjnXu6Z4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0B/WJ3xxSqVgsHvQooV6Ee4KFjGBtJLfePbuxu+WKXbWnQMvEyUkFcjS65Z9OEJM0okITjpVqO3aivQxLzQin41InVTTBZIB7tG2owBFVXjYNO0YnRglQGEvzhEZT9e9GhiOlRpFvJiOs+2rRm4j/ee1gyBKV33qaHZtPosMrL2MiSTUVZBYkTDnSMZo0gwImKdF8ZAgmkpm/INLHEhNt+iuZkpzFSpaJe169rjr3F5Xabd5WEY7gGE7BgUuowR00wAUCDF7gFd6sZ+vd+rA+Z6MFK985hDlYX79SwJt6</latexit><latexit sha1_base64="VqRgav4OlbQF6JK2Fvp4GRdMoNA=">AAACC3icbVDLSsNAFL2pr1pfVZduBosgCCURQV0IxW5cVjC20IYymUzaoZNJmJkUS+gv6Fb/w5W49SP8Db/AaZuFbT0wcDjnXu6Z4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0B/WJ3xxSqVgsHvQooV6Ee4KFjGBtJLfePbuxu+WKXbWnQMvEyUkFcjS65Z9OEJM0okITjpVqO3aivQxLzQin41InVTTBZIB7tG2owBFVXjYNO0YnRglQGEvzhEZT9e9GhiOlRpFvJiOs+2rRm4j/ee1gyBKV33qaHZtPosMrL2MiSTUVZBYkTDnSMZo0gwImKdF8ZAgmkpm/INLHEhNt+iuZkpzFSpaJe169rjr3F5Xabd5WEY7gGE7BgUuowR00wAUCDF7gFd6sZ+vd+rA+Z6MFK985hDlYX79SwJt6</latexit><latexit sha1_base64="VqRgav4OlbQF6JK2Fvp4GRdMoNA=">AAACC3icbVDLSsNAFL2pr1pfVZduBosgCCURQV0IxW5cVjC20IYymUzaoZNJmJkUS+gv6Fb/w5W49SP8Db/AaZuFbT0wcDjnXu6Z4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0B/WJ3xxSqVgsHvQooV6Ee4KFjGBtJLfePbuxu+WKXbWnQMvEyUkFcjS65Z9OEJM0okITjpVqO3aivQxLzQin41InVTTBZIB7tG2owBFVXjYNO0YnRglQGEvzhEZT9e9GhiOlRpFvJiOs+2rRm4j/ee1gyBKV33qaHZtPosMrL2MiSTUVZBYkTDnSMZo0gwImKdF8ZAgmkpm/INLHEhNt+iuZkpzFSpaJe169rjr3F5Xabd5WEY7gGE7BgUuowR00wAUCDF7gFd6sZ+vd+rA+Z6MFK985hDlYX79SwJt6</latexit>
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<latexit sha1_base64="rfTUFc89SzIeLGVgMItAvo/7img=">AAACGXicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxFamilpoocx2mt2k6wnUIV9U1ghfdgQqxMvAZPgNtmoC0nWTrdfZ++84Upo0o7zre1srq2vrFZ2ipv7+zu7duVg3uVZBITDycske0QKcKoIJ6mmpF2KgniISOtcHAz8VtDIhVNRFOPUtLlqCdoTDHSRgrsSjPIfZ75IhtDX5AH6AR21ak5U8Bl4hakCgo0AvvHjxKccSI0ZkipjuukupsjqSlmZFz2M0VShAeoRzqGCsSJ6ubT6GN4YpQIxok0T2g4Vf9u5IgrNeKhmeRI99WiNxH/8zrRkKaquPU0OzafRMeX3ZyKNNNE4FmQOGNQJ3DSE4yoJFizkSEIS2r+AnEfSYS1abNsSnIXK1km3lntqubenVfr10VbJXAEjsEpcMEFqINb0AAewOARvIBX8GY9W+/Wh/U5G12xip1DMAfr6xfqaKEh</latexit><latexit sha1_base64="rfTUFc89SzIeLGVgMItAvo/7img=">AAACGXicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxFamilpoocx2mt2k6wnUIV9U1ghfdgQqxMvAZPgNtmoC0nWTrdfZ++84Upo0o7zre1srq2vrFZ2ipv7+zu7duVg3uVZBITDycske0QKcKoIJ6mmpF2KgniISOtcHAz8VtDIhVNRFOPUtLlqCdoTDHSRgrsSjPIfZ75IhtDX5AH6AR21ak5U8Bl4hakCgo0AvvHjxKccSI0ZkipjuukupsjqSlmZFz2M0VShAeoRzqGCsSJ6ubT6GN4YpQIxok0T2g4Vf9u5IgrNeKhmeRI99WiNxH/8zrRkKaquPU0OzafRMeX3ZyKNNNE4FmQOGNQJ3DSE4yoJFizkSEIS2r+AnEfSYS1abNsSnIXK1km3lntqubenVfr10VbJXAEjsEpcMEFqINb0AAewOARvIBX8GY9W+/Wh/U5G12xip1DMAfr6xfqaKEh</latexit><latexit sha1_base64="rfTUFc89SzIeLGVgMItAvo/7img=">AAACGXicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxFamilpoocx2mt2k6wnUIV9U1ghfdgQqxMvAZPgNtmoC0nWTrdfZ++84Upo0o7zre1srq2vrFZ2ipv7+zu7duVg3uVZBITDycske0QKcKoIJ6mmpF2KgniISOtcHAz8VtDIhVNRFOPUtLlqCdoTDHSRgrsSjPIfZ75IhtDX5AH6AR21ak5U8Bl4hakCgo0AvvHjxKccSI0ZkipjuukupsjqSlmZFz2M0VShAeoRzqGCsSJ6ubT6GN4YpQIxok0T2g4Vf9u5IgrNeKhmeRI99WiNxH/8zrRkKaquPU0OzafRMeX3ZyKNNNE4FmQOGNQJ3DSE4yoJFizkSEIS2r+AnEfSYS1abNsSnIXK1km3lntqubenVfr10VbJXAEjsEpcMEFqINb0AAewOARvIBX8GY9W+/Wh/U5G12xip1DMAfr6xfqaKEh</latexit><latexit sha1_base64="rfTUFc89SzIeLGVgMItAvo/7img=">AAACGXicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxFamilpoocx2mt2k6wnUIV9U1ghfdgQqxMvAZPgNtmoC0nWTrdfZ++84Upo0o7zre1srq2vrFZ2ipv7+zu7duVg3uVZBITDycske0QKcKoIJ6mmpF2KgniISOtcHAz8VtDIhVNRFOPUtLlqCdoTDHSRgrsSjPIfZ75IhtDX5AH6AR21ak5U8Bl4hakCgo0AvvHjxKccSI0ZkipjuukupsjqSlmZFz2M0VShAeoRzqGCsSJ6ubT6GN4YpQIxok0T2g4Vf9u5IgrNeKhmeRI99WiNxH/8zrRkKaquPU0OzafRMeX3ZyKNNNE4FmQOGNQJ3DSE4yoJFizkSEIS2r+AnEfSYS1abNsSnIXK1km3lntqubenVfr10VbJXAEjsEpcMEFqINb0AAewOARvIBX8GY9W+/Wh/U5G12xip1DMAfr6xfqaKEh</latexit>

Note: 
Modes are invariant 
under 180º rotation 

⬇ 
Spin 2 particle 
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<latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit><latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit><latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit><latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit>
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<latexit sha1_base64="hGfvsIJ6GljcZKDw4Gpbv65vEfQ="></latexit><latexit sha1_base64="hGfvsIJ6GljcZKDw4Gpbv65vEfQ="></latexit><latexit sha1_base64="hGfvsIJ6GljcZKDw4Gpbv65vEfQ="></latexit><latexit sha1_base64="hGfvsIJ6GljcZKDw4Gpbv65vEfQ="></latexit>



A moment of hand-waving:  
Why is the leading contribution the quadrupole? 
 
GW should fall of as                    (energy conservation)


Multipole expansion of gravitational potential  
 
 
 
So by dimensional analysis 

The quadrupole

� = �Gm

r
+

Gqi
r2

+
Gqij
r3

+ · · ·
<latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit>

hij ⇠ 1/r
<latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit>
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<latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit>



A moment of hand-waving:  
Why is the leading contribution the quadrupole? 
 
GW should fall of as                    (energy conservation)


Multipole expansion of gravitational potential  
 
 
 
So by dimensional analysis 

The quadrupole
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<latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit>

hij ⇠ 1/r
<latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit>

No fluctuations:  
Mass conservation

@qi
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⇠ p
<latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit><latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit><latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit><latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit>

No fluctuations:  
Momentum conservation

hij ⇠
Gm

c2r
+

G

c3r

@qi
@t

+
G

c4r

@2qij
@t2

+ · · ·
<latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit>



A moment of hand-waving:  
Why is the leading contribution the quadrupole? 
 
GW should fall of as                    (energy conservation)


Multipole expansion of gravitational potential  
 
 
 
So by dimensional analysis 

The quadrupole

� = �Gm
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+ · · ·
<latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit><latexit sha1_base64="q8YZsxMt4NShsllLV6Rr3g8EbWA="></latexit>

hij ⇠ 1/r
<latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit><latexit sha1_base64="VQFeLEzvSPKjvt5XciwqJVMUmuk=">AAACF3icbVC9TsMwGHTKXyk/DTCyWFRITCVBSMBWwcJYJEIrtVHkOE5rajuR7VRUUV8EVngPJsTKyGvwBLhtBtpykqXT3ffpO1+YMqq043xbpZXVtfWN8mZla3tnt2rv7T+oJJOYeDhhiWyHSBFGBfE01Yy0U0kQDxlphYObid8aEqloIu71KCU+Rz1BY4qRNlJgV/tBTh/HsKsoh+6pDOyaU3emgMvELUgNFGgG9k83SnDGidCYIaU6rpNqP0dSU8zIuNLNFEkRHqAe6RgqECfKz6fBx/DYKBGME2me0HCq/t3IEVdqxEMzyZHuq0VvIv7ndaIhTVVx62l2bD6Jji/9nIo000TgWZA4Y1AncNISjKgkWLORIQhLav4CcR9JhLXpsmJKchcrWSbeWf2q7t6d1xrXRVtlcAiOwAlwwQVogFvQBB7AIAMv4BW8Wc/Wu/Vhfc5GS1axcwDmYH39AguRoB4=</latexit>

What about the equivalent “magnetic dipole”? 
Forbidden by conservation of angular momentum

