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exact numerical@NLO (14TeV, 100TeV) 
[Borowka, Greiner, Heinrich, Jones,  Kerner, Schlenk, Zicke, ’16] 

Padé approximation using the large top-mass and the threshold expansion@NLO 
[Gröber, Maier Rauh, ’17]
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1We supplement these works by providing the high energy expansion@NLO.
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: our aim is to obtain  
  the high energy expansion@NLO.

3

gg ! hh

600 800 1000 1200 1400 1600 1800 2000
0.0

0.2

0.4

0.6

0.8

1.0

S [GeV]

dσ
/d
θ

[fb
/ra
d]

@T = �S/2, (✓ = ⇡/2, pT =
p
S/2)LO

exact
O((m2

t )
0)

O((m2
t )

1)

O((m2
t )

2)

O((m2
t )

4)



/19
gg->hh in the high energy limit

Go Mishima: Karlsruhe Institute of Technology (KIT), Higgs Coupling 2017, Nov 6-10, Heidelberg University

Outline

4

(1) Introduction 

(2) high energy expansion of Feynman integral 

(3) calculation of the two-loop gg->hh amplitude (reduction) 

(4) analytic result of the two-loop massive double box diagram  

in the high energy limit (preliminary) 

(5) summary and outlook
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asymptotic expansion of Feynman integral

5

is useful when (i) the integral is hard to solve due to multi-scale complexity 
(ii) certain hierarchy in dimensionful parameters makes sense 

[Smirnov `90, Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]

In our case, we assume m2
h < m2

t ⌧ |S| ⇠ |T | ⇠ |U |

Then, 
(1) Expansion in         is the Taylor expansion.mh

(2) Expansion in         is not the Taylor expansion.mt

We use “asy.m” to perform the asymptotic expansion. 
[Pak, Smirnov ’10, Jantzen, Smirnov, Smirnov ’12]
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Expansion in        (Taylor expansion) 

6

mh

1 one-loop case

2 one-loop case

We consider the following scalar integral:
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1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

The massive-higgs diagram can be expressed as an infinite sum of the massless-higgs diagrams.
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Expansion in

7

Naive expansion of the integrand like

gives wrong result.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

is finite.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

massive massless

Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)
as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1.1 region 1

The contribution from region 1 is expressed as one-fold Mellin-Barnes integral.

I(1) =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−(sα1α3 + tα2α4)/α1234)

∞∑

n=0

(−m2α1234)n

n!
(10)

=
∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)

where β is the Beta function and the real part of integration path ζ is taken as −1 < ζ < 0. The initial value of
ε = (4− d)/2 is chosen to satisfy a condition

−2− n− z < ε < −1− n− z (12)

in order to regularize the integral (11).
By evaluating the integral (11), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ϵ
Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ϵ
Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

2
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Expansion by region

8

1 one-loop case
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blue: hard-scaling propagator 
red: soft-scaling propagators

``all-hard” region = massless integral

the scaling of propagators in terms of alpha-parameter representation

[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]
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Expansion by region

9
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Expansion by region: ``all-hard” region

10

1 one-loop case

We consider the following scalar integral:
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We can apply the integration by parts (IBP) reduction.

m2
t

(m2
t )

2

In our case, the expansion in this region corresponds to the naive Taylor expansion. 

The right hand side consists of massless diagrams with dots.
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Expansion by region: soft regions 

11
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Usual momentum representation is not always possible…

Cancellation of auxiliary parameters between soft regions occurs.
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The integrals are ill-defined, 
so we have to introduce  
analytic regularization 
of the exponent of propagators.
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12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5
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Expansion by region: total
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By evaluating the integral (??), we obtain the series coefficients of I(1)
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3
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1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as
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and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.
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Taking a sequence of limit
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lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

we obtain

f (2)
0 =

1

ε

(
− 1

δ3
− 1

δ4
+ log st

)
(20)

f (3)
0 = − 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t

)
+

π2

12
(21)

f (4)
0 = − 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s

)
+

π2

12
(22)

f (5)
0 = − 2

ε2
+

1

ε

(
1

δ3
+

1

δ4

)
+

π2

6
. (23)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (24)

f0 =
1

st
(2 log s log t− π2) (25)

f1 =
2m2

s2t2
[
−2 log2

(
m2

)
(s+ t) + 2 log

(
m2

)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(26)

f2 =
2m4

s3t3
[
− log

(
m2

) (
−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2

)
+ 6 log2

(
m2

)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(27)

3

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log

s

m2
log

t

m2
− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

Cancellation of auxiliary parameters between soft regions occurs.
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Expansion in       : using differential equation

13

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2
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p2

p1 p3

p4

1

Substituting the form,

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

we obtain recursive relations of C_n’s.

[Kotikov ’91]

We used LiteRed [Lee ’13] 
for obtaining the diff.-eq.

