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Introduction.

1. The process pp — ZH.

» It provides direct access to HZZ and HZ~ couplings.

> |t receives more attention after Butterworth, Davison, Rubin and
Salam (2008).

2. Polarisation of the Z boson.

» The Z boson is a spin 1 particle, thus can be in a polarised state.

» Polarisation of the Z boson in a mixed state is uniquely described
by a single 3 x 3 Hermitian density matrix p, which is constructed of
the production amplitudes. D.o.f of p is 9 (without tr(p) = 1).

» DM p (i.e. polarisation) can be determined by studying the decay

Z — ff:

Bl



Introduction.
> DM p (_i.e. polarisation) can be determined by studying the decay
Z — ff:
Z: (mz,0,0,0)
f: %(1, sin@\cosa7 siné\sin(/j)\, cos@

Foomz

(1, —sin Ocosgp, —sinfsind, — cos@.
The differential cross section has 9 independent angular distributions:

do(pp — Z(— fF)H)
dQ dcos§d$

:F1(1 +cos2® + F2<1 — 3cos2® + F3cos§
+ F4sin gcoquS—i— Fs sin 2§cos$+ Fe sin? @ cos 2(}5
+ F,sin@siné + Fysin20sin ¢ + Fy sin® @sin 2¢.
» "D.o.f of DM p" = "the number of the functions F;" = 9.

> The 9 functions F; can be written in terms of the elements of DM p.

> "Measurement of all the 9 F;” = " Determination of p (i.e. polarisation)”

The purpose of this work is to present one approach to make use of the
polarisation information in order to study HZV(V = Z, ) couplings.
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Production amplitudes: 2 c.m. frames.
We assume the standard interaction for ggV and non-standard interactions for
HZZ and HZ~:

‘\H

> qg c.m. frame (left), where g moves along the positive direction of the

Z-axis.
> Gq c.m. frame (right), where § moves along the positive direction of the
Z-axis:
T x
Z,\ Z\
q,0 0 q,—o q,—0 0 q,0
> < 2 > < <
H H

A: helicity of the Z boson, o helicity of g, —o: helicity of g.



Production amplitudes: factorisation of the 6 dependent part.
Feynman diagram, gg c.m. frame (left) and Gg c.m. frame (right):

x x
Z\ Z\
q,0 0 q,—0 q,—0 0 q,0
q > z >

q " H H

Helicity amplitudes in gg c.m. frame are

1+ oAcosf » A=+ A=0 — . CaA=0

— M, M =sinOM;~".
7 +(q9)

Helicity amplitudes in gg c.m. frame are

My=i(qg) =0

1 —oMcosfl I\A/’(;\:i7
V2

» Polar angle 6 dependence is completely factorised.
» M2 depend on an explicit form of the HZV(V = Z,~) interactions.

> Notice the difference between the amplitudes in gg c.m. frame and those
in gg c.m. frame: the sign in front of o in the § dependent part.

M)=(3q) = —o M=% (qq) = sin O, °.
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Decay angular distributions of polarised Z: the full-amplitude squared.
The full-process is g(o) + §(—c) = Z(\) + H; Z()\) = (1) + f(—7).
The full-amplitudes are

77 (qd) = Pz Y M3(qd) D3, =Pz > M;(gq) D3,
A=£,0 A==£,0
where decay amplitude D3 is common
DY =gzzmz X, Pz =(Q°—mz+im 7)™
The full-amplitude squared is

ST (@) = |Prmagh S0 (d) M3 (a8) ) M) (q5) d

o=+ o A

|szzngf| ZZ d>\’ qq) dx

o A
= ’szzggf?’ d’f p(qg) d7,
where DM p(qg) is defined as
/ — ’ — Ao\ * —
P Naa) => s *(a§) = D> _{Mo (93)} M5(qg) : DM elements.

We do the same for the other full-amplitude:
ST @a) = |Pzmzgh d p(ag) a7, 0N MGg) = (M2 (59)} M) (Gq).



Decay angular distributions of polarised Z: the complete differential cross section.