No fluctuations:  
Mass conservation

@qi
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<latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit><latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit><latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit><latexit sha1_base64="MqxUWBNOW/G3AI5Q2aYdp3DBSwI=">AAACL3icbZC9TsMwEMcdPkv5CjCyWFQIpipBSMBWwcJYJEIrNVXkOE5r1UmM7VRUUR6Bl4EV3gMWxMrKE+C0EaItJ1n6+38+393P54xKZVnvxsLi0vLKamWtur6xubVt7uzeySQVmDg4YYlo+0gSRmPiKKoYaXNBUOQz0vIHV0W+NSRC0iS+VSNOuhHqxTSkGClteeaRGwqEM5cjoShi2b1H8/z3ClUOXUkjyD2zZtWtccB5YZeiBspoeua3GyQ4jUisMENSdmyLq25W/IsZyatuKglHeIB6pKNljCIiu9l4oRweaieAYSL0iRUcu38rMhRJOYp8/TJCqi9nc4X5X64TDCmXZa+HSbPpSVR43s1ozFNFYjwZJEw1hwQW9GBABcGKjbRAWFC9C8R9pAkqzbiqIdmzSOaFc1K/qNs3p7XGZUmrAvbBATgGNjgDDXANmsABGDyCZ/ACXo0n4834MD4nTxeMsmYPTIXx9QNulqtZ</latexit>

No fluctuations:  
Momentum conservation

In general quanta with spin    has multipoles   s
<latexit sha1_base64="HXlf1ISefbkZBdMI22uc8o/xD8Q=">AAACB3icbVDLTsJAFL3FF+ILdemmkZi4Iq0xUXdENy4hsUICDZlOb2HCdNrMTImE8AO61f9wZdz6Gf6GX+AAXQh4kklOzrk398wJUs6Udpxvq7C2vrG5Vdwu7ezu7R+UD48eVZJJih5NeCJbAVHImUBPM82xlUokccCxGQzupn5ziFKxRDzoUYp+THqCRYwSbaSG6pYrTtWZwV4lbk4qkKPeLf90woRmMQpNOVGq7Tqp9sdEakY5TkqdTGFK6ID0sG2oIDEqfzwLOrHPjBLaUSLNE9qeqX83xiRWahQHZjImuq+Wvan4n9cOhyxV+a2n+bHFJDq69sdMpJlGQedBoozbOrGnrdghk0g1HxlCqGTmLzbtE0moNt2VTEnuciWrxLuo3lTdxmWldpu3VYQTOIVzcOEKanAPdfCAAsILvMKb9Wy9Wx/W53y0YOU7x7AA6+sXdhmaiw==</latexit><latexit sha1_base64="HXlf1ISefbkZBdMI22uc8o/xD8Q=">AAACB3icbVDLTsJAFL3FF+ILdemmkZi4Iq0xUXdENy4hsUICDZlOb2HCdNrMTImE8AO61f9wZdz6Gf6GX+AAXQh4kklOzrk398wJUs6Udpxvq7C2vrG5Vdwu7ezu7R+UD48eVZJJih5NeCJbAVHImUBPM82xlUokccCxGQzupn5ziFKxRDzoUYp+THqCRYwSbaSG6pYrTtWZwV4lbk4qkKPeLf90woRmMQpNOVGq7Tqp9sdEakY5TkqdTGFK6ID0sG2oIDEqfzwLOrHPjBLaUSLNE9qeqX83xiRWahQHZjImuq+Wvan4n9cOhyxV+a2n+bHFJDq69sdMpJlGQedBoozbOrGnrdghk0g1HxlCqGTmLzbtE0moNt2VTEnuciWrxLuo3lTdxmWldpu3VYQTOIVzcOEKanAPdfCAAsILvMKb9Wy9Wx/W53y0YOU7x7AA6+sXdhmaiw==</latexit><latexit sha1_base64="HXlf1ISefbkZBdMI22uc8o/xD8Q=">AAACB3icbVDLTsJAFL3FF+ILdemmkZi4Iq0xUXdENy4hsUICDZlOb2HCdNrMTImE8AO61f9wZdz6Gf6GX+AAXQh4kklOzrk398wJUs6Udpxvq7C2vrG5Vdwu7ezu7R+UD48eVZJJih5NeCJbAVHImUBPM82xlUokccCxGQzupn5ziFKxRDzoUYp+THqCRYwSbaSG6pYrTtWZwV4lbk4qkKPeLf90woRmMQpNOVGq7Tqp9sdEakY5TkqdTGFK6ID0sG2oIDEqfzwLOrHPjBLaUSLNE9qeqX83xiRWahQHZjImuq+Wvan4n9cOhyxV+a2n+bHFJDq69sdMpJlGQedBoozbOrGnrdghk0g1HxlCqGTmLzbtE0moNt2VTEnuciWrxLuo3lTdxmWldpu3VYQTOIVzcOEKanAPdfCAAsILvMKb9Wy9Wx/W53y0YOU7x7AA6+sXdhmaiw==</latexit><latexit sha1_base64="HXlf1ISefbkZBdMI22uc8o/xD8Q=">AAACB3icbVDLTsJAFL3FF+ILdemmkZi4Iq0xUXdENy4hsUICDZlOb2HCdNrMTImE8AO61f9wZdz6Gf6GX+AAXQh4kklOzrk398wJUs6Udpxvq7C2vrG5Vdwu7ezu7R+UD48eVZJJih5NeCJbAVHImUBPM82xlUokccCxGQzupn5ziFKxRDzoUYp+THqCRYwSbaSG6pYrTtWZwV4lbk4qkKPeLf90woRmMQpNOVGq7Tqp9sdEakY5TkqdTGFK6ID0sG2oIDEqfzwLOrHPjBLaUSLNE9qeqX83xiRWahQHZjImuq+Wvan4n9cOhyxV+a2n+bHFJDq69sdMpJlGQedBoozbOrGnrdghk0g1HxlCqGTmLzbtE0moNt2VTEnuciWrxLuo3lTdxmWldpu3VYQTOIVzcOEKanAPdfCAAsILvMKb9Wy9Wx/W53y0YOU7x7AA6+sXdhmaiw==</latexit>

l � s
<latexit sha1_base64="D9u/mku2QROP/OE1pMpg2WODGis=">AAACDXicbVBLTgJBFHyDP8Qf6tJNR2LiiswYE3VHdOMSE0dIYEJ6eh7Qoedjdw+RTLiDbvUeroxbz+A1PIENzELASjqpVL2XV11+IrjStv1tFVZW19Y3ipulre2d3b3y/sGDilPJ0GWxiGXTpwoFj9DVXAtsJhJp6Ats+IObid8YolQ8ju71KEEvpL2Idzmj2kgN0e7hI1GdcsWu2lOQZeLkpAI56p3yTzuIWRpipJmgSrUcO9 FeRqXmTOC41E4VJpQNaA9bhkY0ROVl07hjcmKUgHRjaV6kyVT9u5HRUKlR6JvJkOq+WvQm4n9eKxjyROW3nmbH5pPo7qWX8ShJNUZsFqSbCqJjMumGBFwi02JkCGWSm78Q1qeSMm0aLJmSnMVKlol7Vr2qOnfnldp13lYRjuAYTsGBC6jBLdTBBQYDeIFXeLOerXfrw/qcjRasfOcQ5mB9/QLfNZzs</latexit><latexit sha1_base64="D9u/mku2QROP/OE1pMpg2WODGis=">AAACDXicbVBLTgJBFHyDP8Qf6tJNR2LiiswYE3VHdOMSE0dIYEJ6eh7Qoedjdw+RTLiDbvUeroxbz+A1PIENzELASjqpVL2XV11+IrjStv1tFVZW19Y3ipulre2d3b3y/sGDilPJ0GWxiGXTpwoFj9DVXAtsJhJp6Ats+IObid8YolQ8ju71KEEvpL2Idzmj2kgN0e7hI1GdcsWu2lOQZeLkpAI56p3yTzuIWRpipJmgSrUcO9 FeRqXmTOC41E4VJpQNaA9bhkY0ROVl07hjcmKUgHRjaV6kyVT9u5HRUKlR6JvJkOq+WvQm4n9eKxjyROW3nmbH5pPo7qWX8ShJNUZsFqSbCqJjMumGBFwi02JkCGWSm78Q1qeSMm0aLJmSnMVKlol7Vr2qOnfnldp13lYRjuAYTsGBC6jBLdTBBQYDeIFXeLOerXfrw/qcjRasfOcQ5mB9/QLfNZzs</latexit><latexit sha1_base64="D9u/mku2QROP/OE1pMpg2WODGis=">AAACDXicbVBLTgJBFHyDP8Qf6tJNR2LiiswYE3VHdOMSE0dIYEJ6eh7Qoedjdw+RTLiDbvUeroxbz+A1PIENzELASjqpVL2XV11+IrjStv1tFVZW19Y3ipulre2d3b3y/sGDilPJ0GWxiGXTpwoFj9DVXAtsJhJp6Ats+IObid8YolQ8ju71KEEvpL2Idzmj2kgN0e7hI1GdcsWu2lOQZeLkpAI56p3yTzuIWRpipJmgSrUcO9 FeRqXmTOC41E4VJpQNaA9bhkY0ROVl07hjcmKUgHRjaV6kyVT9u5HRUKlR6JvJkOq+WvQm4n9eKxjyROW3nmbH5pPo7qWX8ShJNUZsFqSbCqJjMumGBFwi02JkCGWSm78Q1qeSMm0aLJmSnMVKlol7Vr2qOnfnldp13lYRjuAYTsGBC6jBLdTBBQYDeIFXeLOerXfrw/qcjRasfOcQ5mB9/QLfNZzs</latexit><latexit sha1_base64="D9u/mku2QROP/OE1pMpg2WODGis=">AAACDXicbVBLTgJBFHyDP8Qf6tJNR2LiiswYE3VHdOMSE0dIYEJ6eh7Qoedjdw+RTLiDbvUeroxbz+A1PIENzELASjqpVL2XV11+IrjStv1tFVZW19Y3ipulre2d3b3y/sGDilPJ0GWxiGXTpwoFj9DVXAtsJhJp6Ats+IObid8YolQ8ju71KEEvpL2Idzmj2kgN0e7hI1GdcsWu2lOQZeLkpAI56p3yTzuIWRpipJmgSrUcO9 FeRqXmTOC41E4VJpQNaA9bhkY0ROVl07hjcmKUgHRjaV6kyVT9u5HRUKlR6JvJkOq+WvQm4n9eKxjyROW3nmbH5pPo7qWX8ShJNUZsFqSbCqJjMumGBFwi02JkCGWSm78Q1qeSMm0aLJmSnMVKlol7Vr2qOnfnldp13lYRjuAYTsGBC6jBLdTBBQYDeIFXeLOerXfrw/qcjRasfOcQ5mB9/QLfNZzs</latexit>

hij ⇠
Gm

c2r
+

G

c3r

@qi
@t

+
G

c4r

@2qij
@t2

+ · · ·
<latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit><latexit sha1_base64="T2rmxZDvB5MVkoQd+W0V0wWaPXA="></latexit>



Going back to the solution


These perturbations are tiny:


Crude estimate for a black hole binary:


Assuming close by BHs, masses             
and located in the Virgo cluster (                      ) 


 
 

How can these tiny fluctuations be measured?

