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Combining these identities we obtain the following system of coupled differential equations

for Ax and g E _ c&é‘
B (k)
Oegr = (d—z-’r—ik—— >9k
1 — grBa(Ak) (5.50)
g BI(A )A2()‘ g )
0 = A1k, i) + 1= ZkB2(>\I;) :
with:
Ar( Ak, gr) = =2 + (47r)1“%gk{ d(d—1) CDI%(—ZAk) - 2d @%(O) }
AQ()\]C, gk) = )\k - (47'()1_%91:{ %d(d - ].) &)1%(—2)%) -+ dé%(O) }
Bl()\k) = 4(47r)1"% {Cl (d)q)%_l(—2)\k> —+ Cg(d)@%(—Q)\k) — Cg(d)@]‘%_l(O) +
+ (ea(d) + es(d) ) #30) }
By(Ae) = —2(47)1"% {cl(d)él%_l(—zAk) +es(d) D% (=2)) + e2(d) @y, (0) +
+ 04(d)&’2% (0) }
ca(d) = ii_ar(l)%(d’ Q) = i—;—l qbf,\ =) ﬁ - 94 a

5.7 Phase portrait

In order to explicitly solve the above system of differential equations we need to specify the shape
function R (z). In this thesis we shall always work with the so called optimized shape function:

RO(z) = (1 - 2)0(1 — 2) (5.51)
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In practice one usually does not work directly with the @,. Instead one uses the so called

threshold functions % (w) and &P (w), which we shall now introduce: 77 —q -
1 *° RO(2) — 2ROV (2)
D e— n—1
P (w) : () /0 dz z T B0 1w , n>0 (5.42)
) e RO(2)
G — n—1
P (w) : () /0 dz 2 T RO 1wy , n>0 (5.43)

Here I'(n) = (n — 1)! is the well-known gamma function. The threshold functions obey the
following key relations:

_ n— d 1 e = {c
0u[(De+ o] = e az () - Lawtier i 82 () (5.44)
c
Q'n [(Dk -+ C)—pNo] = k2(n—P+1) ®$1, (ﬁ) (545)
where ¢ is some arbitrary constant and ny (k) := —0;In Zx is the anomalous dimension of the

operator [ dr+/GR. The identities (5.44) and (5.45) allow us to reexpress everything in term of
d? and O2:
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Here ©(1 — z) denotes the Heaviside step function defined according to:

0 for z>1
01~z := { 1 for z<1 (5.52)
The threshold functions can be evaluated immediately:
1 1 ~ 1 1
HP —_ oP = .
) =T Ty ) T Aty (5:59)

Let us also fix the dimension of the space-time manifold at d = 4. After some algebraic
manipulations we obtain the following system of ODEs:

gizi-3 1—2/\)—5*—(1—2>\k)}
(1—2)\k)2+gk2w{—- (T=2X) -2+ S (1—20)2}
ge 7 {3 ( 1_2>‘k)‘“§""1_2/\k {Ak_gkzm{l 2,\,0+ }}

(I—2X)2+ g {-2(1-2x)—2+2(1—20)2}

1 6
— 2+ gk — 4
S {1—2)\k }

In order to gain some insight into the qualitative behaviour of this dynamical system we will
plot a couple of integral curves:

" (9% ¥) =(0.32,04¢

1.0F

Oigr = 291 +

Oh =

0.3

0.6

0.4

0.2L /




The above phase portrait possesses two distinct fixed points — a Gaussian fixed point:

(gGauss; )\Gauss) = (O , 0)

and a non-Gaussian fixed point:

(gnonGauss; AnonGauss) = (0893, 0164)

We will now discuss how it is possible to obtain important information about the RG flow by
looking at its fixed point structure. First of all let us rewrite our system of coupled differential
equations in terms of f-functions:

09k = Bg(gr, Mx)
O Ak = Bolgx, k)

where

gi{-2(1-22)-2-2(1-2))?}
(1—2/\k) +arm {31 =2x0) -2+ 3 (1 -2M)2}
gk—{——1—2)\)—§-—-—(1—2)\k)}{Ak—gkﬁ{ﬁ;%—%}}
I—20)2+ge s (-3 (1—2x0) — 5+ 5 (1-2\)% ) -