The complete differential cross section is

do
—~ x q(x x) d77 d” + g(x; Xp) d”
43 dy doosd deosd 43 q(x1)a(x) d""p(qq) g(x1)q(x) d"'p(gq) d

q(x;) : PDF of a quark with energy fraction x;.

§ = sx1x, : qq and qq c.m. energy squared; (mz + my)’ <3 <s.

1
y=5 In L. rapidity of the qq and qq c.m. frames; — \/7 <y<lIn \/7
X2

x = V/8/s€e’, X = +/8/se””

0 : polar angle of the Z boson from the z — axis.

U)>\Ul

5, $ : Z decay angles.

> Density matrices p are given for each phase space point (each value
of §,y,cos 6 in our case).

» We perform s, y and cos @ integration.

> As a result, we obtain "the integrated DM p" — good from
statistics's point of view.



Decay angular distributions of polarised Z: First, cos integration.

Let us remind that
> 0 dependence is factorised as M2~%(q3) = (I%I\Aﬂé:jE for e.g..

> Thus, p;°(qd) = {M(qq)} M2 (qq) = o =222 sin6{ M, }" 2

do ! = = T = T = T
x / dcost q()al) d71o(qa) 47 + a(x)alx) 7 p(aq) d

ds dy dcosd dé
=q(x)d(x) d""(p(qq)) d” +G(x1)a(x) d""(p(aq)) d7,

where
. HLA B e ()" g
(olaa)) = [ deoseplaa) =3 | 30 (R)T 4ty | 25 )W |
7\ HMI(Mg)" 5 Ms (M) $IM2]
'y 2 'y * — o7 O *
1 SR ()
(w(aa) = [ deostptaa) =30 | 30 (;)° 4y o (it )* g
- o R, v * o 21— ([ * 'y 2
7N\ —EEMEMY)T -2 Me (M9) S

> Notice the difference between (p(qg)) and (p(gq)): the sign in front of o.
> (p(qq)) + (p(gq)) — "the o terms” vanish.



Decay angular distributions of polarised Z: Second, y integration.

do Yeut - Tt - T - Tt - T
AT [ "y aa)ae) 7 ole) O+ A0)a0) 471 (p(39)) o

- /YClt dy a(4)ale) ) d7T(p(qq)) d7 + G(x1)a(x,) d7(p(aq)) d
—

A B
Xy >><2

+/ dy q(x q(Xz ) d"T(p(q@)) d” + G(x1)a(x) dT{p(aq)) d”
Ycut N———
B A
X2>X1

_ /OyCut dy {q(Xl)E](X2)+a(X1)q(X2)} dTT{<{)(qa)> + </)(E7q)>} d7

- /0 " dy 2{a(x)a00) +300)a(0a)}
|M
x<d™ Y My (M) 4

> Recallthat y = 1In2, yoo =In\/s/8, g = \/3/s &, xo = \/5/s e™".
2

» the 4 off-diagonal elements of the DM vanish after the cos and y
integration, due to the sign difference in {p(gq)) and (p(gq)).



Decay angular distributions of polarised Z: cos @ integration but in a different way.

We subtract the contribution of cos# < 0 from that of cosé > 0:

do 1 0
- - d cos @ g d""p(qg) d™ + g d™p(gGq) d”
prrvr s ( L/ ) a(x)d0x) d7p(ad) d7 + G0 )alx) d" p(da)
= q(x)q(x) d"7(p(q@)) d™ + @(x)q(xx) d"T{p(gq)) d",
where
(p(qa)) = (/ / )dcos@ r(q9)
oM 0 525 (W13)" 18
o NI
- 0 —o| 15 | —55 (M) g |
o 2 [, 0)* 2 A= (f10)\*
TﬁM;’(Ma —33 Mo (M) 0
1 0
(p(gq)) = (/0 - l)dcosﬁ r(3q)
—o| M1} 0 525 (W3)" 18
_ 0 o|f15| — 2 (i) e |,
i 3\[M+(MO) _3\2f _(MO) 0

» Now the diagonal elements of DM vanish after the y integration.