Estimating the amplitude of GW

2G/c4 ⇠ 10�44
<latexit sha1_base64="n5BY8KXhVo/eVVZ7k2MPZfSXv8Y=">AAACHHicbVDLTsJAFJ3iC/FVHzs3E4mJG7ElTdQd0YUuMbFCAoVMpwNMmE6bmSkRG75Ft/ofroxbE3/DL3CALgQ8ySQn59ybe+b4MaNSWda3kVtaXlldy68XNja3tnfM3b0HGSUCExdHLBJ1H0nCKCeuooqReiwICn1Gan7/euzXBkRIGvF7NYyJF6Iupx2KkdJS2zwo35zhlgObkobQtlrpqeOM2mbRKlkTwEViZ6QIMlTb5k8ziHASEq4wQ1I2bCtWXoqEopiRUaGZSBIj3Edd0tCUo5BIL52kH8FjrQSwEwn9uIIT9e9GikIph6GvJ0OkenLeG4v/eY1gQGOZ3XqcHptNojoXXkp5nCjC8TRIJ2FQRXBcFQyoIFixoSYIC6r/AnEPCYSVLrSgS7LnK1kkbrl0WbLvnGLlKmsrDw7BETgBNjgHFXALqsAFGDyBF/AK3oxn4934MD6nozkj29kHMzC+fgGs56DV</latexit><latexit sha1_base64="n5BY8KXhVo/eVVZ7k2MPZfSXv8Y=">AAACHHicbVDLTsJAFJ3iC/FVHzs3E4mJG7ElTdQd0YUuMbFCAoVMpwNMmE6bmSkRG75Ft/ofroxbE3/DL3CALgQ8ySQn59ybe+b4MaNSWda3kVtaXlldy68XNja3tnfM3b0HGSUCExdHLBJ1H0nCKCeuooqReiwICn1Gan7/euzXBkRIGvF7NYyJF6Iupx2KkdJS2zwo35zhlgObkobQtlrpqeOM2mbRKlkTwEViZ6QIMlTb5k8ziHASEq4wQ1I2bCtWXoqEopiRUaGZSBIj3Edd0tCUo5BIL52kH8FjrQSwEwn9uIIT9e9GikIph6GvJ0OkenLeG4v/eY1gQGOZ3XqcHptNojoXXkp5nCjC8TRIJ2FQRXBcFQyoIFixoSYIC6r/AnEPCYSVLrSgS7LnK1kkbrl0WbLvnGLlKmsrDw7BETgBNjgHFXALqsAFGDyBF/AK3oxn4934MD6nozkj29kHMzC+fgGs56DV</latexit><latexit sha1_base64="n5BY8KXhVo/eVVZ7k2MPZfSXv8Y=">AAACHHicbVDLTsJAFJ3iC/FVHzs3E4mJG7ElTdQd0YUuMbFCAoVMpwNMmE6bmSkRG75Ft/ofroxbE3/DL3CALgQ8ySQn59ybe+b4MaNSWda3kVtaXlldy68XNja3tnfM3b0HGSUCExdHLBJ1H0nCKCeuooqReiwICn1Gan7/euzXBkRIGvF7NYyJF6Iupx2KkdJS2zwo35zhlgObkobQtlrpqeOM2mbRKlkTwEViZ6QIMlTb5k8ziHASEq4wQ1I2bCtWXoqEopiRUaGZSBIj3Edd0tCUo5BIL52kH8FjrQSwEwn9uIIT9e9GikIph6GvJ0OkenLeG4v/eY1gQGOZ3XqcHptNojoXXkp5nCjC8TRIJ2FQRXBcFQyoIFixoSYIC6r/AnEPCYSVLrSgS7LnK1kkbrl0WbLvnGLlKmsrDw7BETgBNjgHFXALqsAFGDyBF/AK3oxn4934MD6nozkj29kHMzC+fgGs56DV</latexit><latexit sha1_base64="n5BY8KXhVo/eVVZ7k2MPZfSXv8Y=">AAACHHicbVDLTsJAFJ3iC/FVHzs3E4mJG7ElTdQd0YUuMbFCAoVMpwNMmE6bmSkRG75Ft/ofroxbE3/DL3CALgQ8ySQn59ybe+b4MaNSWda3kVtaXlldy68XNja3tnfM3b0HGSUCExdHLBJ1H0nCKCeuooqReiwICn1Gan7/euzXBkRIGvF7NYyJF6Iupx2KkdJS2zwo35zhlgObkobQtlrpqeOM2mbRKlkTwEViZ6QIMlTb5k8ziHASEq4wQ1I2bCtWXoqEopiRUaGZSBIj3Edd0tCUo5BIL52kH8FjrQSwEwn9uIIT9e9GikIph6GvJ0OkenLeG4v/eY1gQGOZ3XqcHptNojoXXkp5nCjC8TRIJ2FQRXBcFQyoIFixoSYIC6r/AnEPCYSVLrSgS7LnK1kkbrl0WbLvnGLlKmsrDw7BETgBNjgHFXALqsAFGDyBF/AK3oxn4934MD6nozkj29kHMzC+fgGs56DV</latexit>

h̄ij(t,x) =
2G

rc4
d2

dt2
qij(t� r/c)

<latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit><latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit><latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit><latexit sha1_base64="Xq9grkXtzuuJyoIxlqQMwS4z5jk="></latexit>

|h| ⇠ RS1RS2

R0r
<latexit sha1_base64="vqO7pJrhgV5vqvjL1KkZzrFE5xw=">AAACLHicbVBLTsMwEHXKr5RfgCUbi4LEqkoqJGBXwYZl+ZRWaqLIcZzWqvOR7VRUaS7AZWAL92CBEFsOwAlw0yxoy5Msv3kzo5l5bsyokIbxoZWWlldW18rrlY3Nre0dfXfvQUQJx6SFIxbxjosEYTQkLUklI52YExS4jLTdwdUk3x4SLmgU3stRTOwA9ULqU4ykkhz9aNwfQ0vQAFo+Rzi9ddI7x8zyr55lKjZ45uhVo2bkgIvELEgVFGg6+o/lRTgJSCgxQ0J0TSOWdoq4pJiRrGIlgsQID1CPdBUNUUCEnebXZPBYKR70I65eKGGu/u1IUSDEKHBVZYBkX8znJuJ/ua43pLEoZj1Oh81uIv1zO6VhnEgS4ukifsKgjODEOuhRTrBkI0UQ5lTdAnEfKdekMriiTDLnLVkkrXrtombenFYbl4VbZXAADsEJMMEZaIBr0AQtgMETeAGv4E171t61T+1rWlrSip59MAPt+xd8IqlA</latexit><latexit sha1_base64="vqO7pJrhgV5vqvjL1KkZzrFE5xw=">AAACLHicbVBLTsMwEHXKr5RfgCUbi4LEqkoqJGBXwYZl+ZRWaqLIcZzWqvOR7VRUaS7AZWAL92CBEFsOwAlw0yxoy5Msv3kzo5l5bsyokIbxoZWWlldW18rrlY3Nre0dfXfvQUQJx6SFIxbxjosEYTQkLUklI52YExS4jLTdwdUk3x4SLmgU3stRTOwA9ULqU4ykkhz9aNwfQ0vQAFo+Rzi9ddI7x8zyr55lKjZ45uhVo2bkgIvELEgVFGg6+o/lRTgJSCgxQ0J0TSOWdoq4pJiRrGIlgsQID1CPdBUNUUCEnebXZPBYKR70I65eKGGu/u1IUSDEKHBVZYBkX8znJuJ/ua43pLEoZj1Oh81uIv1zO6VhnEgS4ukifsKgjODEOuhRTrBkI0UQ5lTdAnEfKdekMriiTDLnLVkkrXrtombenFYbl4VbZXAADsEJMMEZaIBr0AQtgMETeAGv4E171t61T+1rWlrSip59MAPt+xd8IqlA</latexit><latexit sha1_base64="vqO7pJrhgV5vqvjL1KkZzrFE5xw=">AAACLHicbVBLTsMwEHXKr5RfgCUbi4LEqkoqJGBXwYZl+ZRWaqLIcZzWqvOR7VRUaS7AZWAL92CBEFsOwAlw0yxoy5Msv3kzo5l5bsyokIbxoZWWlldW18rrlY3Nre0dfXfvQUQJx6SFIxbxjosEYTQkLUklI52YExS4jLTdwdUk3x4SLmgU3stRTOwA9ULqU4ykkhz9aNwfQ0vQAFo+Rzi9ddI7x8zyr55lKjZ45uhVo2bkgIvELEgVFGg6+o/lRTgJSCgxQ0J0TSOWdoq4pJiRrGIlgsQID1CPdBUNUUCEnebXZPBYKR70I65eKGGu/u1IUSDEKHBVZYBkX8znJuJ/ua43pLEoZj1Oh81uIv1zO6VhnEgS4ukifsKgjODEOuhRTrBkI0UQ5lTdAnEfKdekMriiTDLnLVkkrXrtombenFYbl4VbZXAADsEJMMEZaIBr0AQtgMETeAGv4E171t61T+1rWlrSip59MAPt+xd8IqlA</latexit><latexit sha1_base64="vqO7pJrhgV5vqvjL1KkZzrFE5xw=">AAACLHicbVBLTsMwEHXKr5RfgCUbi4LEqkoqJGBXwYZl+ZRWaqLIcZzWqvOR7VRUaS7AZWAL92CBEFsOwAlw0yxoy5Msv3kzo5l5bsyokIbxoZWWlldW18rrlY3Nre0dfXfvQUQJx6SFIxbxjosEYTQkLUklI52YExS4jLTdwdUk3x4SLmgU3stRTOwA9ULqU4ykkhz9aNwfQ0vQAFo+Rzi9ddI7x8zyr55lKjZ45uhVo2bkgIvELEgVFGg6+o/lRTgJSCgxQ0J0TSOWdoq4pJiRrGIlgsQID1CPdBUNUUCEnebXZPBYKR70I65eKGGu/u1IUSDEKHBVZYBkX8znJuJ/ua43pLEoZj1Oh81uIv1zO6VhnEgS4ukifsKgjODEOuhRTrBkI0UQ5lTdAnEfKdekMriiTDLnLVkkrXrtombenFYbl4VbZXAADsEJMMEZaIBr0AQtgMETeAGv4E171t61T+1rWlrSip59MAPt+xd8IqlA</latexit>

