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(I) Introduction to the phase diagram of QCD

"Heavy ion collisions

» Phases of a heavy ion collision

*Phase structure of QCD

= Perturbative QCD & asymptotic freedom
» chiral symmetry breaking

= confinement



(II) Functional Renormalisation group for QCD

"Introduction to the functional renormalisation group
= Derivation of the flow equation
= Expansion schemes

* Optimisation and error control*

*FRG for QCD
* FRG for QCD and T=0 Yang-Mills theories
» Dynamical hadronisation

= QCD correlation functions at T=0



(II1I) Phase structure of QCD and dynamics

="Yang-Mills theory at finite temperature
= Order parameter potential for confinement
* Correlation functions at finite temperature

= Polyakov loop from functional methods

" Application to the phase structure of QCD and dynamics*

* QCD-assisted hydrodynamics*
* QCD-assisted transport*

= QCD at imaginary chemical potential*
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Heavy ion collisions
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Phase structure of QCD
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Perturbative QCD & asymptotic freedom
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QCD, asymptotic freedom and all that

Action and interactions
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QCD, asymptotic freedom and all that

Action and interactions

QCD action Sqcp

Yang-Mills gauge fixing
- g ™
1 a a 1 a2 —a ab b — . . .
i Iy =F 5 (0uAS)" + [ e0,D |+ | G- (i) +imy + i) - g
_ ° % gluon * * ghost | ° quarks )
Pure gauge theory matter sector
r A2 A
a a a abc A0 C .
- A Y,
2 Ay e, o
a, b, C = ].7 ceey NC — ]. % § Q0 Nf — 6
covariant derivative in adjoint representation ez d(OCDm siRnge
(u S
ab . ab abc pAc Quarks
DP(A) = 0,0 — g f AL Sy

bottom charm
top



QCD, asymptotic freedom and all that

Action and interactions
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QCD, asymptotic freedom and all that

Running coupling at low and high energies
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QCD, asymptotic freedom and all that

Running coupling at low and high energies
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QCD, asymptotic freedom and all that

Running coupling at low and high energies
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QCD, asymptotic freedom and all that

Running coupling at low and high energies
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Phase diagrams & order parameters
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Phase diagrams & order parameters
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Phase diagrams & order parameters

Phase diagram of cold atoms
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Phase diagrams & order parameters
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Chiral symmetry breaking
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Chiral symmetry breaking

strong chiral symmetry breaking Am,gsg ~ 400 MeV
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Chiral symmetry breaking
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Chiral symmetry breaking
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Chiral symmetry breaking

e Chirality for massless particles
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Phase diagram & order parameters
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Confinement

Free energy [ ; of a quark - antiquark pair

pure gauge theory
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Confinement

Free energy [ ; of a quark - antiquark pair

i Order parameter ~ ‘(g)’
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(II) Functional Renormalisation group for QCD

"Introduction to the functional renormalisation group
= Derivation of the flow equation
= Expansion schemes

* Optimisation and error control*

*FRG for QCD
* FRG for QCD and T=0 Yang-Mills theories
» Dynamical hadronisation

= QCD correlation functions at T=0
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Functional Renormalisation Group

Generating functional Z

-

\_

Z[|J| = % /dgp e Slel+ ), Je

~

J

partition function

Slp] = 5/ {8%08#80 T m2g02 -+ _S04

A
4

|

~

J

classical action

((¢)s =)

zero-dimensional example: ‘Functional’ flows for integrals


http://www.thphys.uni-heidelberg.de/~pawlowsk/NPgauge12/bonus/idea.pdf

Functional Renormalisation Group

Generating functional Z
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Functional Renormalisation Group

Generating functional Z
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Functional Renormalisation Group

Generating functional Z

-

1
210) = 5y [ dpe ST, 2
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~

J

partition function

Effective action I'

[

\_

T[¢] = —log/dgb o Sletol+ [, ¢

ST [P]

Xe

~

J

free energy

Dyson-Schwinger equation

T <6S[¢>+ ¢]>
56(x) ~ \ " 00(a)

quantum equation of motion




Functional Renormalisation Group

Dyson-Schwinger equation
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Functional Renormalisation Group

Dyson-Schwinger equation
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Functional Renormalisation Group

Dyson-Schwinger equation

oT[g] _ <5S[¢ +9) >
so() ~ \ 06(@)
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Functional Renormalisation Group

Effective action I'
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['lo] = — log/ng o Sletol+ [, ¢ 2kl

\_ J

No quantum fluctuations
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Functional Renormalisation Group

Effective action I'
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Llo] = — log/d@ o Sletol+ [, ¢ 2kl

\_ J

UV quantum fluctuations up to (pQ = k2)
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IR uv



Functional Renormalisation Group

Effective action I'y

4 )

. —S[¢ 11 ¢ 2V (— 5 SLwlPl [ 5ry¢]  /0S[p+ 4]
Iyld] = _log/dw Slg+al+3 [, o) Ri(0) 6 (—p)+ [, & 2 [W (Bl >j
- d DSE

UV quantum fluctuations up to (pz = k2)

['[¢] INE) Sle]
k=0 ?H k=A
k-ok k
IR uv
Ry (p?)
k2 1

Regulator




Functional Renormalisation Group

Effective action I'y

i )
['k¢] = —log/dgs o= SIp+el+3 [, 2(0)Ri(0®)p(—p)+[, & T
) /

UV quantum fluctuations up to (pz = k2)
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Functional Renormalisation Group

Effective action I'y

! )
I'klg] = —log/dgs o= SIp+el+3 [, 2(0)Ri(0®)p(—p)+[, & T
) /

UV quantum fluctuations up to (pQ = k2)

[lo] NN
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IR o A 0 } )
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1 [ dp ., .. k
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Functional Renormalisation Group
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Functional Renormalisation Group
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Functional Renormalisation Group
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Functional Renormalisation Group
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Functional Renormalisation Group