Decay angular distributions of polarised Z: Second, y integration.

| [ e [T ey 2fata)ate) + aba)ate))
—_—| s q(x1)q(xy) + G(x7)q(x:
deosd dola Jimpimpp " Jo ¥ e V2

SR 3 M, o
D DN 1723 (5 M1 S T
° o guef
do /5 A/ycut _ }
——| ds dy 2{q(x1)q(x2) + g(x1)q(x:
dcosf dolc (mi+my)? o ly 2{q(x1)a(x) + a(x;)a(x)}
0 0 325 (15) " 1
| o o Sl
2 ME(M0)" — 525 My (M2)” 0
> A fi1dC°50| C: (fo f )d cos 6

v

These 2 results compensate each other (enough and sufficient!) — The
DM can be uniquely determined.

v

This means that we can use the full information of polarisation (*").

v

The DM can be determined by measuring the Z decay angular
distributions (shown below).

dT



Decay angular distributions of polarised Z: 9 non-zero angular coefficients F.

% = Fy(1+ cos’® @ + Fip (1 — 3cos’ @ + Fi3cos0 + Fi,sinf cos ¢
dcosOd¢li=a.c)

+ Fissin20cos é + Fis sin® 0 cos 2¢ + Fi7 sinOsin ¢ + Fig sin20sin & + Fiq sin’ 0 sin 26,

where
Fap /(m) ds / R [a(x)a0e) + da)aCx)] > Sy
where
fAl=2(|M:|2+|M;}2+’/\A/73|2)7 fer =0,
far = 2|37, for =0,
fas = 4(|ME 17 = |01, %), fo3 =0,
fas =0, fea = 2Re[ (M) M3 — (M3)"M; ],
fas =0, fcszRe[(A;)*Ag'i‘(mg)*M;],
fas = 2Re[ (M) M. ], fog = 0,
far =0, for = 2Im[ (M) M3 — (M2)" M1 ] 7,
fas =0, fcs:Im[(A;)*Ag‘F(Ag)*A;]a

fao = 2Im[ (M) "M ], fog = 0.



Outline

Introduction.

v

v

Production amplitudes.

v

Decay angular distributions of the polarised Z boson.

v

Symmetry properties.

Numerical studies.

v



Symmetry properties: consequences of CP and CPT conservation in the amplitude.

CP transformation and a rotation around the z-axis by 7:
Z.A\ H

0

q,0 q,—0o

H

CP conservation leads to
M3 (qq)(0) = M (ag)(m — 6).
In terms of /\A/Ig‘ this relation is simply
My = ;.

In the similar manner, we find CPT conservation, whose violation
indicates the existence of re-scattering effects, leads to

M3 (qg)(0) = {M(q@)(m —0)}", or M7= (M%)



Symmetry properties: consequences of CP and CPT conservation in the 9 coefficients F.

: A -
CP conservation : M7 = M, .

CPT conservation : I\Aﬂé = (I\Aﬂ;A)*.

F 49 Im[(l\’\/li)*l\’\/lg]:

CP conservation : Im[(M})" M, ] = Im[|M; [*] =0,

CPT conservation : /m[(M;)*M;] = Im[( (,_)2] #0,

— F 49 is zero if CP is conserved.

Fe7 Im[(l\hﬂ;)*l\’\/lg — (/\712)*/\71;]:
CP conservation : Im[(l\A/I;)*I\Aﬂg — (/\%3)*/\7/;] = Im{2ilm[(A7I;)*A7lg]} #0,
CPT conservation : Im[(I\A/I;)*I\A/Ig - (/\“42)*/\“4;] = Im[(l\’\/li)*l\'\/lg — M2 (I\A/I;)*] =0,

— Fe7 is zero if re-scattering effects are absent.



Symmetry properties: consequences of CP and CPT conservation in the 9 coefficients F.