|h| ⇠ 10�21
<latexit sha1_base64="LdXKannf4wjcuiAbgYXzhxQnFow=">AAACGXicbVDNTgIxGOziH+LfokcvjcTEi2SXmKg3ohePmLhCAki63S40tN1N20XJwpvoVd/Dk/HqydfwCSywBwEnaTKZ+b580/FjRpV2nG8rt7K6tr6R3yxsbe/s7tnF/XsVJRITD0cskg0fKcKoIJ6mmpFGLAniPiN1v3898esDIhWNxJ0exqTNUVfQkGKkjdSxi6PeCLYU5dB1HtLTijvu2CWn7EwBl4mbkRLIUOvYP60gwgknQmOGlGq6TqzbKZKaYkbGhVaiSIxwH3VJ01CBOFHtdBp9DI+NEsAwkuYJDafq340UcaWG3DeTHOmeWvQm4n9eMxjQWGW3nmbH5pPo8KKdUhEnmgg8CxImDOoITnqCAZUEazY0BGFJzV8g7iGJsDZtFkxJ7mIly8SrlC/L7u1ZqXqVtZUHh+AInAAXnIMquAE14AEMHsELeAVv1rP1bn1Yn7PRnJXtHIA5WF+/y0KgdQ==</latexit><latexit sha1_base64="LdXKannf4wjcuiAbgYXzhxQnFow=">AAACGXicbVDNTgIxGOziH+LfokcvjcTEi2SXmKg3ohePmLhCAki63S40tN1N20XJwpvoVd/Dk/HqydfwCSywBwEnaTKZ+b580/FjRpV2nG8rt7K6tr6R3yxsbe/s7tnF/XsVJRITD0cskg0fKcKoIJ6mmpFGLAniPiN1v3898esDIhWNxJ0exqTNUVfQkGKkjdSxi6PeCLYU5dB1HtLTijvu2CWn7EwBl4mbkRLIUOvYP60gwgknQmOGlGq6TqzbKZKaYkbGhVaiSIxwH3VJ01CBOFHtdBp9DI+NEsAwkuYJDafq340UcaWG3DeTHOmeWvQm4n9eMxjQWGW3nmbH5pPo8KKdUhEnmgg8CxImDOoITnqCAZUEazY0BGFJzV8g7iGJsDZtFkxJ7mIly8SrlC/L7u1ZqXqVtZUHh+AInAAXnIMquAE14AEMHsELeAVv1rP1bn1Yn7PRnJXtHIA5WF+/y0KgdQ==</latexit><latexit sha1_base64="LdXKannf4wjcuiAbgYXzhxQnFow=">AAACGXicbVDNTgIxGOziH+LfokcvjcTEi2SXmKg3ohePmLhCAki63S40tN1N20XJwpvoVd/Dk/HqydfwCSywBwEnaTKZ+b580/FjRpV2nG8rt7K6tr6R3yxsbe/s7tnF/XsVJRITD0cskg0fKcKoIJ6mmpFGLAniPiN1v3898esDIhWNxJ0exqTNUVfQkGKkjdSxi6PeCLYU5dB1HtLTijvu2CWn7EwBl4mbkRLIUOvYP60gwgknQmOGlGq6TqzbKZKaYkbGhVaiSIxwH3VJ01CBOFHtdBp9DI+NEsAwkuYJDafq340UcaWG3DeTHOmeWvQm4n9eMxjQWGW3nmbH5pPo8KKdUhEnmgg8CxImDOoITnqCAZUEazY0BGFJzV8g7iGJsDZtFkxJ7mIly8SrlC/L7u1ZqXqVtZUHh+AInAAXnIMquAE14AEMHsELeAVv1rP1bn1Yn7PRnJXtHIA5WF+/y0KgdQ==</latexit><latexit sha1_base64="LdXKannf4wjcuiAbgYXzhxQnFow=">AAACGXicbVDNTgIxGOziH+LfokcvjcTEi2SXmKg3ohePmLhCAki63S40tN1N20XJwpvoVd/Dk/HqydfwCSywBwEnaTKZ+b580/FjRpV2nG8rt7K6tr6R3yxsbe/s7tnF/XsVJRITD0cskg0fKcKoIJ6mmpFGLAniPiN1v3898esDIhWNxJ0exqTNUVfQkGKkjdSxi6PeCLYU5dB1HtLTijvu2CWn7EwBl4mbkRLIUOvYP60gwgknQmOGlGq6TqzbKZKaYkbGhVaiSIxwH3VJ01CBOFHtdBp9DI+NEsAwkuYJDafq340UcaWG3DeTHOmeWvQm4n9eMxjQWGW3nmbH5pPo8KKdUhEnmgg8CxImDOoITnqCAZUEazY0BGFJzV8g7iGJsDZtFkxJ7mIly8SrlC/L7u1ZqXqVtZUHh+AInAAXnIMquAE14AEMHsELeAVv1rP1bn1Yn7PRnJXtHIA5WF+/y0KgdQ==</latexit>

RS1
<latexit sha1_base64="gJPOjN3RLv9ZEEd+mrMp5ywwPxc=">AAACDXicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047I+YgttCJPJpB06mYSZSbGE/oNu9T9ciVu/wd/wC5y2WdjWAwOHc+7lnjlBypnStv1tLS2vrK6tlzbKm1vbO7uVvf1HlWSSUJckPJGtACvKmaCuZprTViopjgNOm0H/euw3B1QqlogHPUypF+OuYBEjWBupeefn974z8itVu2ZPgBaJU5AqFGj4lZ9OmJAspkITjpVqO3aqvRxLzQino3InUzTFpI+7tG2owDFVXj6JO0LHRglRlEjzhEYT9e9GjmOlhnFgJmOse2reG4v/ee1wwFJV3HqaHptNoqMLL2cizTQVZBokyjjSCRp3g0ImKdF8aAgmkpm/INLDEhNtGiybkpz5ShaJe1q7rDm3Z9X6VdFWCQ7hCE7AgXOoww00wAUCfXiBV3iznq1368P6nI4uWcXOAczA+voFywuc4A==</latexit><latexit sha1_base64="gJPOjN3RLv9ZEEd+mrMp5ywwPxc=">AAACDXicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047I+YgttCJPJpB06mYSZSbGE/oNu9T9ciVu/wd/wC5y2WdjWAwOHc+7lnjlBypnStv1tLS2vrK6tlzbKm1vbO7uVvf1HlWSSUJckPJGtACvKmaCuZprTViopjgNOm0H/euw3B1QqlogHPUypF+OuYBEjWBupeefn974z8itVu2ZPgBaJU5AqFGj4lZ9OmJAspkITjpVqO3aqvRxLzQino3InUzTFpI+7tG2owDFVXj6JO0LHRglRlEjzhEYT9e9GjmOlhnFgJmOse2reG4v/ee1wwFJV3HqaHptNoqMLL2cizTQVZBokyjjSCRp3g0ImKdF8aAgmkpm/INLDEhNtGiybkpz5ShaJe1q7rDm3Z9X6VdFWCQ7hCE7AgXOoww00wAUCfXiBV3iznq1368P6nI4uWcXOAczA+voFywuc4A==</latexit><latexit sha1_base64="gJPOjN3RLv9ZEEd+mrMp5ywwPxc=">AAACDXicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047I+YgttCJPJpB06mYSZSbGE/oNu9T9ciVu/wd/wC5y2WdjWAwOHc+7lnjlBypnStv1tLS2vrK6tlzbKm1vbO7uVvf1HlWSSUJckPJGtACvKmaCuZprTViopjgNOm0H/euw3B1QqlogHPUypF+OuYBEjWBupeefn974z8itVu2ZPgBaJU5AqFGj4lZ9OmJAspkITjpVqO3aqvRxLzQino3InUzTFpI+7tG2owDFVXj6JO0LHRglRlEjzhEYT9e9GjmOlhnFgJmOse2reG4v/ee1wwFJV3HqaHptNoqMLL2cizTQVZBokyjjSCRp3g0ImKdF8aAgmkpm/INLDEhNtGiybkpz5ShaJe1q7rDm3Z9X6VdFWCQ7hCE7AgXOoww00wAUCfXiBV3iznq1368P6nI4uWcXOAczA+voFywuc4A==</latexit><latexit sha1_base64="gJPOjN3RLv9ZEEd+mrMp5ywwPxc=">AAACDXicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047I+YgttCJPJpB06mYSZSbGE/oNu9T9ciVu/wd/wC5y2WdjWAwOHc+7lnjlBypnStv1tLS2vrK6tlzbKm1vbO7uVvf1HlWSSUJckPJGtACvKmaCuZprTViopjgNOm0H/euw3B1QqlogHPUypF+OuYBEjWBupeefn974z8itVu2ZPgBaJU5AqFGj4lZ9OmJAspkITjpVqO3aqvRxLzQino3InUzTFpI+7tG2owDFVXj6JO0LHRglRlEjzhEYT9e9GjmOlhnFgJmOse2reG4v/ee1wwFJV3HqaHptNoqMLL2cizTQVZBokyjjSCRp3g0ImKdF8aAgmkpm/INLDEhNtGiybkpz5ShaJe1q7rDm3Z9X6VdFWCQ7hCE7AgXOoww00wAUCfXiBV3iznq1368P6nI4uWcXOAczA+voFywuc4A==</latexit>