1 1
L7 (o] + Ri
\_
Propagator
FRG
DSE
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® RG-scaling

e Energy/particle-number conserv. ~ = \/ \/

\/ automatic

— only in specific approximation schemes
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k
Properties FunMethods
e 1-loop exact \/

e closed \/
e RG-scaling \/
e Energy/particle-number conserv. \/

\/ automatic

— only in specific approximation schemes



Approximation schemes

2 F/(f)[qﬁ] + Ry,

1 1
[ Oil'k|¢) = T Oy Ry, J@J’(”) = Flow,[T™):m =2,...,n+ 2D

Derivative expansion

e Expansion in powers of momenta

e controlled in the presence of a mass gap

2
e Expansion parameter [ 4 J

max(k?, mz,,

Vertex expansion

e Expansion in number @ of external fields
e controlled in perturbation theory/presence of symmetries
e Expansion parameter @

Mixtures, exact resummation schemes, ....



Approximation schemes

Derivative expansion

e Expansion in powers of momenta

e controlled in the presence of a mass gap

max(k?, m2

2
e Expansion parameter [ 4 J
gap

Lowest order: Oth order

rild) = 5 [ orto+ [ Vito) + 00
07 [6)(p ) = (0 + Vi'(9)) (2m)"5(p — q)

\_ J




Approximation schemes

Derivative expansion

Lowest order: Oth order

4 1 )

Mol = 5 [ ov'o+ [ Vilo) +06?)
\ p €L J
4 )

L2 [, q) = (07 + Vi (9)) (2m)%6(p — q)
\_ J

(Brop(p?) = (7 = p)0(k? — p?))
- ~N @tRk:,opt(pQ) — 2k2
Flow atvk [¢] o 2d (27-‘-)d k2 + V”(¢) [Q 27Td/2j
1T T(d/2)




Approximation schemes

Derivative expansion

Lowest order: Oth order

Flow

4 1 )
Tilp] == | ¢p°d+ +(9) + O(p?)
Tl =g [ ortos [V )
4 )
02 [8l(p,a) = (0 + Vi (9)) 2m)%(p — q)
\_ J
(T@[61(0) + Ruom (@) = [ + V()] 0 — )+ (v°
! 0 2
OVilol= 5 (2m)d gy V() [ﬂ zwdﬂj
N 17T I(d)2)




Approximation schemes & phase structure
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e bosonic flow is symmetry-restoring
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Approximation schemes & phase structure

1 Q. K
E%Vk[qj] T2 V”(cb)]

- 28 0a(9) - aVi(40)

¢ = T

e bosonic flow is symmetry-restoring

e flow guarantees convexity b d\/ \V
V




Approximation schemes & phase structure

e bosonic flow is symmetry-restoring

e flow guarantees convexity of effective action
Litim, JMP, Vergara ‘06

Example: 3d critical exponents with FRG
1 s N =1: v, = 0.630..
Ek[¢] = 5/ 2 gbp2<b+/ Vk(¢a [Vk(¢) = > %(& - ¢(2),k:>7j ( )
D x n=1

A simple program to compute critical exponents in O(N)-models with the Wetterich equation
Michael Scherer



http://www.thphys.uni-heidelberg.de/~scherer/3dONmodel.nb

Approximation schemes & phase structure

e bosonic flow is symmetry-restoring
e fermionic flow is symmetry-breaking
e competing dynamics decides about fate of symmetries

e flow guarantees convexity



Approximation schemes & phase structure

e bosonic flow is symmetry-restoring
e fermionic flow is symmetry-breaking
e competing dynamics decides about fate of symmetries

e flow guarantees convexity

(‘governs general phase structures’)




Approximation schemes & error control

1 1
8, T[d] = ~Tr 0, Ry,

2 Fz(f)[(/ﬁ] + Ry,

Theory space

A gS
R.")
Lo=T7
g1 g1 g2
full flow approximated flow

- . - . 2
Optimisation: find Ré )y
Litim '01: most rapid convergence

JMP '05: integrability



Approximation schemes & error control

1 1
[ Ol |¢) = §Tr F](62)[(” "R, Oy Ry, J

Theory space

A gS A gg
(1)
k
o |
Io=17
g1 g1 g2
full flow approximated flow

Optimisation: find Rf) !

JMP '05: integrability



Approximation schemes & error control

1 1
[ Ol |¢) = §Tr F](62)[(” "R, Oy Ry, J

Theory space

1 93 193
Ry
‘¢
I'y=T
g1 g1 g2
full flow optimised flow

1
Optimisation: find Rf) ! [%13) = C — Oj

JMP '05: integrability




FRG for QCD



Functional RG for QCD

eg. JMP, AIP Conf.Proc. 1343 (2011)
NPA 931 (2014) 113

free energy at momentum scale k

L[] NC) S[4]

k—0 %ﬁ k=A ab initio
k-0k k

IR uv



Functional RG for QCD

eg. JMP, AIP Conf.Proc. 1343 (2011)
NPA 931 (2014) 113

free energy at momentum scale k

I'[¢] Ll¢) Sl¢]
k—0 %ﬁ k=A ab initio
k-ok k
IR uv
glue hadronic
quantum fluctuations quantum fluctuations
PN ®
_ 1 [ \ 1| i _ C
OhLklo] =3 -\ - + 3 CRG scale k: t =1n k)

free energy/ N ‘

grand potential
quark
quantum fluctuations

closed form



Functional RG for QCD

eg. JMP, AIP Conf.Proc. 1343 (2011)
NPA 931 (2014) 113

free energy at momentum scale k

I'[¢] N Sl¢]
k—0 %ﬁ k=A ab initio
k-0k k
IR uv
glue hadronic
quantum fluctuations quantum fluctuations
PN @
_1 [ \ 1| i _ C
OhLklo] =3 -\ - + 3 CRG scale k: t =1n k)

free energy/ N ‘

grand potential
quark
quantum fluctuations

properties closed form

o
® access to physics o

® numerically tractable, also at real time
no sign problem

systematic error control via closed form low energy

QCD effective theories
® low energy models naturally encorporated > . .