Combinations of Symmetry properties  Observables  f charge
the density matrix elements CP CPT

|17 + [R5 |7 + | W15 | + + Far -
|#n9)? + + F -

o2 —2
L Fo o
Re[(M7) Mg + (M) My ] + + Fes -
~ * 0 e * N a—

Re[(My)" Mg — (M3)"Mz]  — - Fea o
Re[(M7)"Ms] + + Fae -
Im[ (M) Mg + (M3) "My ] — + Fes -
Im[(MF)" M — (M3)" My ]+ - Fer o
Im[(M})" My ] - + Fag -

» The symbol " —" means that the combination is zero if the symmetry

(CP or CPT) is conserved.

> e.g. Fog and F g are zero if CP is conserved. In other words, these can
be non-zero if CP is violated.

» F 4, is directly related to the total cross section. The other 8 observables
can provide us the different information on HZV couplings than the total
cross section.
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Numerical studies: dependence on effective Lagrangian parameters.
We obtain a non-standard HZZ coupling from the effective Lagrangian

H H
Log= az%mZHZ Z¢ + bz Z,,Z" + z [(8“H)Z (8"H)Z“] L+ bz Z, Z‘“’.
1
R 0.2
e
>< Rag
RC5 ~~~~~~~~~~ T 0.1
g -
_________ T Rcs
RAG
05 1072 107" 0 107 1072 107"
by(—),  cof---) bs(—)

> Define R; = F;/F 41, e.8. Res = Fes/Fa1. Recall that Fyy o< "the total
cross section”.

> Left: R4, Res, R4 are shown as deviation from the SM values caused
by adding non-zero CP-even parameters b, and c.

> Right: Rcg, R49 are shown as deviation from the SM values caused by
adding non-zero CP-odd parameter b;.



Summary.

>

Polarisation of the Z boson in pp — ZH is uniquely described by a
3 X 3 Hermitian density matrix p, which is constructed of the
production amplitudes.

DM p (i.e. polarisation) can be determined by studying the decay
Z — ff.

We have presented one approach to make use of the polarisation
information in order to study HZV(V = Z, ) couplings.

We have obtained the 9 observables as the coefficients of the Z
decay angular distributions after integration over cosf, y and s.
One of them is directly related to the total cross section.

These 9 observables are enough and sufficient to determine all the 9
independent combinations of the DM elements. This means, "the
use of these 9 observables” = "the use of the full information of
polarisation” .

We have numerically shown that our new observables can be useful
to determine effective Lagrangian parameters for the HZZ coupling.

Thank you so much for your attention.



Back up.



Spin, polarisation and polarisation density matrices

Spin angular momentum (Spin) induces additional degrees of freedom for a
state of a particle. For a given spin s, a state vector is a (2s + 1)-dimensional
complex vector:

[1),12),---,|2s + 1) : eigenfunctions of §, for instance.

2s+1

il =

ap
2s+1 as
Z| Vilo) = ay|1) + @p]2) 4 -+ - + apesq |25 + 1) = : ,
2541
where a; (i =1,2,---,25 4 1) are complex numbers, which transform under

spatial rotations (SU(2)).

dof. of ja)is(2s+1)x2— 1 — 1 =4s
~~ ~~

(ala)=1 overall phase

— vector |&) has a particular direction characterised by 4s real parameters.
= polarisation.



Spin, polarisation and polarisation density matrices
Let us consider a state of a spin 1/2 particle:

as

@) =)+ a2 = (2 ). fala) =1

where eigenfunctions of §, = 0,/2 are chosen as base vectors:

Expectation values of the spin generators are

~ 1 * * 10 a 1 2 2

=3 (i) (5 5 ) (%) =gt -la)
(@l(3,3,,8)la) = (Reaiaa], Imlai 2], (Jan | = | ") /2).

The expectation values can be also derived by using a matrix:

(alla) = 3 (aliV(il&.la) = 37 (il3.]a) (ali) = tr(3.p4),

i=1,2 i=1,2

po = laltal = (

ENGREE"

* ) tr e :17 Ix: -
ata |22‘2) (Par) Po =P

— polarisation density matrix



Spin, polarisation and pol. density matrices
A spin 1/2 particle in a mixed state which consists of
|a) with probability p,,
|B) with probability pg,
pa+p5+... :]_
Expectation value of §, for the particle in this mixed state is
<§z> = <a|§z|a> X Po + <ﬁ|§z|ﬂ> X Ps + -
= tr(gzpa) X pa + tr(gzpﬁ) X pgt---
=tr [gz(papa + pﬂpﬁ + - )]
tr(8.p).