RS2
<latexit sha1_base64="uMIc+yLBG8ah8CUUmnGg4Nh8WP8=">AAACDXicbVDLTsJAFL3FF+ILdelmIjFxRVpiou6Iblzio0ICTTOdDjBhOm1mpkTS8A+61f9wZdz6Df6GX+AAXQh4kklOzrk398wJEs6Utu1vq7Cyura+UdwsbW3v7O6V9w8eVZxKQl0S81i2AqwoZ4K6mmlOW4mkOAo4bQaD64nfHFKpWCwe9CihXoR7gnUZwdpIzTs/u/drY79csav2FGiZODmpQI6GX/7phDFJIyo04ViptmMn2suw1IxwOi51UkUTTAa4R9uGChxR5WXTuGN0YpQQdWNpntBoqv7dyHCk1CgKzGSEdV8tehPxP68dDlmi8ltPs2PzSXT3wsuYSFJNBZkF6aYc6RhNukEhk5RoPjIEE8nMXxDpY4mJNg2WTEnOYiXLxK1VL6vO7VmlfpW3VYQjOIZTcOAc6nADDXCBwABe4BXerGfr3fqwPmejBSvfOYQ5WF+/zK+c4Q==</latexit><latexit sha1_base64="uMIc+yLBG8ah8CUUmnGg4Nh8WP8=">AAACDXicbVDLTsJAFL3FF+ILdelmIjFxRVpiou6Iblzio0ICTTOdDjBhOm1mpkTS8A+61f9wZdz6Df6GX+AAXQh4kklOzrk398wJEs6Utu1vq7Cyura+UdwsbW3v7O6V9w8eVZxKQl0S81i2AqwoZ4K6mmlOW4mkOAo4bQaD64nfHFKpWCwe9CihXoR7gnUZwdpIzTs/u/drY79csav2FGiZODmpQI6GX/7phDFJIyo04ViptmMn2suw1IxwOi51UkUTTAa4R9uGChxR5WXTuGN0YpQQdWNpntBoqv7dyHCk1CgKzGSEdV8tehPxP68dDlmi8ltPs2PzSXT3wsuYSFJNBZkF6aYc6RhNukEhk5RoPjIEE8nMXxDpY4mJNg2WTEnOYiXLxK1VL6vO7VmlfpW3VYQjOIZTcOAc6nADDXCBwABe4BXerGfr3fqwPmejBSvfOYQ5WF+/zK+c4Q==</latexit><latexit sha1_base64="uMIc+yLBG8ah8CUUmnGg4Nh8WP8=">AAACDXicbVDLTsJAFL3FF+ILdelmIjFxRVpiou6Iblzio0ICTTOdDjBhOm1mpkTS8A+61f9wZdz6Df6GX+AAXQh4kklOzrk398wJEs6Utu1vq7Cyura+UdwsbW3v7O6V9w8eVZxKQl0S81i2AqwoZ4K6mmlOW4mkOAo4bQaD64nfHFKpWCwe9CihXoR7gnUZwdpIzTs/u/drY79csav2FGiZODmpQI6GX/7phDFJIyo04ViptmMn2suw1IxwOi51UkUTTAa4R9uGChxR5WXTuGN0YpQQdWNpntBoqv7dyHCk1CgKzGSEdV8tehPxP68dDlmi8ltPs2PzSXT3wsuYSFJNBZkF6aYc6RhNukEhk5RoPjIEE8nMXxDpY4mJNg2WTEnOYiXLxK1VL6vO7VmlfpW3VYQjOIZTcOAc6nADDXCBwABe4BXerGfr3fqwPmejBSvfOYQ5WF+/zK+c4Q==</latexit><latexit sha1_base64="uMIc+yLBG8ah8CUUmnGg4Nh8WP8=">AAACDXicbVDLTsJAFL3FF+ILdelmIjFxRVpiou6Iblzio0ICTTOdDjBhOm1mpkTS8A+61f9wZdz6Df6GX+AAXQh4kklOzrk398wJEs6Utu1vq7Cyura+UdwsbW3v7O6V9w8eVZxKQl0S81i2AqwoZ4K6mmlOW4mkOAo4bQaD64nfHFKpWCwe9CihXoR7gnUZwdpIzTs/u/drY79csav2FGiZODmpQI6GX/7phDFJIyo04ViptmMn2suw1IxwOi51UkUTTAa4R9uGChxR5WXTuGN0YpQQdWNpntBoqv7dyHCk1CgKzGSEdV8tehPxP68dDlmi8ltPs2PzSXT3wsuYSFJNBZkF6aYc6RhNukEhk5RoPjIEE8nMXxDpY4mJNg2WTEnOYiXLxK1VL6vO7VmlfpW3VYQjOIZTcOAc6nADDXCBwABe4BXerGfr3fqwPmejBSvfOYQ5WF+/zK+c4Q==</latexit>
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r ⇡ 15Mpc
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Proposition: Time difference of light travelling in one arm?

In principle possible, but less attractive 

➡ Laser interferometry: 
- Quadrupole nature of waves makes Michelson interferometer ideal


 

 
 
 
Need long distances and high precision since 
 

Measurement principle

LIG
O

/T. Pyle

⇠ 10�15 m
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�L = L · h ⇡ L · 10�21
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How are gravitational waves produced
Need the following 
ingredients:


- Very compact


- Relativistic


- Non spherically 
symmetric mass 
distribution


- Strongly time-
varying quadrupole 
moment


- Close enough for 
observation 



Sources of Gravitational Waves

Well-defined 

Compact binary coalescene: 
Short-lived signal form inspiraling 
of two compact objects like e.g. 
neutron stars or black holes 
(first GW observation)


Continuous wave: 
Long-lived signal from e.g. spinning 
(non-axisymmetric) neutron stars




Sources of Gravitational Waves

Not so well-defined … 

Bursts: 
Very short-lived, poorly known 
transients as e.g. produced 
from supernovae


Stochastic background: 
Long-lived superposition of 
incoherent sources, e.g. 
primordial gravitational waves 
from CMB (see second part)



To see how a coalescence signal is produced we have to look at the 
total energy luminosity in the radiation zone


Information encoded in third time derivative of quadrupole moment 


(Over)simple Example: 
Two objects of mass      inspiraling on circular 
orbit of radius     and angular velocity    


Total energy 


Energy loss 

First discovery: Black hole merger

L =
G

5 c5
h
...
q ij

...
q
ij
i
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<latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit>

y
<latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit>

z
<latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit>

qij
<latexit sha1_base64="GNvSavowbmf1OGLEG/NSy7IdBlI=">AAAB7nicbVBNS8NAEJ31s9avqkcvi0XwVBIR1FvRi8cKxhbaWDbbTbt2s0l3N0IJ+RNePKh49fd489+4bXPQ1gcDj/dmmJkXJIJr4zjfaGl5ZXVtvbRR3tza3tmt7O3f6zhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG1xO/+cSU5rG8M+OE+RHpSx5ySoyVWtkof8j4Y96tVJ2aMwVeJG5BqlCg0a18dXoxTSMmDRVE67brJMbPiDKcCpaXO6lmCaFD0mdtSyWJmPaz6b05PrZKD4exsiUNnqq/JzISaT2OAtsZETPQ895E/M9rpya88DMuk9QwSWeLwlRgE+PJ87jHFaNGjC0hVHF7K6YDogg1NqKyDcGdf3mReKe1y5p7e1atXxVplOAQjuAEXDiHOtxAAzygIOAZXuENjdALekcfs9YlVMwcwB+gzx8UP5Aw</latexit><latexit sha1_base64="GNvSavowbmf1OGLEG/NSy7IdBlI=">AAAB7nicbVBNS8NAEJ31s9avqkcvi0XwVBIR1FvRi8cKxhbaWDbbTbt2s0l3N0IJ+RNePKh49fd489+4bXPQ1gcDj/dmmJkXJIJr4zjfaGl5ZXVtvbRR3tza3tmt7O3f6zhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG1xO/+cSU5rG8M+OE+RHpSx5ySoyVWtkof8j4Y96tVJ2aMwVeJG5BqlCg0a18dXoxTSMmDRVE67brJMbPiDKcCpaXO6lmCaFD0mdtSyWJmPaz6b05PrZKD4exsiUNnqq/JzISaT2OAtsZETPQ895E/M9rpya88DMuk9QwSWeLwlRgE+PJ87jHFaNGjC0hVHF7K6YDogg1NqKyDcGdf3mReKe1y5p7e1atXxVplOAQjuAEXDiHOtxAAzygIOAZXuENjdALekcfs9YlVMwcwB+gzx8UP5Aw</latexit><latexit sha1_base64="GNvSavowbmf1OGLEG/NSy7IdBlI=">AAAB7nicbVBNS8NAEJ31s9avqkcvi0XwVBIR1FvRi8cKxhbaWDbbTbt2s0l3N0IJ+RNePKh49fd489+4bXPQ1gcDj/dmmJkXJIJr4zjfaGl5ZXVtvbRR3tza3tmt7O3f6zhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG1xO/+cSU5rG8M+OE+RHpSx5ySoyVWtkof8j4Y96tVJ2aMwVeJG5BqlCg0a18dXoxTSMmDRVE67brJMbPiDKcCpaXO6lmCaFD0mdtSyWJmPaz6b05PrZKD4exsiUNnqq/JzISaT2OAtsZETPQ895E/M9rpya88DMuk9QwSWeLwlRgE+PJ87jHFaNGjC0hVHF7K6YDogg1NqKyDcGdf3mReKe1y5p7e1atXxVplOAQjuAEXDiHOtxAAzygIOAZXuENjdALekcfs9YlVMwcwB+gzx8UP5Aw</latexit><latexit sha1_base64="GNvSavowbmf1OGLEG/NSy7IdBlI=">AAAB7nicbVBNS8NAEJ31s9avqkcvi0XwVBIR1FvRi8cKxhbaWDbbTbt2s0l3N0IJ+RNePKh49fd489+4bXPQ1gcDj/dmmJkXJIJr4zjfaGl5ZXVtvbRR3tza3tmt7O3f6zhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG1xO/+cSU5rG8M+OE+RHpSx5ySoyVWtkof8j4Y96tVJ2aMwVeJG5BqlCg0a18dXoxTSMmDRVE67brJMbPiDKcCpaXO6lmCaFD0mdtSyWJmPaz6b05PrZKD4exsiUNnqq/JzISaT2OAtsZETPQ895E/M9rpya88DMuk9QwSWeLwlRgE+PJ87jHFaNGjC0hVHF7K6YDogg1NqKyDcGdf3mReKe1y5p7e1atXxVplOAQjuAEXDiHOtxAAzygIOAZXuENjdALekcfs9YlVMwcwB+gzx8UP5Aw</latexit>

M
<latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit>

R
<latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit><latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit><latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit><latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit>

M
<latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit>

M
<latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit><latexit sha1_base64="2bCVaGjBVkw40Ey6VQ8hhrpoyIg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EFowttKFsttN27WYTdjdCCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQx9FotYtUKqUXCJvuFGYCtRSKNQYDMc3Uz95hMqzWN5b8YJBhEdSN7njBorNe665YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks0Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX9yyDjMkkNSjZf1E8FMTGZfk16XCEzYmwJZYrbWwkbUkWZsdmUbAje4svLxD+rXlW9xnmldp2nUYQjOIZT8OACanALdfCBAcIzvMKb8+i8OO/Ox7y14OQzh/AHzucPE56MpQ==</latexit>

R
<latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit><latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit><latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit><latexit sha1_base64="Bh/T0gTW4VSXn/yV2g8uGUc8oeU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMbbQhrLZTtu1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+W9GScYRHQgeZ8zaqzUuOuWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Oo/PivDsf89aCk88cwh84nz8bLYyq</latexit>