1 6
—2A 4
SR L {1—2Ak }

The fixed points are precisely those points, where all f-functions vanish. Such points are
characterized by their stability properties and those properties can in turn be investigated by
looking at the so called linearized flow. To make this idea precise we shall pick some arbitrary
fixed point (g, Ax) (i.e. (g, Ac) could be either the Gaussian or the non-Gaussian fixed point)
and we will linearize the flow about (g., A.):

Ak — A
(gx Ax) k

Bug \ [ Lelgmd) Bpfge)
B - OB (9r,2k) OB (9%, %)

Agx Ok

Bo(gr, Ak) = 2g% +

B(gk, Ak) =

The matrix

8B8g{( 9k, k) 084 (gr, k) 0B8q(gr, k) 0Bg(gk > k)

O9x O _ 90k (gun) P (gun)
CENCIEYS IONCIRYS 962 (g Ak) g'm) 0B (gk: k) (giww

gk I (9w, he) Ie 1 gehs) B (g he)

is referred to as the stability matrix of the linearized system and can be used to extract informa-
tion about the behaviour of the ODE around (g., A,). More precisely — it is the eigenvalues p;
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and gy of this matrix which determine the stability properties of the flow in the vicinity of the
fixed point:

— if p; < 0 and g, < 0, then (g., As) is called a stable node (informally speaking a stable node
is a fixed point which attracts all nearby integral curves towards itself. This is why stable nodes
are also known as attractors)

— if p; > 0 and gz > 0, then (g., A\.) is called an unstable node (i.e. (g, A«) is not attracting
and also not stable in the sense that integral curves, which pass near (g., A.), do not necessarily
remain in the vicinity of that point). Unstable nodes are also known as repellors

s if g3 > 0 and gy < 0, then (g4, A.) is called a hyperbolic fixed point (or a saddle point)

— if p1o =—a+ib (with a,b> 0), then (g., A\.) is called a stable spiral point

There are of course many other possible cases but only those four will be relevant to our
discussion. Let us now go ahead and compute the stability matrix at the Gaussian fixed point.

We obtain:
B ( 2 0)
- 0.159 —2
(0,0)

The respective eigenvalues are g; = 2 and g = —2. Hence the Gaussian fixed point is a saddle
point. Since gy < 0, the go-eigendirection is attractive for £ — oo (meaning that for k¥ — oo
the integral curves are attracted towards the fixed point along this direction). Conversely, since
01 > 0, the p;-eigendirection is repulsive for k — oo.

Moving on to the non-Gaussian fixpoint, we obtain the following expression for the stability

matrix:
_ —2.458 —10.522
B 0.705 —1.611
The respective eigenvalues are g; = —2.034 4+ 2.691¢ and gy = —2.034 — 2.6914. Hence the
non-Gaussian fixed point is a stable spiral point. The behaviour of gx and \; near the fixed
point is described by the real parts of the eigenvalues (the imaginary parts do not influence the
stability of the fixed point). Since Rep; = Repy < 0, the non-Gaussian fixed point is an attractor.

Therefore the RG flow contains all the ingredients which are necessary for the so called asymptotic
safety scenario and the nonperturbative renormalizability of 4-dimensional quantum gravity.

Agx Ok
B9k, k) 9Bal9k; k)
Bgx Ok

( OB (g, k) 9B (gr,Ak) )

8gk 8>\k

3B (ox,2 k) 8B8a(gk, k)
dgr 2%

( 9Bglgr ) OBa(gr k) )

(0.893,0.164)

5.8 Extracting the unphysical degrees of freedom

As we already indicated in section 5.5 the flow equation (5.50) contains unphysical degrees of
freedom due to the a-dependence of the cutoff operators. In this section we will improve our
analysis by eliminating those unphysical degrees of freedom. The most proper way to do this is
to go all the way back to section 5.5, where the a-dependent cutoff operators were introduced,
and replace them with a-independent ones. In order to accomplish this we will first have to take
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