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Problem 2.1:
Derive the commutation relations of the coefficients xµ, pµ and αµm from the canonical commu-
tation relations of Xµ and Πµ in the case of an open string.

Problem 2.2:
Derive

H =
1

2

∞∑
n=−∞

α−nαn

from the Polyakov action in the case of an open string, ignoring ordering problems (i.e. classi-
cally).

Problem 2.3:
The Riemann curvature tensor, the Ricci tensor, and the Ricci scalar are defined as

Rκ
λµν = ∂µΓκνλ − ∂νΓκµλ + ΓηνλΓ

κ
µη − ΓηµλΓ

κ
νη,

Ricµν = Rκ
µκν ,

R = gµνRicµν .

where the Christoffel symbols are given by

Γκλµ =
1

2
gκν
(
∂gµν
∂xλ

+
∂gνλ
∂xµ

− ∂gλµ
∂xν

)
.

(a) Using the symmetries of its indices, convince yourself that in two dimensions the Riemann
curvature tensor has only 1 independent degree of freedom.

(b) Verify that the ansatz Rabcd = λ (hachbd − hadhbc) with hab the two-dimensional metric is
consistent with the symmetries of the Riemann tensor. Show that λ = 1

2
R in terms of the

Ricci scalar R.

(c) Compute the Einstein tensor defined by

Gµν = Ricµν −
1

2
gµνR

for a general two-dimensional metric. Discuss the result.

(d) Show that in two dimensions under the Weyl rescaling hab → exp(2ω(x))hab the combi-
nation

√
−hR transforms as

√
−hR →

√
−h′R′ =

√
−h(R− 2∇2ω).
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(e) Argue from the above result that the 2-dimensional Einstein-Hilbert term is indeed con-
formally invariant for a closed string worldsheet.

Note: By contrast, for an open string worldsheet Σ with boundary ∂Σ only the combi-
nation

χ =
1

4π

∫
Σ

d2ξ
√
−hR+

1

2π

∫
∂Σ

dsK

is conformally invariant. Here the extrinisic curvature K is defined as

K = ±ta nb∇a t
b

with ta a unit vector tangent to the boundary and na an outward pointing unit vector
orthogonal to ta. The upper/lower sign refer to timelike/spacelike boundaries. Indeed this
object is the Euler characteristic of a worldsheet with boundary.

Problem 2.4:
Describe the mode expansion for “twisted” closed strings, i.e. strings with boundary conditions

X(σ + π, τ) = −X(σ, τ).

Problem 2.5:
Describe the mode expansion of ND open strings, i.e. open strings with boundary conditions

X(0, τ) = a, Dirichlet at σ = 0,

∂σX(σ, τ)|σ=π = 0, Neumann at σ = π.

Problem 2.6:
Compute the anomaly term A(m) in the Virasoro Algebra. Proceed as follows:

• Use the Jacobi Identity

[Lm, [Ln, Lk]] + cyclic permutations = 0

for m+ n+ k = 0 to prove that

A(n+ 1) =
n+ 2

n− 1
A(n)− 2n+ 1

n− 1
A(1).

• Use the recursion relation to find out A(n) = cn + dn3 with c, d ∈ R. (You may assume
that A(n) is polynomial in n.)

• Fix c and d by computing the value of 〈0| [Lm, L−m] |0〉 for “some” m.
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