The density matrix p satisfies (recall that tr(p,) =1, pl, = pa)
tr(p) =1, p' = p.

> Polarisation of a spin 1/2 particle in a mixed state is uniquely described
by a single 2 x 2 density matrix p, whose d.o.f is 3.

> In general, for a given spin s, d.o.f of a density matrix p is (25 + 1)* — 1.



Spin, polarisation and polarisation density matrices

A state vector of Z boson as a result of scattering qg — ZH can be written in
terms of scattering amplitudes in helicity basis as

Z)= = 3 M, (ZZ) =1

@ A==%,0

|A) : helicity eigenvectors of the Z boson; Z A (Al =1.
A==£,0

n? = |/\/12|2 + |/\/t;|2 + |/\/l&\2 : normalisation factor.

« : specifying a helicity state of qg.

To confirm this, notice
1 1
<A = +|Za> = 7M:7 |<)‘ = +|Za>|2 = 72|M+a—‘23 Z |<)‘|Za>‘2 =1
ne, ng
A==4,0
Density matrix p, of the produced Z boson in helicity basis is
L IMEP O MEMZ MEMY
T\ MOMET MOMGT MR



Spin, polarisation and polarisation density matrices

If another helicity state of qg is allowed, the Z boson is in a mixed state with

respect to polarisation. Density matrix of the Z boson in such a state is

p=1Za){Zal X Pa +125){Zs| X P (Pa+Ps=1)
1 M MEMST MEIMY
== MM IMP MM |+
LN MOMET MM MG
IMEP MEMG™ MM
MGME* MG MgME ],
MOMGT MEMG" MY
where we set n = 1 so that

tr(p) = IMEP + MG+ MO + IMEP + M52+ MG

> tr(p) gives just the gg — ZH cross section. D.o.f of our DM p is
8+1=09.

» DM p contains more information than the q§ — ZH cross section (8
additional information).

> "We use the full information of polarisation.” = "We relate all the
elements of p with measurable observables.”



Helicity amplitudes and constraints from symmetries
S-matrix: S=14iT

$'S =1 (unitarity),
—i(T-TH=T'T,
—i((FITIi) = (FIT"|)) :ZWTTI )(nlTi),
Tfl If) - Z Tnf Tnn
—i(Mg — M) = (2m)" > 8" (P; = Py) Miye M.

CPT invariance leads to

where 7(7) denotes the CPT conjugate state of i(f). The above unitarity
condition becomes

7’(Mfl (271') 264 P - n nme

Unitarity and CPT invariance tell us that My # MZ; indicates the existence of
rescattering effects (Hagiwara et al 1987).



Decay angular distributions of polarised Z

Perform a translation § — 7 — 8 and [5—> 5—&— T

diaAA o<Fi1(1+c052@+Fi2(1—3cos2®—ﬁ3cos§
ds dcosf d(Z) i(=A,B)
—Fi4sin 0 cos $+ Fis sin 20 cos g/b\Jr Fi¢ sin® 0 cos 2;5
—Fi7sin f'sin $+ Fig sin 20'sin $+ Fig sin @ sin 2$,
where we observe the change of the sign in front of the F;3, F;, and F;; terms

This means

» The F;3, F;y and F;; terms are statistically zero, if we do not distinguish
the fermion f from the antifermion f.