Functional RG for QCD

eg. JMP, AIP Conf.Proc. 1343 (2011)
NPA 931 (2014) 113

free energy at momentum scale k

I'[¢] N Sl¢]
k—0 Eﬁ k=A ab initio
k-ok k
IR uv
glue hadronic
quantum fluctuations quantum fluctuations

PN R
O (@] :% — ’\ /‘ — + % CRG-Scale k: t = lnk)
free energy/ Y X ‘

grand potential

quark
quantum fluctuations

closed form

functional DSE : —

Ao : background field




Functional RG for QCD

fQCD collaboration: 3. Braun, L. Corell, A. Cyrol, W.-j. Fu, M. Leonhardt, M. Mitter,
JMP, M. Pospiech, F. Rennecke, N. Wink

Heidelberg, Dalian, Darmstadt

Agenda
QCD at finite T & mu

Phase structure
Fluctuations

Phenomenology

Real time correlation functions

Hadron spectrum & decays
Transport coefficients

Dynamics



Functional RG for QCD

fQCD collaboration: 3. Braun, L. Corell, A. Cyrol, W.-j. Fu, M. Leonhardt, M. Mitter,

JMP, M. Pospiech, F. Rennecke, N. Wink
Heidelberg, Dalian, Darmstadt

Agenda
QCD at finite T & mu

Phase structure Selection of papers
Fluctuations

quenched QCD:

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005
Phenomenology

unquenched QCD: Braun, Fister, Haas, JMP, Rennecke, PRD 94 (2016) 034016
Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006
vector mesons: Rennecke, PRD 92 (2015) 076012

Hadron spectrum & decays

Real time correlation functions

Transport coefficients pure glue: Mitter, JMP, Strodthoff, PRD 91 (2015) 054035

] finite T: Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054015
Dynamics

finite density: fluctuations: Fu, JMP, Schaefer, Rennecke, PRD 94 (2016) 11, 116020
Jaﬁase structure: Braun, Leonhardt, Pospiech, PRD 96 (2017) 7, 076003



VertEXpand
Mathematica package for the derivation of
vertices from a given action using FORM

Denz, Held, JMP, Rodigast; unpub.

Vertices/
Feynman Rules

fOCD: workflow

DoFun

Mathematica package for the derivation of

functional equations

FormTracer

Algebraic
Flow Equations

CreateKernels

frgsolver

Numerical solution

High-performance, general purpose, easy-to-use
Mathematica tracing tool using FORM

Cyrol, Mitter, JMP, Strodthoff;
Cyrol, Mitter, Strodthoff; CPC 219 (2017) 346

Mathematica package for the automatic generation
of compilable C++ kernels for use in connection
with the frgsolver

Cyrol, Mitter, Pawlowski, Strodthoff; unpub.

Flexible, high-performance, parallelized C++ OOP
framework for the numerical solution of functional
equations

Cyrol, Mitter, Pawlowski, Strodthoff; unpub.

Braun, Huber; CPC 183 (2012) 1290

GEFORDERT VOM
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YM-theory: gluonic correlation functions

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005



YM-theory: gluonic correlation functions

+ perm.

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005



YM-theory: gluonic correlation functions

—1
Y. Y. ;
Q- g 00O @ > i3
PN

) —1 full. mom. dep. full. mom. dep.
t 00000000 — classical tensor structures
.'...‘\ xﬂo"‘x . 1
at - = { Q4
mom. dep. needed by tadpoles sym. point mom. dep. and
full tensor basis mom. dep. needed by tadpole
classical tensor structure
O, —
Oy =

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005



YM-theory: gluonic correlation functions

8t g 1 — ,ﬁ, € ,@, %
@) g 000@0O00 @
o {

—1 full. mom. dep. full. mom. dep.
at 0000000 — classical tensor structures
.'...‘\ xﬂo"‘x . 1
at - = 4 9
. ‘.4‘§' ‘.‘A.’. ""'
mom. dep. needed by tadpoles sym. point mom. dep. and
full tensor basis mom. dep. needed by tadpole
classical tensor structure
O, —
Oy =

(Aiming at apparent convergence)

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005



YM-theory: Euclidean gluon propagator

Functional Renormalisation Group

(\O

gluon propagator dressing

.—-- RG scale dep.
— — 1D mom. dep. |

—— 3D mom. dep.

1
O ----- I [ ] I I [ ]
0,1 1 10
p [GeV]

Lattice: Sternbeck, Ilgenfritz, Miiller-Preussker, Schiller, Bogolubsky, PoS LAT2006, 076

(Aiming at apparent convergence)

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005



YM-theory: Euclidean gluon propagator

Functional Renormalisation Group

3 I o l I I I o
I .—-- RG scale dep. ]
- — — 1D mom. dep.| -

) i ~ —— 3D mom. dep.| |

gluon propagator dressing

p [GeV]

Lattice: Sternbeck, Ilgenfritz, Miiller-Preussker, Schiller, Bogolubsky, PoS LAT2006, 076

(Aiming at apparent convergence)

up to date pinch technique:
Aguilar, Binosi, Papavassiliou, PRD 89 (2014) 085032

up to date DSE: . .
Cyrol, Huber, Smekal, EPJ C75 (2015) 102 Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005



Dynamical hadronisation

Gies, Wetterich ‘01
JMP ‘05
Florchinger, Wetterich ‘09
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QCD: current set of correlation functions