dE

dt
=

GM2

4R2

dR

dt
<latexit sha1_base64="t9XIGg2kQxrLhZOuOT28i7ShFig=">AAACOnicbVDLSgMxFM3UV62vUZdugkVwVWZKQV0IRRHdCLU4ttAZSybNtKGZB0lGKMP8lxt/wp0bNy5U3PoBZtoBbeuFhJNzzyH3HjdiVEjDeNEKC4tLyyvF1dLa+sbmlr69cyfCmGNi4ZCFvO0iQRgNiCWpZKQdcYJ8l5GWOzzP+q0HwgUNg1s5iojjo35APYqRVFRXb9oeRziBto/kgPtJL71Ik9+HTE8ngsvr+2qa1JrqnnM0px1dvWxUjHHBeWDmoAzyanT1Z7sX4tgngcQMCdExjUg6CeKSYkbSkh0LEiE8RH3SUTBAPhFOMt49hQeK6UEv5OoEEo7Zv44E+UKMfFcpsxnFbC8j/+t1YukdOwkNoliSAE8+8mIGZQizIGGPcoIlGymAMKdqVogHSEUjVdwlFYI5u/I8sKqVk4p5UyvXz/I0imAP7INDYIIjUAdXoAEsgMEjeAXv4EN70t60T+1rIi1ouWcXTJX2/QPclrCl</latexit><latexit sha1_base64="t9XIGg2kQxrLhZOuOT28i7ShFig=">AAACOnicbVDLSgMxFM3UV62vUZdugkVwVWZKQV0IRRHdCLU4ttAZSybNtKGZB0lGKMP8lxt/wp0bNy5U3PoBZtoBbeuFhJNzzyH3HjdiVEjDeNEKC4tLyyvF1dLa+sbmlr69cyfCmGNi4ZCFvO0iQRgNiCWpZKQdcYJ8l5GWOzzP+q0HwgUNg1s5iojjo35APYqRVFRXb9oeRziBto/kgPtJL71Ik9+HTE8ngsvr+2qa1JrqnnM0px1dvWxUjHHBeWDmoAzyanT1Z7sX4tgngcQMCdExjUg6CeKSYkbSkh0LEiE8RH3SUTBAPhFOMt49hQeK6UEv5OoEEo7Zv44E+UKMfFcpsxnFbC8j/+t1YukdOwkNoliSAE8+8mIGZQizIGGPcoIlGymAMKdqVogHSEUjVdwlFYI5u/I8sKqVk4p5UyvXz/I0imAP7INDYIIjUAdXoAEsgMEjeAXv4EN70t60T+1rIi1ouWcXTJX2/QPclrCl</latexit><latexit sha1_base64="t9XIGg2kQxrLhZOuOT28i7ShFig=">AAACOnicbVDLSgMxFM3UV62vUZdugkVwVWZKQV0IRRHdCLU4ttAZSybNtKGZB0lGKMP8lxt/wp0bNy5U3PoBZtoBbeuFhJNzzyH3HjdiVEjDeNEKC4tLyyvF1dLa+sbmlr69cyfCmGNi4ZCFvO0iQRgNiCWpZKQdcYJ8l5GWOzzP+q0HwgUNg1s5iojjo35APYqRVFRXb9oeRziBto/kgPtJL71Ik9+HTE8ngsvr+2qa1JrqnnM0px1dvWxUjHHBeWDmoAzyanT1Z7sX4tgngcQMCdExjUg6CeKSYkbSkh0LEiE8RH3SUTBAPhFOMt49hQeK6UEv5OoEEo7Zv44E+UKMfFcpsxnFbC8j/+t1YukdOwkNoliSAE8+8mIGZQizIGGPcoIlGymAMKdqVogHSEUjVdwlFYI5u/I8sKqVk4p5UyvXz/I0imAP7INDYIIjUAdXoAEsgMEjeAXv4EN70t60T+1rIi1ouWcXTJX2/QPclrCl</latexit><latexit sha1_base64="t9XIGg2kQxrLhZOuOT28i7ShFig=">AAACOnicbVDLSgMxFM3UV62vUZdugkVwVWZKQV0IRRHdCLU4ttAZSybNtKGZB0lGKMP8lxt/wp0bNy5U3PoBZtoBbeuFhJNzzyH3HjdiVEjDeNEKC4tLyyvF1dLa+sbmlr69cyfCmGNi4ZCFvO0iQRgNiCWpZKQdcYJ8l5GWOzzP+q0HwgUNg1s5iojjo35APYqRVFRXb9oeRziBto/kgPtJL71Ik9+HTE8ngsvr+2qa1JrqnnM0px1dvWxUjHHBeWDmoAzyanT1Z7sX4tgngcQMCdExjUg6CeKSYkbSkh0LEiE8RH3SUTBAPhFOMt49hQeK6UEv5OoEEo7Zv44E+UKMfFcpsxnFbC8j/+t1YukdOwkNoliSAE8+8mIGZQizIGGPcoIlGymAMKdqVogHSEUjVdwlFYI5u/I8sKqVk4p5UyvXz/I0imAP7INDYIIjUAdXoAEsgMEjeAXv4EN70t60T+1rIi1ouWcXTJX2/QPclrCl</latexit>

!
<latexit sha1_base64="75Ln91kh7qFwVxFh3vziToUFVjY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrhJ0gHuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFECy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wf8lo7v</latexit><latexit sha1_base64="75Ln91kh7qFwVxFh3vziToUFVjY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrhJ0gHuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFECy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wf8lo7v</latexit><latexit sha1_base64="75Ln91kh7qFwVxFh3vziToUFVjY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrhJ0gHuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFECy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wf8lo7v</latexit><latexit sha1_base64="75Ln91kh7qFwVxFh3vziToUFVjY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrhJ0gHuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFECy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wf8lo7v</latexit>

✓
L =

dE

dt

◆

<latexit sha1_base64="yrQxC71XqjYxino/mJ2El/j1des=">AAACHnicbVDLSsNAFJ34rPVVdelmsAi6KYmIj4UgiuDCRQVjhaaUyfSmHZw8mLkRS8ifuPFX3LhQEVzp3zhtg/g6MHA4517unOMnUmi07Q9rbHxicmq6NFOenZtfWKwsLV/qOFUcXB7LWF35TIMUEbgoUMJVooCFvoSGf3088Bs3oLSIowvsJ9AKWTcSgeAMjdSu7HgSAtygXsiwx5nMzvIDL1CMZx7CLWad/CT/ophTT4luDzfblapds4egf4lTkCopUG9X3rxOzNMQIuSSad107ARbGVMouIS87KUaEsavWReahkYsBN3Khvlyum6UDg1iZV6EdKh+38hYqHU/9M3kIIb+7Q3E/7xmisFeKxNRkiJEfHQoSCXFmA7Koh2hgKPsG8K4EuavlPeYaQdNpWVTgvM78l/ibtX2a875dvXwqGijRFbJGtkgDtklh+SU1IlLOLkjD+SJPFv31qP1Yr2ORsesYmeF/ID1/glPWqP/</latexit><latexit sha1_base64="yrQxC71XqjYxino/mJ2El/j1des=">AAACHnicbVDLSsNAFJ34rPVVdelmsAi6KYmIj4UgiuDCRQVjhaaUyfSmHZw8mLkRS8ifuPFX3LhQEVzp3zhtg/g6MHA4517unOMnUmi07Q9rbHxicmq6NFOenZtfWKwsLV/qOFUcXB7LWF35TIMUEbgoUMJVooCFvoSGf3088Bs3oLSIowvsJ9AKWTcSgeAMjdSu7HgSAtygXsiwx5nMzvIDL1CMZx7CLWad/CT/ophTT4luDzfblapds4egf4lTkCopUG9X3rxOzNMQIuSSad107ARbGVMouIS87KUaEsavWReahkYsBN3Khvlyum6UDg1iZV6EdKh+38hYqHU/9M3kIIb+7Q3E/7xmisFeKxNRkiJEfHQoSCXFmA7Koh2hgKPsG8K4EuavlPeYaQdNpWVTgvM78l/ibtX2a875dvXwqGijRFbJGtkgDtklh+SU1IlLOLkjD+SJPFv31qP1Yr2ORsesYmeF/ID1/glPWqP/</latexit><latexit sha1_base64="yrQxC71XqjYxino/mJ2El/j1des=">AAACHnicbVDLSsNAFJ34rPVVdelmsAi6KYmIj4UgiuDCRQVjhaaUyfSmHZw8mLkRS8ifuPFX3LhQEVzp3zhtg/g6MHA4517unOMnUmi07Q9rbHxicmq6NFOenZtfWKwsLV/qOFUcXB7LWF35TIMUEbgoUMJVooCFvoSGf3088Bs3oLSIowvsJ9AKWTcSgeAMjdSu7HgSAtygXsiwx5nMzvIDL1CMZx7CLWad/CT/ophTT4luDzfblapds4egf4lTkCopUG9X3rxOzNMQIuSSad107ARbGVMouIS87KUaEsavWReahkYsBN3Khvlyum6UDg1iZV6EdKh+38hYqHU/9M3kIIb+7Q3E/7xmisFeKxNRkiJEfHQoSCXFmA7Koh2hgKPsG8K4EuavlPeYaQdNpWVTgvM78l/ibtX2a875dvXwqGijRFbJGtkgDtklh+SU1IlLOLkjD+SJPFv31qP1Yr2ORsesYmeF/ID1/glPWqP/</latexit><latexit sha1_base64="yrQxC71XqjYxino/mJ2El/j1des=">AAACHnicbVDLSsNAFJ34rPVVdelmsAi6KYmIj4UgiuDCRQVjhaaUyfSmHZw8mLkRS8ifuPFX3LhQEVzp3zhtg/g6MHA4517unOMnUmi07Q9rbHxicmq6NFOenZtfWKwsLV/qOFUcXB7LWF35TIMUEbgoUMJVooCFvoSGf3088Bs3oLSIowvsJ9AKWTcSgeAMjdSu7HgSAtygXsiwx5nMzvIDL1CMZx7CLWad/CT/ophTT4luDzfblapds4egf4lTkCopUG9X3rxOzNMQIuSSad107ARbGVMouIS87KUaEsavWReahkYsBN3Khvlyum6UDg1iZV6EdKh+38hYqHU/9M3kIIb+7Q3E/7xmisFeKxNRkiJEfHQoSCXFmA7Koh2hgKPsG8K4EuavlPeYaQdNpWVTgvM78l/ibtX2a875dvXwqGijRFbJGtkgDtklh+SU1IlLOLkjD+SJPFv31qP1Yr2ORsesYmeF/ID1/glPWqP/</latexit>

