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The solutions will be discussed in the tutorials on 13th & 15th of November.

1. Zero-dimensional field theory

Consider the generating function of a bosonic field theory defined on zero spacetime dimensions,

26) = [dwesre,

where x € R are the “fields”, j is the source and the classical action S(z) is given by

1o Ay
S(x)—ix +Ix.

This integral cannot be solved analytically. We want to transform the problem of solving this
integral into the problem of solving a (partial) differential equation. To this end we introduce a
quadratic “cutoff” term %Ra:Q, R > 0, to the classical action, which yields a modified generating
function:

Z(j,R) = /dm e~ S(@)— g Ra*+jr _ /d:p o~ (14 R)2?— Azt tja

The question we now ask is: how does the generating function behave under continuous varia-
tions of the cutoff-parameter R?

To answer this question it is more convenient to consider the “flowing action” T'(z, R),
which is defined by a modified Legendre transformation of In Z(j, R):

1 1
I'(z, R) = sup (jf I Z(j, R)) — 5% = joup® = 10 Z(jsup, R) — 5 R,
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where T is the expectation value of = in the presence of the source and the cutoff:
T=(z);p=0;InZ(j,R).
We choose z to be independent of R.
(a) First, we want to show that pertubation theory fails at some point for this type of problem.
— Compute the coeflicients Z,, of

Z(0) = /d:r O L

4

within the perturbative expansion in powers of A (about A = 0),
Z(j) =Y ZnA".
n

What is the radius of convergence of this expansion?
Hint: [[°dte”"t" =T(x + 1), where I is the Gamma-function.



— The remainder Ry of the partial sum of order N can be estimated by

N
Ry = (Z(o) =32 < AV Zy |
n=0

(You do not have to prove this). Use the Stirling formula
Iz — oc0) — 2" 2e "2

to estimate Z,A" for large n. Estimate the order N = Ny, in which the above
remainder is minimized.

(b) Derive the flow equation for the flowing action:
1 2 -1
ORL(7,R) = ; (ai,r(:f, R) + R) . (1)

Hint: jsup = Jsup(Z, R).

(c) In order to find approximate solutions of eq.(1), we make the following ansatz for the
flowing action,

Derive the flow equations for the coefficients A2(R) and A4(R), i.e. derive equations for
OrA2(R) and OrA\4(R) from eq.(1). Solve these equations numerically for N = 2, that is
Ao =0 for n > N. Give diagrammatical representations of the equations you found.



2. The generating functional of an interacting QFT

Consider the generating functional (in Euclidean space)
Z[j] = /D¢ e~ Sole]l=Sinelel+ [, i(@)e(z)

where the free and interatcting part of the classical action are given by:

1 A

Sole] = / [Q(GMP)@MH;W’L%Q] and - Sile] = [ 27",

and we used the abbreviation fm =/ d*z. The interacting generating functional can be repre-
sented in terms of the free one as

21j] = e z4 1, (2)

where 5%. is the functional derivative with respect to the source field. The generating functional
Zp[J] is that of the free theory,

ZO []] _ /DQO e—So[sO]-l—ij(a?)go(m) _ ZO [0] 67% fz’yj(z)G(x,y)j(y) , (3)

with the free field propagator G(zx,y),
G(z,y) = (=0 +m*) "W (z —y).

Prove the eqgs.(2) and (3).
Hints:

Represent f(p)el=3@2@) in terms of deriatives w.r.t. j.

Substitute p(x) — ¢(x) + [, G(x,2)j(2).