' ‘ 3 4
r%ip) I (p) I (p.q) P8, q) P (Do)

classical tensor  classical tensor

W

p
Féq) (p) Aqq p’ AAqq psym A3qq psym qqqq p p, —
Q_E g complete, n <3 mom.—ind. tensors
| \ / \ | / \ v
cbn
//‘\ /‘\\ /‘\\ ne {3 12}
(2)
Lo () Lioi(p Diao(Ps—p,0) T s(p, —p,0,0)
¢ € {o, 7} “classical” tensor ‘“classical” tensor

(Aiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006,
PRD 97 (2018) 054015

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005
Mitter, JMP, Strodthoff, PRD 91 (2015) 054035




Chiral symmetry breaking
A glimpse at chiral symmetry breaking in QCD within the FRG

Flow for four-fermion coupling )\¢ - )\w k2 with infrared scale £

A A T o T o T
kOhy = 2 )N B(= . ) a4 -
8k W) . A(k) )\¢ + (k) )\w& + O(k) a, +
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Chiral symmetry breaking
A glimpse at chiral symmetry breaking in QCD within the FRG

Flow for four-fermion coupling )\¢ - )\¢ kQ with infrared scale £

. T\ - T\ - T
2\ + A(E) )\?p + B(E) Ay Qg + O(E) o+ -

kO My




Dynamical hadronisation

Gies, Wetterich '01
JMP ‘05
Florchinger, Wetterich '09

4 ) 5
5 (0002 - 7o) = [indtr - 0 + e - 2]
EoM(®) ¢

2

Hubbard-Stratonovich ¢ = (o, 7)
T

General dynamical hadronisation

4 :
1 : 0 ol -
hadronised Flow | % ‘¢Fk[¢] = 5Gh¢ltke + kG 52 5¢¢ ]
( _ JMP ‘05
\¢ — (A,u? C? C) q, 67 (I)a ceny 10, ’T_L, )J

mesons baryons

1
[ 2 / Ok Br - o +J - qbk] guarantees 1-loop flow
p




Dynamical hadronisation

Gies, Wetterich '01
JMP ‘05
Florchinger, Wetterich '09

4 ) >
5 (0002 - 7o) = [indtr - 0 + e - 2]
EoM(®) ¢

2

Hubbard-Stratonovich O = (0, 7?)
C

General dynamical hadronisation

~ :
1 : ) ol .
hadronised Flow k % ‘¢Fk[gb] — in,¢Rk,¢ + Rka’(b 52 5¢¢ ]
4 _ JMP ‘05
\¢ — (A,u? C? C) q, 67 (I)a ceny 10, ﬁa )J

mesons baryons

[How to fix (bk & ¢k ?J [Cbk ~ Ak@ﬂb -+ qu)k + Ck]




Dynamical hadronisation

Flow for four-fermion coupling )\¢ - )\w k2 with infrared scale £

0 = 23, +>@< b

DAy | =0 + e + e .
' O—e—O

O<0L<0LCr
-+ 5’t<I>-terms




Dynamical hadronisation

Full bosonisation O\¢ — O)

O<o< O,

C

oL > Ol
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Dynamical hadronisation

Braun, Fister, Haas, JMP, Rennecke '14
Mitter, JMP, Strodthoff ‘14
Cyrol, Mitter, JMP, Strodthoff ‘17
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Full bosonisation O\¢ — O)

15

15r

initial conditions

initial scale
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Dynamical hadronisation

Braun, Fister, Haas, JMP, Rennecke '14
Mitter, JMP, Strodthoff ‘14
Cyrol, Mitter, JMP, Strodthoff ‘17

Full bosonisation O\¢ — O)

. Low energy models initial scale |
- — Ayy=90 GeV -
— Ayy=10GeV
— Agy=5 GeV
— Apy=2 GeV
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Dynamical hadronisation

Braun, Fister, Haas, JMP, Rennecke '14
Mitter, JMP, Strodthoff ‘14
Cyrol, Mitter, JMP, Strodthoff ‘17

Full bosonisation O\w — O)

initial scale

o LOow energy models ]
_ — Ayy=90 GeV '

e AUV =10 GeV
e AUV =5 GeV
o AUV =2 GeV

0.1 05 10 T 50 100 500 1000
k|GeV]
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QCD: current set of correlation functions
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r%ip) I (p) I (p.q) P8, q) P (Do)

classical tensor  classical tensor

W

p
Féq) (p) Aqq p’ AAqq psym A3qq psym qqqq p p, —
Q_E g complete, n <3 mom.—ind. tensors
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//‘\ /‘\\ /‘\\ ne {3 12}
(2)
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¢ € {o, 7} “classical” tensor ‘“classical” tensor

(Aiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006,
PRD 97 (2018) 054015

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005
Mitter, JMP, Strodthoff, PRD 91 (2015) 054035




Chiral symmetry breaking
A glimpse at chiral symmetry breaking in QCD within the FRG

Flow for four-fermion coupling )\¢ - )\w k2 with infrared scale £

A A T o T o T
kOhy = 2 )N B(= . ) a4 -
8k W) . A(k) )\¢ + (k) )\w& + O(k) a, +
W + :% + ji ji + -
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Chiral symmetry breaking
A glimpse at chiral symmetry breaking in QCD within the FRG

Flow for four-fermion coupling )\¢ - )\¢ kQ with infrared scale £

. T\ - T\ - T
2\ + A(E) )\?p + B(E) Ay Qg + O(E) o+ -

kO My




Dynamical hadronisation

Gies, Wetterich '01
JMP ‘05
Florchinger, Wetterich '09

4 ) 5
5 (0002 - 7o) = [indtr - 0 + e - 2]
EoM(®) ¢

2

Hubbard-Stratonovich ¢ = (o, 7)
T

General dynamical hadronisation

4 :
1 : 0 ol -
hadronised Flow | % ‘¢Fk[¢] = 5Gh¢ltke + kG 52 5¢¢ ]
( _ JMP ‘05
\¢ — (A,u? C? C) q, 67 (I)a ceny 10, ’T_L, )J

mesons baryons

1
[ 2 / Ok Br - o +J - qbk] guarantees 1-loop flow
p




Dynamical hadronisation

Gies, Wetterich '01
JMP ‘05
Florchinger, Wetterich '09

4 ) >
5 (0002 - 7o) = [indtr - 0 + e - 2]
EoM(®) ¢

2

Hubbard-Stratonovich O = (0, 7?)
C

General dynamical hadronisation

~ :
1 : ) ol .
hadronised Flow k % ‘¢Fk[gb] — in,¢Rk,¢ + Rka’(b 52 5¢¢ ]
4 _ JMP ‘05
\¢ — (A,u? C? C) q, 67 (I)a ceny 10, ﬁa )J

mesons baryons

[How to fix (bk & ¢k ?J [Cbk ~ Ak@ﬂb -+ qu)k + Ck]