E
tot

= � GM2

4R(r)
<latexit sha1_base64="sbrYnHtnA/mXcAopxaDOJpO+JyQ=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSpU0JKUgroQiiK6EapYW2hqmUwn7dDJg5kboYT8gBt/xY0LFbd+gDv/xmmbhbYeuHA4517uvccJOZNgmt9aZmZ2bn4hu5hbWl5ZXdPXN+5kEAlCayTggWg4WFLOfFoDBpw2QkGx53Bad/pnQ7/+QIVkgX8Lg5C2PNz1mcsIBiW19Z3ztu1h6AkvhgCSkwPbFZjEF1f3pSQu2/s3BbGXtPW8WTRHMKaJlZI8SlFt6192JyCRR30gHEvZtMwQWjEWwAinSc6OJA0x6eMubSrqY4/KVjz6JjF2ldIx3ECo8sEYqb8nYuxJOfAc1Tm8XE56Q/E/rxmBe9SKmR9GQH0yXuRG3IDAGEZjdJigBPhAEUwEU7capIdVHKACzKkQrMmXp0mtVDwuWtflfOU0TSOLttA2KiALHaIKukRVVEMEPaJn9IretCftRXvXPsatGS2d2UR/oH3+APG7mwY=</latexit><latexit sha1_base64="sbrYnHtnA/mXcAopxaDOJpO+JyQ=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSpU0JKUgroQiiK6EapYW2hqmUwn7dDJg5kboYT8gBt/xY0LFbd+gDv/xmmbhbYeuHA4517uvccJOZNgmt9aZmZ2bn4hu5hbWl5ZXdPXN+5kEAlCayTggWg4WFLOfFoDBpw2QkGx53Bad/pnQ7/+QIVkgX8Lg5C2PNz1mcsIBiW19Z3ztu1h6AkvhgCSkwPbFZjEF1f3pSQu2/s3BbGXtPW8WTRHMKaJlZI8SlFt6192JyCRR30gHEvZtMwQWjEWwAinSc6OJA0x6eMubSrqY4/KVjz6JjF2ldIx3ECo8sEYqb8nYuxJOfAc1Tm8XE56Q/E/rxmBe9SKmR9GQH0yXuRG3IDAGEZjdJigBPhAEUwEU7capIdVHKACzKkQrMmXp0mtVDwuWtflfOU0TSOLttA2KiALHaIKukRVVEMEPaJn9IretCftRXvXPsatGS2d2UR/oH3+APG7mwY=</latexit><latexit sha1_base64="sbrYnHtnA/mXcAopxaDOJpO+JyQ=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSpU0JKUgroQiiK6EapYW2hqmUwn7dDJg5kboYT8gBt/xY0LFbd+gDv/xmmbhbYeuHA4517uvccJOZNgmt9aZmZ2bn4hu5hbWl5ZXdPXN+5kEAlCayTggWg4WFLOfFoDBpw2QkGx53Bad/pnQ7/+QIVkgX8Lg5C2PNz1mcsIBiW19Z3ztu1h6AkvhgCSkwPbFZjEF1f3pSQu2/s3BbGXtPW8WTRHMKaJlZI8SlFt6192JyCRR30gHEvZtMwQWjEWwAinSc6OJA0x6eMubSrqY4/KVjz6JjF2ldIx3ECo8sEYqb8nYuxJOfAc1Tm8XE56Q/E/rxmBe9SKmR9GQH0yXuRG3IDAGEZjdJigBPhAEUwEU7capIdVHKACzKkQrMmXp0mtVDwuWtflfOU0TSOLttA2KiALHaIKukRVVEMEPaJn9IretCftRXvXPsatGS2d2UR/oH3+APG7mwY=</latexit><latexit sha1_base64="sbrYnHtnA/mXcAopxaDOJpO+JyQ=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSpU0JKUgroQiiK6EapYW2hqmUwn7dDJg5kboYT8gBt/xY0LFbd+gDv/xmmbhbYeuHA4517uvccJOZNgmt9aZmZ2bn4hu5hbWl5ZXdPXN+5kEAlCayTggWg4WFLOfFoDBpw2QkGx53Bad/pnQ7/+QIVkgX8Lg5C2PNz1mcsIBiW19Z3ztu1h6AkvhgCSkwPbFZjEF1f3pSQu2/s3BbGXtPW8WTRHMKaJlZI8SlFt6192JyCRR30gHEvZtMwQWjEWwAinSc6OJA0x6eMubSrqY4/KVjz6JjF2ldIx3ECo8sEYqb8nYuxJOfAc1Tm8XE56Q/E/rxmBe9SKmR9GQH0yXuRG3IDAGEZjdJigBPhAEUwEU7capIdVHKACzKkQrMmXp0mtVDwuWtflfOU0TSOLttA2KiALHaIKukRVVEMEPaJn9IretCftRXvXPsatGS2d2UR/oH3+APG7mwY=</latexit>



One finds for the quadrupole moment: 


Using Kepler’s third law                          one can find a differential


 equation for the radius         using luminosity and energy loss:

First discovery: Black hole merger

!2 =
GM

4R3
<latexit sha1_base64="pEASxY0UGJ9yDSI6h/LqIsY0VZk=">AAACAXicbVBNS8NAEN34WetX1JN4WSyCp5LUgnoQih70IlQxttCkZbPdtEs3m7C7EUoIXvwrXjyoePVfePPfuG1z0NYHA4/3ZpiZ58eMSmVZ38bc/MLi0nJhpbi6tr6xaW5t38soEZg4OGKRaPpIEkY5cRRVjDRjQVDoM9LwBxcjv/FAhKQRv1PDmHgh6nEaUIyUljrmrhuFpIfalTM3EAinl9dZWoW37aOsY5assjUGnCV2TkogR71jfrndCCch4QozJGXLtmLlpUgoihnJim4iSYzwAPVIS1OOQiK9dPxCBg+00oVBJHRxBcfq74kUhVIOQ193hkj15bQ3Ev/zWokKTryU8jhRhOPJoiBhUEVwlAfsUkGwYkNNEBZU3wpxH+kolE6tqEOwp1+eJU6lfFq2b6ql2nmeRgHsgX1wCGxwDGrgCtSBAzB4BM/gFbwZT8aL8W58TFrnjHxmB/yB8fkDcNiWXg==</latexit><latexit sha1_base64="pEASxY0UGJ9yDSI6h/LqIsY0VZk=">AAACAXicbVBNS8NAEN34WetX1JN4WSyCp5LUgnoQih70IlQxttCkZbPdtEs3m7C7EUoIXvwrXjyoePVfePPfuG1z0NYHA4/3ZpiZ58eMSmVZ38bc/MLi0nJhpbi6tr6xaW5t38soEZg4OGKRaPpIEkY5cRRVjDRjQVDoM9LwBxcjv/FAhKQRv1PDmHgh6nEaUIyUljrmrhuFpIfalTM3EAinl9dZWoW37aOsY5assjUGnCV2TkogR71jfrndCCch4QozJGXLtmLlpUgoihnJim4iSYzwAPVIS1OOQiK9dPxCBg+00oVBJHRxBcfq74kUhVIOQ193hkj15bQ3Ev/zWokKTryU8jhRhOPJoiBhUEVwlAfsUkGwYkNNEBZU3wpxH+kolE6tqEOwp1+eJU6lfFq2b6ql2nmeRgHsgX1wCGxwDGrgCtSBAzB4BM/gFbwZT8aL8W58TFrnjHxmB/yB8fkDcNiWXg==</latexit><latexit sha1_base64="pEASxY0UGJ9yDSI6h/LqIsY0VZk=">AAACAXicbVBNS8NAEN34WetX1JN4WSyCp5LUgnoQih70IlQxttCkZbPdtEs3m7C7EUoIXvwrXjyoePVfePPfuG1z0NYHA4/3ZpiZ58eMSmVZ38bc/MLi0nJhpbi6tr6xaW5t38soEZg4OGKRaPpIEkY5cRRVjDRjQVDoM9LwBxcjv/FAhKQRv1PDmHgh6nEaUIyUljrmrhuFpIfalTM3EAinl9dZWoW37aOsY5assjUGnCV2TkogR71jfrndCCch4QozJGXLtmLlpUgoihnJim4iSYzwAPVIS1OOQiK9dPxCBg+00oVBJHRxBcfq74kUhVIOQ193hkj15bQ3Ev/zWokKTryU8jhRhOPJoiBhUEVwlAfsUkGwYkNNEBZU3wpxH+kolE6tqEOwp1+eJU6lfFq2b6ql2nmeRgHsgX1wCGxwDGrgCtSBAzB4BM/gFbwZT8aL8W58TFrnjHxmB/yB8fkDcNiWXg==</latexit><latexit sha1_base64="pEASxY0UGJ9yDSI6h/LqIsY0VZk=">AAACAXicbVBNS8NAEN34WetX1JN4WSyCp5LUgnoQih70IlQxttCkZbPdtEs3m7C7EUoIXvwrXjyoePVfePPfuG1z0NYHA4/3ZpiZ58eMSmVZ38bc/MLi0nJhpbi6tr6xaW5t38soEZg4OGKRaPpIEkY5cRRVjDRjQVDoM9LwBxcjv/FAhKQRv1PDmHgh6nEaUIyUljrmrhuFpIfalTM3EAinl9dZWoW37aOsY5assjUGnCV2TkogR71jfrndCCch4QozJGXLtmLlpUgoihnJim4iSYzwAPVIS1OOQiK9dPxCBg+00oVBJHRxBcfq74kUhVIOQ193hkj15bQ3Ev/zWokKTryU8jhRhOPJoiBhUEVwlAfsUkGwYkNNEBZU3wpxH+kolE6tqEOwp1+eJU6lfFq2b6ql2nmeRgHsgX1wCGxwDGrgCtSBAzB4BM/gFbwZT8aL8W58TFrnjHxmB/yB8fkDcNiWXg==</latexit>

R(t)
<latexit sha1_base64="1/GH5xx29cTwxcP/6JDbxAOoAzg=">AAAB6nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYxdhCG8pmu2mX7m7C7kQooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwA6777ZRWVtfWN8qbla3tnd296v7Bo4lTTZlPYxHrTkgME1wxHzgI1kk0IzIUrB2Ob3K//cS04bF6gEnCAkmGikecEsil+zqc9qs1t+HOgJeJV5AaKtDqV796g5imkimgghjT9dwEgoxo4FSwaaWXGpYQOiZD1rVUEclMkM1uneITqwxwFGtbCvBM/T2REWnMRIa2UxIYmUUvF//zuilEl0HGVZICU3S+KEoFhhjnj+MB14yCmFhCqOb2VkxHRBMKNp6KDcFbfHmZ+GeNq4Z3d15rXhdplNEROkZ15KEL1ES3qIV8RNEIPaNX9OZI58V5dz7mrSWnmDlEf+B8/gC1dI2N</latexit><latexit sha1_base64="1/GH5xx29cTwxcP/6JDbxAOoAzg=">AAAB6nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYxdhCG8pmu2mX7m7C7kQooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwA6777ZRWVtfWN8qbla3tnd296v7Bo4lTTZlPYxHrTkgME1wxHzgI1kk0IzIUrB2Ob3K//cS04bF6gEnCAkmGikecEsil+zqc9qs1t+HOgJeJV5AaKtDqV796g5imkimgghjT9dwEgoxo4FSwaaWXGpYQOiZD1rVUEclMkM1uneITqwxwFGtbCvBM/T2REWnMRIa2UxIYmUUvF//zuilEl0HGVZICU3S+KEoFhhjnj+MB14yCmFhCqOb2VkxHRBMKNp6KDcFbfHmZ+GeNq4Z3d15rXhdplNEROkZ15KEL1ES3qIV8RNEIPaNX9OZI58V5dz7mrSWnmDlEf+B8/gC1dI2N</latexit><latexit sha1_base64="1/GH5xx29cTwxcP/6JDbxAOoAzg=">AAAB6nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYxdhCG8pmu2mX7m7C7kQooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwA6777ZRWVtfWN8qbla3tnd296v7Bo4lTTZlPYxHrTkgME1wxHzgI1kk0IzIUrB2Ob3K//cS04bF6gEnCAkmGikecEsil+zqc9qs1t+HOgJeJV5AaKtDqV796g5imkimgghjT9dwEgoxo4FSwaaWXGpYQOiZD1rVUEclMkM1uneITqwxwFGtbCvBM/T2REWnMRIa2UxIYmUUvF//zuilEl0HGVZICU3S+KEoFhhjnj+MB14yCmFhCqOb2VkxHRBMKNp6KDcFbfHmZ+GeNq4Z3d15rXhdplNEROkZ15KEL1ES3qIV8RNEIPaNX9OZI58V5dz7mrSWnmDlEf+B8/gC1dI2N</latexit><latexit sha1_base64="1/GH5xx29cTwxcP/6JDbxAOoAzg=">AAAB6nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYxdhCG8pmu2mX7m7C7kQooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwA6777ZRWVtfWN8qbla3tnd296v7Bo4lTTZlPYxHrTkgME1wxHzgI1kk0IzIUrB2Ob3K//cS04bF6gEnCAkmGikecEsil+zqc9qs1t+HOgJeJV5AaKtDqV796g5imkimgghjT9dwEgoxo4FSwaaWXGpYQOiZD1rVUEclMkM1uneITqwxwFGtbCvBM/T2REWnMRIa2UxIYmUUvF//zuilEl0HGVZICU3S+KEoFhhjnj+MB14yCmFhCqOb2VkxHRBMKNp6KDcFbfHmZ+GeNq4Z3d15rXhdplNEROkZ15KEL1ES3qIV8RNEIPaNX9OZI58V5dz7mrSWnmDlEf+B8/gC1dI2N</latexit>