> The events with Z — jj cannot be used to measure the coefficients F 43,
Fgs and Fgy, in view of difficulty of flavor identification of the jets. (- -)



Decay angular distributions of polarised Z

Second, y integration in a different way:

do
d3d cosOdp

Yeut 0
. ( / - / )dM(Xl)c‘v(X2)d”<p(qa)>dT +3(x)q(x,) d7{p(3q)) d”
B 0 —Yeut

:/ " dy q(x)a(x) d7(p(qq)) d” + d(x1)alx) d"T(p(gq)) d7
0 —_—— N——
——

A B
Xy > Xy

0
[y aba)ate) @7 (plad) 0 + aba)als) 47 (p(aa)) o7
—Ycut N—— N——

Xo > X 5 A

/Oy“t dy {a(x1)a(x)—a(x)alx)} d7{({p(qd))—(p(aa))} d"
= [ a 2{ata)ate)-ata)ate)}

0 0 C3”(A;)*M2
xdTy 0o 0 co(Mz) M | d7.
o o ME (M) oMy (M2)" 0

» The vanished elements of the DM in the previous approach are revived (*")



Decay angular distributions of polarised Z
Second, y integration in the 2 different ways as before:

In\/g
. 0</ dy q(x1)a(x) d7(p(qq)) d™ + a(x1)q(x) d7T(p(aq)) d”

—Iny/3%
s

do
d3d cos0dp

S

In\/g
- /0 dy 2{q(x)a(x)+3(x)a(x2) }
0 0 ¢\ (12)" e
xdTy" 0 0 —c, (M) g | d7,
o Y ( = (I

o In\/g 0
sraegaily < ([ [, o) et o o@@e” + it )ate)d ofao)
In,/%
-/ YE ay 2{a0)00)-a0)a0)
cso| M5 P 0 0

xdty 0 L
o 0 0 0



Decay angular distributions of polarised Z

Combinations of Symmetry properties  Observables  f charge
the density matrix elements CcP cPT
C1A|M;|2+51‘M;|2+C2|M2|2 + + Faa -
|2 + + Fa -
|52+ | M5 |2 + + Fps o
||~ | M5 | - - Fas o
PERIN PN Fp1 -
Re[(MF)" M3 + (M3)™ Mo ] + + Fia °
NN N Fes -
Re[(MZ)* M2 — (M2)* M ] — - Fs -
N N Fes °
Re[(M7)"Mz] + + F a6 -
Im[ (M) Mg + (M)" My ] - + Fg; °
NTPON o on oy Feg -
Im[(Mg)™ Mg — (Mg)" M | + - Fps -
R R Foq o
Im[(MF)" M5 ] - + Fao -

> Among the 36 (= 4 X 9) coefficients, only the 15 coefficients can be non-zero.

> Observation of the 9 coefficients does not require the charge identification of f.

» These 9 coefficients are enough and sufficient to determine all the 9
independent combinations of the DM elements.



With appropriate integration over cos © and ¢, it is possible to isolate the angular

distributions:

8 ™ 4 T 4.,
/ dcos® dcos@d¢ 3C1 + EC4 cos ¢ + §C6 cos2¢ + 5C7 sin ¢ + ECQ sin2¢, (1a)
4 4
(/ / )dcos dcos@dq& =C3+ 565 cos ¢ + ECS sin ¢, (1b)
and
L 497 e (14 o8 ©) + Cy(1 — 305> ©) + C3 cos© (22)
—_— _— cos — 3 cos cos ©, a
. dcos@dep 2 3
1 7r/2 37/2
) (/ / / / ) = C4sin© + Cy5sin 20, (2b)
4 /2 37/2 d cos ©dep Od¢
1 7r/2 37 /4 57 /4 37 /2 T /4 27 do )
L L L L L [ [ o i o
4 37 /4 T 5w /4 37w /2 T /4 dcos @d¢
(20)
1 ™ do
,</ ) =C;sin© + Cgsin 20, (2d)
4 \Jo d cos @dqb
1 T\'/2 37 /2 om do )
: ( / _ >d¢ = Cysin® ©. (2¢)
Jr .

37w /2

d cos ©d¢

By combining the 2 approaches in eq. (1) and the 5 approaches in eq. (2), we obtain
the 10 (= 2 x 5) combinations. The 2 of them simply give zero (i.e. egs. (1b) and
(2c), and egs. (1b) and (2¢)). Each of the remaining 8 combinations gives one of C;
(1=1,3,4,5,6,7,8,9). For example, eqgs. (1b) and (2b) gives Cz. Only C, is not
determined in this method.