Dynamical hadronisation

Flow for four-fermion coupling )\¢ - )\w k2 with infrared scale £

0 = 23, +>@< b
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Dynamical hadronisation

Full bosonisation O\¢ — O)

O<o< O,
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Dynamical hadronisation

Braun, Fister, Haas, JMP, Rennecke '14
Mitter, JMP, Strodthoff ‘14
Cyrol, Mitter, JMP, Strodthoff ‘17
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Dynamical hadronisation

Braun, Fister, Haas, JMP, Rennecke '14
Mitter, JMP, Strodthoff ‘14
Cyrol, Mitter, JMP, Strodthoff ‘17

Full bosonisation O\w — O)

initial scale

o LOow energy models ]
_ — Ayy=90 GeV '

e AUV =10 GeV
e AUV =5 GeV
o AUV =2 GeV
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QCD: Euclidean propagators

25

1.5

error estimate

1 m =140 MeV ——
m,=60 MeV
0.5 m,=285 MeV ——— ]
lattice, B=5.29, m_=150 MeV ——x—
0 R ‘ R
0.1 1 10

p [GeV]

lattice, e.g.: Oliviera et al, Acta Phys.Polon.Supp. 9 (2016) 363
Sternbeck et al, PoS LATTICE2016 (2017)
A. Athenodorou et al, PLB 761 (2016) 444

0.8

0.6

0.4

0.2

1 _
Z q (p)
error estimate
m =140 MeV ——
m,=60 MeV |
m_ =285 MeV ——

lattice, f=5.20, m_=280 MeV —x— A
lattice, p=5.29, m_=295 MeV

0.1

(Aiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



QCD: Vertices

A A XK

Fg) (p> Acc p7 AS pa A4 psym

classical tensor  classical tensor

AKX

Aqq ()4 AAqq (Psym) A3qq (Psym) qqqq (PP, —
q_lD g complete, n <3 mom.—ind. tensors
I \ / \ | / \ /
¢n
//‘\ /‘\\ //‘\ ne {3 12}
qqcb qqcbcb p,0 7 ¢3 —p, 0, O

“classical” tensor “classical”’ tensor

(Aiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



QCD: Vertices

A A XK

Fg) (p> Acc p7 AS pa A4 psym

classical tensor  classical tensor

ﬁ\ % % X Welches Schweinderl hditten’s denn gerne?

Aqq ()4 AAqq (Psym) A3qq (Psym) qqqq (PP, —
q_lD g complete, n <3 mom.—ind. tensors
I \ / \ | / \ /
¢n
//‘\ /‘\\ //‘\ ne {3 12}
qqcb qqcbcb p,0 7 ¢3 —p, 0, O

“classical” tensor “classical”’ tensor

(Aiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



QCD: Vertices

A A XK

Fg) (p> Acc p7 AS pa A4 psym

classical tensor  classical tensor

4 )
% % X Welches Schweinderl hdtten’s denn gerne?

i (p.q) (p
\ Aqq p,q ) AA(]Q psym A3qq Sym qqqq p7p7
q_lD g complete, n <3 mom.—ind. tensors
I \ / \ | / \ /
¢n
//‘\ /‘\\ //‘\ n e {3 12}
qqcb qqcbcb p,0 7 ¢3 —p, 0, O

“classical” tensor “classical”’ tensor

(Aiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



qDq :

A3
) q :

Quark-gluon vertex

~

{FEJQ)A} ( giVQ T Z )\ p7 [ —q24:| y (p, Q)

Y,
covariant expansion scheme

{7-‘7(‘1112‘} (p,@) = =i, ‘ﬂDQ‘] : _7:1@1_ (p,q) = (P — @) Llaxa
- T (.0) = (p— P
_E@x_u(p,Q)zi(pﬂLﬁ)(p—Q)u Y .
- T (0.0) = +4)
_7;26121_M(P7Q) =i(p—q4)(p—Du [ AL e
:quﬁ_ ) (p,q) = %[p, qVu

(Aiming at apparent convergence)

quenched: Mitter, JMP, Strodthoff, PRD 91 (2015) 054035
Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



Quark-gluon vertex

CAiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



Quark-gluon vertex

CAiming at apparent convergence)

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



INTERMISSION I
P
DR

up-to-date 1st principles works:

FunMethods:

lattice:

Williams, EPJ A51 (2015) 57
Sanchis-Alepuz, Williams, PLB 749 (2015) 592

Williams, Fischer, Heupel, PRD 93 (2016) 034026

Aguilar, Binosi, Ibanez, Papavassiliou, PRD 89 (2014) 065027
Binosi, Chang, Papavassiliou, Qin, Roberts, PRD 95 (2017) 031501
Aguilar, Cardona, Ferreira, Papavassiliou, arXiv:1610.06158

running couplings

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035
Pelaez, Tissier, Wschebor, PRD 92 (2015) 045012
Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer, PPNP 91 (2016) 1

Oliveira, Kizilersii, Silva, Skullerud, Sternbeck, Williams, APP Suppl. 9 (2016) 363

(Aiming at apparent convergence)