L =
dE

dt
<latexit sha1_base64="FsEZICksfaeGEq1NI87ainuIKwI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwY0lEUBdCUQQXLioYW2hCmUwn7dDJJMxMhBLyFW78FTcuVNwK7vwbJ2kWtfXAwJlz7uXee/yYUaks68eoLCwuLa9UV2tr6xubW+b2zoOMEoGJgyMWiY6PJGGUE0dRxUgnFgSFPiNtf3SV++1HIiSN+L0ax8QL0YDTgGKktNQzj9wQqSFGLL3N4AV0A4FwWmgiTPvZdTb1UVnPrFsNqwCcJ3ZJ6qBEq2d+u/0IJyHhCjMkZde2YuWlSCiKGclqbiJJjPAIDUhXU45CIr20OCuDB1rpwyAS+nEFC3W6I0WhlOPQ15X5jnLWy8X/vG6igjMvpTxOFOF4MihIGFQRzDOCfSoIVmysCcKC6l0hHiKdjNJJ1nQI9uzJ88Q5bpw37LuTevOyTKMK9sA+OAQ2OAVNcANawAEYPIEX8AbejWfj1fgwPielFaPs2QV/YHz9Ala6oFs=</latexit><latexit sha1_base64="FsEZICksfaeGEq1NI87ainuIKwI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwY0lEUBdCUQQXLioYW2hCmUwn7dDJJMxMhBLyFW78FTcuVNwK7vwbJ2kWtfXAwJlz7uXee/yYUaks68eoLCwuLa9UV2tr6xubW+b2zoOMEoGJgyMWiY6PJGGUE0dRxUgnFgSFPiNtf3SV++1HIiSN+L0ax8QL0YDTgGKktNQzj9wQqSFGLL3N4AV0A4FwWmgiTPvZdTb1UVnPrFsNqwCcJ3ZJ6qBEq2d+u/0IJyHhCjMkZde2YuWlSCiKGclqbiJJjPAIDUhXU45CIr20OCuDB1rpwyAS+nEFC3W6I0WhlOPQ15X5jnLWy8X/vG6igjMvpTxOFOF4MihIGFQRzDOCfSoIVmysCcKC6l0hHiKdjNJJ1nQI9uzJ88Q5bpw37LuTevOyTKMK9sA+OAQ2OAVNcANawAEYPIEX8AbejWfj1fgwPielFaPs2QV/YHz9Ala6oFs=</latexit><latexit sha1_base64="FsEZICksfaeGEq1NI87ainuIKwI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwY0lEUBdCUQQXLioYW2hCmUwn7dDJJMxMhBLyFW78FTcuVNwK7vwbJ2kWtfXAwJlz7uXee/yYUaks68eoLCwuLa9UV2tr6xubW+b2zoOMEoGJgyMWiY6PJGGUE0dRxUgnFgSFPiNtf3SV++1HIiSN+L0ax8QL0YDTgGKktNQzj9wQqSFGLL3N4AV0A4FwWmgiTPvZdTb1UVnPrFsNqwCcJ3ZJ6qBEq2d+u/0IJyHhCjMkZde2YuWlSCiKGclqbiJJjPAIDUhXU45CIr20OCuDB1rpwyAS+nEFC3W6I0WhlOPQ15X5jnLWy8X/vG6igjMvpTxOFOF4MihIGFQRzDOCfSoIVmysCcKC6l0hHiKdjNJJ1nQI9uzJ88Q5bpw37LuTevOyTKMK9sA+OAQ2OAVNcANawAEYPIEX8AbejWfj1fgwPielFaPs2QV/YHz9Ala6oFs=</latexit><latexit sha1_base64="FsEZICksfaeGEq1NI87ainuIKwI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwY0lEUBdCUQQXLioYW2hCmUwn7dDJJMxMhBLyFW78FTcuVNwK7vwbJ2kWtfXAwJlz7uXee/yYUaks68eoLCwuLa9UV2tr6xubW+b2zoOMEoGJgyMWiY6PJGGUE0dRxUgnFgSFPiNtf3SV++1HIiSN+L0ax8QL0YDTgGKktNQzj9wQqSFGLL3N4AV0A4FwWmgiTPvZdTb1UVnPrFsNqwCcJ3ZJ6qBEq2d+u/0IJyHhCjMkZde2YuWlSCiKGclqbiJJjPAIDUhXU45CIr20OCuDB1rpwyAS+nEFC3W6I0WhlOPQ15X5jnLWy8X/vG6igjMvpTxOFOF4MihIGFQRzDOCfSoIVmysCcKC6l0hHiKdjNJJ1nQI9uzJ88Q5bpw37LuTevOyTKMK9sA+OAQ2OAVNcANawAEYPIEX8AbejWfj1fgwPielFaPs2QV/YHz9Ala6oFs=</latexit>

) R3 dR

dt
= �8
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G3M3

<latexit sha1_base64="ITk4D8xtq50kzEz55OTiBZ7Zx2M="></latexit><latexit sha1_base64="ITk4D8xtq50kzEz55OTiBZ7Zx2M="></latexit><latexit sha1_base64="ITk4D8xtq50kzEz55OTiBZ7Zx2M="></latexit><latexit sha1_base64="ITk4D8xtq50kzEz55OTiBZ7Zx2M="></latexit>

R(t) =


32G3M3

5
(t

coal

� t)

� 1
4

<latexit sha1_base64="UJzLPcNsP1rB6lCfxaG9piwgTWc="></latexit><latexit sha1_base64="UJzLPcNsP1rB6lCfxaG9piwgTWc="></latexit><latexit sha1_base64="UJzLPcNsP1rB6lCfxaG9piwgTWc="></latexit><latexit sha1_base64="UJzLPcNsP1rB6lCfxaG9piwgTWc="></latexit>

q

ij
= M

2X

n=1

x

i
nx

j
n = MR

2

0

@
1 + cos(2!t) sin(2!t) 0

sin(2!t) 1� cos(2!t) 0

0 0 0
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A

<latexit sha1_base64="45ekzo3a/GzTvuJEqdNYp2/A3GU="></latexit><latexit sha1_base64="45ekzo3a/GzTvuJEqdNYp2/A3GU="></latexit><latexit sha1_base64="45ekzo3a/GzTvuJEqdNYp2/A3GU="></latexit><latexit sha1_base64="45ekzo3a/GzTvuJEqdNYp2/A3GU="></latexit>



With the time dependent radius we can obtain the frequency


and the amplitude 


Modulation of both frequency and amplitude as 


Can extract      from           and the distance     to us from 

First discovery: Black hole merger
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First discovery: The Signal



First black hole merger event detected


Simulation of GW150914

S. Ossokine , A. Buonanno, R. Haas (Max Planck Institute for Gravitational Physics)



Detectable effects of gravitational waves

Effect of gravitational waves:
Change of separation of two masses in space, i.e. the arm length

 of our detector

⇨ longer detectors imply larger 

      measurable separations 

⇨ very small GW amplitudes       can only be

                  resolved if separation of masses is long enough    
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⇨ effective arm length is increased 

      by bounces between mirrors



Detectable effects of gravitational waves

Effect of gravitational waves:
Change of separation of two masses in space, i.e. the arm length

 of our detector

Laser Photodiode

Beamsplitter

Mirror

Test Masses
Pendulum

Suspension
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• System of freely suspended masses

• Resonant frequencies of pendulums should 

be smaller than frequencies of waves
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Signal-to-noise ratio:

For                  the noise level must have

an amplitude spectral density  

in frequency range of interest 

h ⇠ 10�21

⇨ sensitivity of gravitational wave 

detectors limited by noise 

p
Sn(f) ' 10�23 Hz�1/2



Main noice sources

• Residual gas noise  ➡  eliminated by vacuum pipes

• Photoelectron shot noise (PSN) ≳ 200 Hz

• Radiation pressure noise (RPN) ~ 10-50 Hz 
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High-power Laser needed: 

1. Use of Fabry-Pérot resonant cavities


⇒ required laser power reduced to kW

⇒ still very large! 
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Main noice sources

• Residual gas noise  ➡  eliminated by vacuum pipes

• Photoelectron shot noise (PSN) ≳ 200 Hz

• Radiation pressure noise (RPN) ~ 10-50 Hz 
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High-power Laser needed: 

1. Use of Fabry-Pérot resonant cavities

2. Power recycling:


     Power recycling mirror in front of laser

     ⇒ power built-up inside interferometer

     ⇒ required power reduced to 10 W

Minimize w.r.t.        ! I0

laser

power
recycling
mirror



Main noice sources

• Residual gas noise  ➡  eliminated by vacuum pipes

• Photoelectron shot noise (PSN) ≳ 200 Hz

• Radiation pressure noise (RPN) ~ 10-50 Hz 
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Note: Operation with optimal intensity for minimal PSN and RPN 

           only depends on test mass!
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Standard Quantum Limit!
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Heisenberg Uncertainty:



Main noice sources

E.g. for Ligo:   

hmin ⇠ 10�23

m = 100 kg, L = 4 km, ⌧ = 1 ms

⇨

Controlled very well!

Phys. Rev. Lett. 116, 061102
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Signal recyling:

• Further enhances sensitivity of 
detector 


• “resonating” signal in optical cavities

• Narrowing detection bandwidth by 

choosing suitable reflexivity

• center of frequency band set by length 

of formed cavity



Main noice sources

• Thermal noise: 

1. resonant modes of pendulum oscillator

2. Internal material oscillator modes

• Seismic noise ≲ 60 Hz

propogation of surface wave
on the surface of the earth

gravitational
attraction

1. Vibrations of the ground

2. Gravity gradient noise (caused by seismic 

surface waves)

Options:
1. Monitor and subtraction 

method

2. Far from sources

⇨ quiet location

⇨ underground

⇨ space missions
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Reach of gravitational wave detectors

⇩

Technology 
(and going 

underground)

⇦
From earth to space

http://rhcole.com/apps/GWplotter/
More massive objects

Objects further 
away



Conclusions

• Entered a new area of gravitational wave astronomy


• First direct black hole evidence with aLIGO (5 BH events by now)

• Space-baced  
missions will  
increase sensitivity 
to new sources 
like rotating neutron  
stars, etc… 

• A bright future lies 
ahead of us