See also 
[Melnikov, Tancredi, Wever ‘16]

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

mt

@

@(m2
t )

=
X

n1,n2

cn1,n2(m
2
t )

n1(logmt)
n2

= (m2
t )

0f0 + (m2
t )

1f1 + (m2
t )

2f2 + · · ·
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setup to calculate the two-loop amplitude 

14

qgraf [Nogueira, ’93]                                                                                : generate amplitudes 

q2e/exp [Harlander, Seidensticker, Steinhauser, ’98, Seidensticker, ’99] : rewrite output to FORM notation 

FIRE [Smirnov, ’14] (with LiteRed rules [Lee, ’13])                    : reduction to master integrals 

tsort [Smirnov, Pak]                                                               : minimization of master integrals

Up to this point, we retain the full top mass dependence.
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Master integrals at 2 loop

15

=135(planar&crossing)+32(nonplanar&crossing) 
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high energy expansion of massive double box

16

�����

�������� line = {d1 → d2, u1 → u2, u1 → d1, d2 → d3, u2 → u3, u3 → d3, u2 → d2};
fig[σi_] := GraphPlot[Table[{line〚i〛, StyleForm[ToString[α[i]],

20, RGBColor[scale0〚σi, i〛, 0, 1 - scale0〚σi, i〛]]}, {i, 7}],
PlotStyle → Black, ImageSize → 200, PlotLabel → "Region" <> ToString[σi]]

Do[fig[σi] // Print, {σi, Length[scale0]}]
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�������� line = {d1 → d2, u1 → u2, u1 → d1, d2 → d3, u2 → u3, u3 → d3, u2 → d2};
fig[σi_] := GraphPlot[Table[{line〚i〛, StyleForm[ToString[α[i]],

20, RGBColor[scale0〚σi, i〛, 0, 1 - scale0〚σi, i〛]]}, {i, 7}],
PlotStyle → Black, ImageSize → 200, PlotLabel → "Region" <> ToString[σi]]

Do[fig[σi] // Print, {σi, Length[scale0]}]
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There are 13 regions. (all-hard region + 12 soft regions)
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Analytic result of massive double box diagram

17
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1

=

We can evaluate this expression with the package HPL.m [Maitre ’05].

⌧ = T/S, lt = log ⌧, lm = log(�m2
t/S)

+O(mt, ep
2)
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Analytic result of massive double box diagram
leading order in

finite part epsilon-linear part

analytic (real) 
analytic (imaginary) 
pySecDec (real) 
pySecDec (imaginary)

analytic (real) 
analytic (imaginary) 
pySecDec (real) 
pySecDec (imaginary)

m6
tWe multiply the integral by           to make it dimensionless.

Comparison between our result and the numerical result from pySecDec.  
[Borowka, Heinrich, Jahn, Jones,  Kerner, Schlenk, Zicke, ’16]
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Summary

19

To Do

Complete the evaluation of the planar diagrams. 

Including higher order of  

Non-planar diagrams

We are calculating the two-loop gg->hh amplitude in the high energy approximation. 

Reduction to the master integrals is done. 

Some of the most complicated integrals are evaluated.

mh
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Application to physical process gg->HH @LO

20

O(mt0) O(mt4) O(mt8) O(mt16)

exact
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/d
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higgs-top coupling

21

[1606.02266] see also ATLAS-CONF-2017-0770.87± 0.15
! 7% (prospect) [1710.08639]
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definition of Vfin

22
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Master integrals at 2 loop

23
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High pT makes the previous approximation worse

24

Vfin [GeV2]⇥ 104

MHH [GeV] pT [GeV] HEFT [n/m] [n/n± 0, 2] full

336.85 37.75 0.912 0.997± 0.007 0.992± 0.007 0.996± 0.000

350.04 118.65 1.589 1.937± 0.011 1.946± 0.016 1.939± 0.061

411.36 163.21 4.894 4.356± 0.199 4.562± 0.110 4.510± 0.124

454.69 126.69 6.240 5.396± 0.219 5.181± 0.183 5.086± 0.060

586.96 219.87 7.797 5.030± 0.657 5.585± 0.574 4.943± 0.057

663.51 94.55 8.551 5.429± 1.197 4.392± 0.765 4.120± 0.018

Table 2: Numbers for the virtual corrections for some representative phase space
points for the HEFT result reweighted with the full Born cross section (as in
Ref. [78]), the Padé-approximated ones and the full calculation [85].

In order to fit the conventions of Ref. [85] we define the finite part of the virtual
corrections as

Vfin =
↵2

s
(µR)

16⇡2

ŝ2

128v2

"
|Mborn|

2

✓
CA⇡

2
� CA log2

✓
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ŝ

◆◆

+2
n
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1
)⇤
⇣
F 2l,[n/m]

1
+ F 2�

1

⌘
+ (F 1l

2
)⇤
⇣
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2
+ F 2�

2

⌘
+ h.c.

o# (26)

with
|Mborn|
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and F1 defined in eq. (36). For F 2l,[n/m]

x we use the matrix elements constructed with
the Padé approximant [n/m]

f̃
. All other matrix elements are used in full top mass

dependence. The form factors F 2�

x
stem from the double triangle contribution to

the virtual corrections and can be expressed in terms of one-loop integrals. They
are given in Ref. [20] in full top mass dependence. In the heavy top mass limit they
become

F 2�

1
!

4

9
, F 2�

2
! �

4

9

p2
T

2t̂û
(ŝ� 2m2

H
). (28)

The contribution of the double triangle diagrams to the virtual corrections is only of
the order of a few per cent [86].
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