QCD: Quark-gluon vertex

Al(pv Q)

Beware of BRST

—
m,=140 MeV | e

\\ OCQQA

\ Oat

\ s
A\ A
‘ Ogeca — -
error estimate

0.1 1 10

Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006



(II1I) Phase structure of QCD and dynamics

="Yang-Mills theory at finite temperature
= Order parameter potential for confinement
* Correlation functions at finite temperature

= Polyakov loop from functional methods

" Application to the phase structure of QCD and dynamics*

* QCD-assisted hydrodynamics*
* QCD-assisted transport*

= QCD at imaginary chemical potential*



Yang-Mills theory at finite temperature



Order parameter potential for Confinement



Confinement

Free energy [ ; of a quark - antiquark pair
(Reminder)

i Order parameter ~ ‘(g)’
CEE)

‘T’ [(I) — 6—%qu(00)J

e Confinement (CID :O)
[qu ~ O"I)

A
\

r e Deconfinement @D + (D

string breaking at r ~ 1fm

‘ s

o a
Y »

g Polyakov loop
Fqg >~ const.

0 ‘ b = §<TrPexp{ig/ drg Ao})
0




Confinement

Order parameters

Polyakov loop operator E;[AO] — NitrP eigfol/Ttho] ((I) = (L[AO]D
¢ order parameter
4 )
L[{Ao)] = 0 «— (L[Ao]) = 0
(L[(A())D order parameter | Bt Gias IMP O
\L-<A0>] = <L[AO]> ) Marhauser, JMP 08

Cup to lattice renormalisation)

Ao=(Ao) J

[V[Ao] 1 F[AO]] G:onstant backgrounds )

5 Vol Cbackground Landau gaug@

OV [ Ao|
0Aq

(Ag) ) order parameter [




Confinement

Effective Polyakov loop potential

One-loop [VUV [Ag] = Ly log SZ) [Ao] — 1oy logS [A ]j
26) () Gross, Pisarski, Yaffe ‘81
free energy Weiss ‘81
081 SU(2)
BHVEV Aol = VPT[O])

0.6j
0.4
0.2

T 9345

2 n 2 &

1 - . c 03
[SU(Z) ; (I)[AO] — COS 5&9140 with AO AO 2]

Non-perturbative effective potential

[ VI[Ap] = —%Tr log(AAY[Ag] + O(9(AA)) + Trlog(CCO)[Ag] + O(éﬂC’C))j

free energy



Confinement

Effective Polyakov loop potential

Non-perturbative effective potential

[V[AO] ~ —%Tr log(AA)[Ag] + O(8,(AA)) + Trlog(CC)[Ao] + O(8,(CCTY) j

free energy

1 1 1 (2) 1 1 (2)
flow | —Tr O R = =Tr0;log(I',” [¢] + Ry) — =Tr ol 9]
[2 IO+ R, ~ 2 ok 2 1P|+ Ry




Confinement

Effective Polyakov loop potential

Non-perturbative effective potential

[V[AO] ~ —%Tr log(AA)[Ao] + O(8:{AA)) + Trlog(CC)[Ao] + O(8,(CC))

J

free energy

1 1 1 1

1 (2) (2)
flow [2Tr I‘I(f)[ atRk; — §TI‘ at log(Fk [?b] + Rk) — —T1r N Rk atrk [Cb]J

8] + R 2 T[]

Propagators

1 1
[W” A= ) Z[Dﬁ(Ao)]]

Integrals & sums

[Trf[—DZ(AO)] —i flrT)2(n £ ©)? + 9% + ¢ — indep.termsJ

,

One-loop resulit

_— 2 2
64<VLW[‘4”]7Vu\'[0])0.6 SU(2) 4 UV 7-‘- 27-(- ~2 ~ 2
: VYV ITAN = =2 % 3 — 1 —
m [6 [ O] (90 3 v ( SO) )J(@ = ¢ mod 1)




Confinement

Effective Polyakov loop potential

Non-perturbative effective potential

[V[AO] ~ —%Tr log(AA)[Ao] + O(8:{AA)) + Trlog(CC)[Ao] + O(8,(CC))

J

free energy

1 1 1 1

1 (2) (2)
flow [2T1" I‘](f)[ atRk — §TI‘ at log(Fk [¢] + Rk) — —T1r N Rk atrk [Cb]J

8] + R 2 T[]

Propagators

1 1
[W” A= ) Z[Dﬁ(Ao)]]

Integrals & sums

[Trf[—DZ(AO)] —i flrT)2(n £ ©)? + 9% + ¢ — indep.termsJ

,

54
PsB
One-loop resulit

_— 2 2
BV (4] — VU\'[U])O.S SU(2) 4 U V 7-‘- 2 7-‘- o~ 2 ~ 2
: VUV[Ag) = =243 (| —|- 1— )
m [6 Aol 3 a ?) JC@ = ¢ mod 1)




Confinement

Effective Polyakov loop potential

Non-perturbative effective potential

1

[V[AO] ~ —=Trlog(AA)[Ao] + O(0:(AA)) + Trlog(CC)[Ao] + O(9:(CC)) j

free energy

1 1

flow %Tr )
|

o] + Ry,

@Rk:§ﬁ0mgafmm+39—§mr

1

1

r[g)

o F(Q)

Propagators

[{AA} |Ag] ~

1 1

—D7(Ao) Z|-Dj(Ao)]

J

Integrals & sums

[Trf[—DZ(AO)] —i flrT)2(n £ ©)? + 9% + ¢ — indep.termsJ

One-loop resulit

,

N? -1

C

_— 2 2
BV (4] — VU\'[U])O.S SU(2) 4 U V 7-‘- 2 7-‘- —~ 2 ~ 2
§ ‘/ A p— —2 . 3 — 1 -
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Confinement

