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Problem Sheet 9

(Due: December 19, 2012)

Important: There will be no tutorial on Wednesday, December 12.

Note: At some point during your QFT lecture you might have come across a problem
similar to 9.1 and/or 9.2a, 9.2b. If that is the case, feel free to skip those exercises.

Problem 9.1:
Starting with a representation of the Clifford algebra in d dimensions

{γµ, γν} = −2ηµν ,

one can define Lorentz-generators Σµν via

Σµν =
i

4
[γµ, γν ] .

Show that these generators indeed satisfy the SO(1, d− 1)-algebra

i [Σµν ,Σσρ] = ηνσΣµρ + ηµρΣνσ − ηνρΣµσ − ηµσΣνρ.

Problem 9.2:

(a) Given two 2d Majorana spinors

χ =

(
χ−
χ+

)
, ψ =

(
ψ−
ψ+

)
,

show that χψ = ψχ.

(b) Do these spinors correspond to an irreducible representation of the Lorentz-algebra? Define

γ3 = γ0γ1 and show that
(
γ3

)2
= 1,

{
γ3, γa

}
=

[
γ3,Σab

]
= 0 where the Σ’s are defined

in problem 9.1 and a, b = 0, 1. Compute γ3 explicitly using γ0, γ1 as defined in the lecture.
Observe how the operators P± = 1

2

(
1± γ3

)
act on a Majorana spinor. From this you learn

that

(
χ−
0

)
and

(
0
χ+

)
form two real one-dimensional Majorana-Weyl representations of the

two-dimensional Lorentz-algebra.

(c) Given the action

S =
i

4π

∫
d2σ d2θ

(
D

α
Y µ

)
(DαYµ)

for the superfield Y µ, find the component action by Taylor expanding and integrating in the θ’s.

Y µ(σ, θ) = Xµ(σ) + θψµ(σ) +
1

2
θθBµ(σ),

Dα =
∂

∂θ
α − i (γaθ)α ∂a,

D
α
= − ∂

∂θα
+ i

(
θγa

)α
∂a.
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Problem 9.3:

(a) Given Qα = ∂
∂θ

α + i (γaθ)α ∂a, show that

eεQY (σ, θ) = eε
α ∂

∂θ
α eiε

α(γaθ)α∂ae
i
2
εα(γaε)α∂aY (σ, θ)

= Y

(
σa + iεγaθ +

i

2
εγaε, θ + ε

)
.

(b) Given

δεY
µ(σ, θ) ≡ δXµ(σ) + θδψµ(σ) +

1

2
θθδBµ(σ) and

δεY
µ(σ, θ) = Y µ

(
σa + iεγaθ +

i

2
εγaε, θ + ε

)
− Y µ(σ, θ),

derive the off-shell SUSY transformations
δXµ = εψµ

δψµ = −i (γaε) ∂aXµ +Bµε
δBµ = −iεγa∂aψµ
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