Effective Polyakov loop potential

Non-perturbative effective potential

[V[AO] ~ —%Tr log(AA)[Ag] + O(8,(AA)) + Trlog(CC)[Ao] + O(8,(CCTY) j

free energy

Confinement criterion Braun, Gies, JMP ‘07
s —vovgy | U Fister, JMP ‘13

[/34VUV[A0] = 123 (g; - 27;2 ?*(1 - @)ﬂ]

[ = 2 transversal physical polarisations+ 1 transversal (zero mode)+1 longitudinal - 2 ghostsj

‘ 9BAG
32—” 2n 0




Confinement

Effective Polyakov loop potential

Non-perturbative effective potential

[V[AO] ~ —%Tr log(AA)[Ag] + O(8,(AA)) + Trlog(CCY[Ay] + O(8,(CCTY) j

free energy

Confinement criterion Braun, Gies, JMP ‘07
s —vovgy | U Fister, JMP ‘13

0.6 2 27-‘-2
4 UV A , ™ 2201 _ 5)2
[B VEr Ao 3lgg— 3¢ (1-9)

9BAG

3n
> 2

[ = 2 transversal physical polarisations+ 1 transversal (zero mode)+1 longitudinal - 2 ghostsj




Correlation functions at finite temperature



YM-theory: gluonic correlation functions

----- > ---- g
« 4,

1/Z.(p) Ao (P) Ay (D) Ajpa (D)

(Aiming at apparent convergence)

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 054015



YM-theory: gluonic correlation functions

Thermal flows

A

+ perm.

(Aiming at apparent convergence)

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 054015



Euclidean gluon propagator at finite T

chromo-magnetic propagator
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r [ ] Transversal Propagator Gr bgo - I'=0
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4+ , —— FRG:T=0 ] S 4t §_832 ;c
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: <A A> (p ) ————— FRG: T = 0.903 T, 8 — T=1.02 T,
3L — - — FRG: T =181T, il S oL _
5 o Lattice: T'=10 g 3 - =107 T
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I o0
i g
r D
5
<
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0.0 0.5 1.0 1.5 20 0.1 | 0.2 | | 0.5. - .1 | 2 | | 5

Fister, JMP, arXiv:1112.5440

Lattice: Maas, JMP, Smekal, Spielmann, PRD 85 (2012) 034037 Lattice: Silva, Oliviera, Bicudo, Cardoso, PRD89 (2014) 7, 074503

CF model: Reinosa, Serreau, Tissier, Tresmontant, PRD 95 (2017) 045014

(Aiming at apparent convergence)

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015
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2471
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2.2]
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Debye mass (chromo-electric)

Euclidean gluon propagator at finite T

chromo-electric propagator
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<
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a0 i , ~
2 =
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T i 5 o
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Lattice: Silva, Oliveira, Bicudo, Cardoso, PRD89 (2014) 7, 074503

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015



mS/T

Euclidean gluon propagator at finite T

Debye mass (chromo-electric)
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— FRG

-=-= first order HTL
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chromo-electric propagator
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Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015

Lattice: Silva, Oliveira, Bicudo, Cardoso, PRD89 (2014) 7, 074503




Polyakov loop from functional methods



Confinement

L{Ap) =

—1tr

Pei g fOB Ao (X)

FRG: Braun, Gies, JMP, PLB 684 (2010) 262

FRG, DSE, 2PI: Fister,

4 glue quantum )
fluctuations

JMP, PRD 88 (2013) 045010

hadronic quantum
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onia =46 3= )n( )
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e, ° .
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Confinement

L{Ap) =

—1tr

Peis Jo Ao(x)

7)62 g foﬁ Aop(x)
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l
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Polvakov Ioop Potentlal
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Confinement

L{Ap) =

—1tr
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Confinement

Herbst, Luecker, JMP, arXiv:1510.03830

Flow equation for the Polyakov loop expectation value

Flow equation for composite operators
L =Y ?
Or (LA JMP, AP 322 (2007) 2831

6%(L[Ag 6% (L[Ag]) Igarashi, Itoh, Sonoda, PTP Suppl. 181 (2010) 1

2
6A 0coc Pagani, PRD 94 (2016) 045001

Polyakov loop expectatlon value
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Kaczmarek et al. ’02
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Confinement

Herbst, Luecker, JMP, arXiv:1510.03830

Flow equation for the Polyakov loop expectation value

Flow equation for composite operators
L ?
Or (LA JMP, AP 322 (2007) 2831

6%(L[Ag 6% (L[Ag]) Igarashi, Itoh, Sonoda, PTP Suppl. 181 (2010) 1

2
6A 0coc Pagani, PRD 94 (2016) 045001

Parameterisation

Polyakov loop expectation value

1.2 I I I T I I

with ¢ — (CLM, C, E) |
1 r i
Kaczmarek et al. '02
0.8 o  Guptaetal. 08 §
<Lsipe = b
06 | T :I T T T |
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15 20 25
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Confinement

Herbst, Luecker, JMP, arXiv:1510.03830

Flow equation for the Polyakov loop expectation value

Flow equation for composite operators
LA . ?
O (L] JMP, AP 322 (2007) 2831

6%(L[Ag 6% (L[Ag]) Igarashi, Itoh, Sonoda, PTP Suppl. 181 (2010) 1

2
6A 0coc Pagani, PRD 94 (2016) 045001

Parameterisation

Polyakov loop expectation value

with ¢ = (CLM, C, C) 12 : -
11 i
Kaczmarek et al. ’02
Flow for Polyakov loop wave function 08 + © Gupta et al. '08 .
<l>ipe = b
0.6 | C | | | .

O Zr A, ¢ = Flow (A; Z1,Ga, G, LIAp]] 04 |

0.2




Phase structure of QCD and dynamics



QCD-assisted transport

Qg 0-Q final detected
Relativistic HeGVY'Ion Collisions particle distributions

made by Chun Shen Kinetic .
- o
Hadronization '
Initial energy
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viscous hydrodynamics

free streaming
- >

collision evolution
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On the unreasonable effectiveness of low energy effective theories

Sequential decoupling of gluon, quark, sigma, pion fluctuations
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QCD at finite density

Phase diagram of the QCD-enhanced PQM
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Phase structure at finite density

Phase diagram of 2+1 flavor QCD
200 ‘ | ‘ | T

—————— Lattice: curvature range k=0.0066-0.0180

50 — DSE: chiral crossover |
® DSE: critical end point

.~ A-—-- DSE: deconfinement crossover

/’,::// I | I | I | I
00 50 100 150 200
u, [MeV]
Fischer, Fister, Luecker, JMP, PLB732 (2014)

Fischer, Luecker, Welzbacher, PRD 90 (2014) 034022

Eichmann, Fischer, Welzbacher, PRD 93 (2014) 034013

Chiral phase structure
Qin, Chang, Chen, Liu, Roberts, PRL 106 (2011) 172301

Kaczmarek at al. '11

= . N Endrodi, Fodor, Katz, Szabo '11
< 100} | Cea, Cosmai, Papa '14
= P

Phase diagram of QCD-enhanced 2-flavor PQM-model

200 E.-

—h
o)
o

50 1

T LBI B "":I T "’xlu/_B I_ T
e T 2 A=l 1
@ | m =138 MeV
2. S~ N
'\~..\\";¢T\ |
.';h \\.: \\T%\ N
. ,"' .\~\.\\
S / TN N
-o------ Y CLOSSOVer ¢
ST N 1
---£ o(T=0)/2 )\
— -~ ® crossover N
Lo \ !
7 — & crossover )\ -
e x 1st order J
e CEP VAR

0

50 100 150 200 250 300 350
u [MeV]

Herbst, JMP, Schaefer, PLB 696 (2011) 58-67

PRD 88 (2013) 1, 014007

@ FRG QCD results at finite density
Haas, Braun, JMP ‘09, unpublished



Phase structure at finite density

Phase diagram of QCD-enhanced 2-flavor PQM-model
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Fluctuations as a measure of confinement
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Transport approach to QCD

Blum, Jiang, Mitter, Nahrgang, JMP, Rennecke, Wink

Time evolution of the critical (scalar) 0 mode
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Transport approach to QCD

Blum, Jiang, Mitter, Nahrgang, JMP, Rennecke, Wink

Time evolution of the critical (scalar) 0 mode
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Transport approach to QCD

Time evolution of the critical (scalar) 0 mode
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Transport approach to QCD

Blum, Jiang, Mitter, Nahrgang, JMP, Rennecke, Wink

Time evolution of the critical (scalar) 0 mode
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Pion & sigma spectral functions

Show case in linear sigma model
Sigma & Pion spectral functions
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Pion & sigma spectral functions

Show case in linear sigma model
Sigma & Pion spectral functions
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2+1 flavour quark-meson model sigma spectral function
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Pion & sigma spectral functions

2+1 flavour quark-meson model sigma spectral function
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Time evolution of cumulants

Blum, Jiang, Nahrgang, JMP, Rennecke, Wink, in prep

Time evolution of kurtosis
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Equilibration time phase structure

Blum, Jiang, Nahrgang, JMP, Rennecke, Wink, in prep

Equilibration time of sigma-kurtosis
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Equilibration time phase structure

Equilibration time of sigma-kurtosis
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kurtosis of barvon number fluctuations
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QCD-assisted hydrodynamics



QCD-assisted hydrodynamics

Dubla, Masciocchi, JMP, Schenke, Shen, Stachel, arXiv:1805.02985
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Single particle spectral functions




Single particle spectral functions
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Single particle spectral functions

gluon spectral function at vanishing temperature
n l L] L] L] l L] L] L] l Ll L] L] l L] L] L] l

N

—
T T 11

o

I
—
T 1 T 11

10™* x Spectral function p,4 [GeV™]

1 | 1 1 1 | 1 1 1 | 1
0.6 0.8 1.0
Frequency w [GeV]

novel analytic IR (& UV) behaviour and qualitatively refined reconstruction
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Single particle spectral functions

gluon spectral function at vanishing temperature
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Transport coefficients

viscosity over entropy ratio in Yang-Mills theory

Kubo relation
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Transport coefficients

viscosity over entropy ratio in Yang-Mills theory

Kubo relation
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Transport coefficients

viscosity over entropy ratio in Yang-Mills theory

Yang-Mills viscosity over entropy ratio
Kubo relation
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viscosity over entropy ratio
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Transport coefficients

QCD - estimate for viscosity over entropy ratio

viscosity over entropy ratio
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QCD-assisted hydrodynamics

Dubla, Masciocchi, JIMP, Schenke, Shen, Stachel, arXiv:1805.02985

IP-Glasma - MUSIC - UrQMD

v, as function of centrality v, as function of p.
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QCD-assisted hydrodynamics
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QCD-assisted hydrodynamics
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IP-Glasma - MUSIC - UrQMD
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QCD-assisted hydrodynamics

Dubla, Masciocchi, JIMP, Schenke, Shen, Stachel, arXiv:1805.02985

IP-Glasma - MUSIC - UrQMD

v, as function of centrality
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confinement order parameters
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confinement order parameters
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Imaginary chemical potential

confinement order parameters
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Imaginary chemical potential
Nature of the RW endpoint
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Imaginary chemical potential
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Full dynamical QCD: N,= 2 & chiral limit

Phase structure
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Confinement

Effective Polyakov loop potential —

Non-perturbative effective potential

[V[AO] ~ —%Tr log(AA)[Ag] + O(8,(AA)) + Trlog(CC)[Ao] + O(8,(CCTY) j

free energy
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Full dynamical QCD: N;= 2 & chiral limit

Phase structure

(Reminder)
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Imaginary chemical potential
Nature of the RW endpoint
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Phase structure
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