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Recap: ch]roclgnamics of |

nearlg Pemcect Huids

Hydrodynamics: correlation functions at Low energy and small
mowmentum are governed by evolution of conserved charges

Hydrodynamics can be derived as an expansion of derivatives of the
fluid velocity and thermodynamic variables

The leading order theory “ideal hydrodynamics” only depends on Bos
and is exactly time reversible

The wext order theory “‘yiscous h 50lrool Yna mLes” tnwvolves tra nsport
coefficlents, and describes dissipative, time irreversible phenomena



Non-relativistic hgclrodgnamic equations

ldeal: e

pv
rlz'j P&ij —|— pij
o dissipative:

vi(e + P) + v;0M;; + Q;
pv
P(Sij —I— pvivj —|— 5|_|7;j

2
Vs s 0N U0 (V)
—KkVT
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Determination of Transl:)ort Coetticients

The transport coefficients can be extracted from expertment, or
estimated from an underlying field theory

“Linear Response Theory” connects transport coefficients and
correlation functions in a field theory=> Kubo formulae

f Lnteraction not weak, caleulations based on Kubo formulae di—f-ﬁcul}c
=> “KLnetile Theory” used to relate mioroscopio quasipa rticles to
hgdrodgwamics

If Lnteraction between gquasiparticles is strong, Kinetic theory breaks
down => “Holographic Method” used to extract transport properties
from strongly coupled field theory
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Representative Fluids

Superfluid Heliwm : strongly coupled Bose fluid

atomic Fermi gas near Feshbach resonance : strongly
coupled Fermul Liguiol

RGP : strongly coupled plasma

cold relativistic quark matter at very high baryonic
denstties in the CFL Phase

The phases of matter are quite different, but
approxtmately scale tnvariant and their properties do
not depend on detatled form the of the tnteraction




il nspor‘c Coetticients

o shearviscositgj 0
O bulk \/Lscositgj C
O thermal cowduotivita K

diffuston D
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Bulk \/iscositg C

Bulk viscosity measures the energy dissipated as a fluid undergoes expansion or
compression

whewn a fluid ts uwl{orng compressed, it is perturbed from equilibrivum. The energy
density rises, but pressure temporarily rises by more than what is predicted by €os.
under uniform rarefaction, pressure temporarily falls further thaw is predicted by
EoS. Bulk viscosity gquantifies this extra shift in the pressure.

Bulk viscosity will be non-zero whenever the trace of the stress energy tensor can
differ from the equilibrium pressure. The tnability to maintain equilibrium s
assumed to derive from rapidly changing densities t.e. V. v =0

O =

P-?)=-5(V.v)
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Bulk Viscositg and Conformal Invariance

n a conformal theory, even Lf the fluid s perturbed from equilibrivm, the
pressure still does not deviate from the value given bg the Eos (P = €/3). Thts
follows from the tracelessness of the stress-energy temsor tn a conformal
theorg

uniform oomprﬁssiow or ravefaction is the same as a dilatation
transformation.

n a conformal theory, a dilatation transformation is a symmetry, so the
fluid will not leave equilibrium. Thus, tn a non-tnteracting conformally
Lnvariant system in the normal phase, bulk viscosity vanishes

Whew interaction s turned on, conformal symmetry could be broken to give
finite bulk viscosity

Bulk \/Lscositg Ls proportional to the relaxation time, and to the deviations
from breaking of conformal tnvariance in the Eos.



Relativistic hg&roclgnamics

Skt 0
Pz (e + P)uu” + Pnp*”

T]'uy = d’LCLg(—l, 17 17 1)
R="Piec)
o dissipative:
In the local rest frame: T90 = ¢ , 70! = Q.
T = T + s o 52 wv

SOITHY = _poh? _ ¢5H7 9 . 4
where olV = AWA’/B(ﬁau5+85ua—%naﬁa-u)

Jp = nuy + 0ju
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Kinetic T]’weorgz Boltzmann transport equation

Vviscous h ydrody namdics based on assumption of short mAp: tnvalid at Low densities, whew the
particle can traverse a significant fraction of reaction volume

At low denstties, the system can be treated as a hadronie gas undergoing binary collisions and
Boltzmann treatments are justified

For a Boltzmann olescriptiow, owne needs a phase space olewsitg 6 (p.x), whtch can be expanded about

a Local equilibrium as fp(x) — fg(a:) -+ 5fp(£13)

A e (z) = =
where the Bose distribution Ls p =5 (eﬁ(m)vﬂ(a;)pﬂ - 1)

0
The departure from equilibrium is determined by the Boltzmann equation a—‘: + vp - Vo f = —C|f]

For bulk viscosity, the departure from equilibrivum is because of Lsotropic compression or
rarefaction V- v, = X,

At linearized order, the departure from equilibrium 3 fp(z) = —fJ(z)[1 + f3(2)] Xp(x)



In Rinetic theory, the energy momentum tensor LA
a weakly interacting system is

d3p fp(x)p D
Ty

T/,Ll/:g

Deviation from thermal equilibrivum

T,LW — TBI/ —I_ 5T,u1/, TBI/ — (E —I_ P),U,LL,UI/ = Pg,l“/

The shear and bulk viscosities are defined by small deviation away from equilibrivm:

2
5sz — —n(vz"l}j -I- Vj’UZ‘ - §5Z]V 2 U) - C5zgv sl

For non-ilnteracting systems, conformal symwmetry requires 0T,, =0 => C =0.

When nteractions are turned on and conformal symmetry is broken, Ty equation has to be
modified to include effect of the interaction to give non-vanishing C result
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Bulk viscosity of high temperature QGP

(n a relativistic system, using dimensional arguments, both shear and bulk
viscosity must scale as N, « T2
T3
st
azlog[l/as]
n a nearly conformal theory, C vanlishes as 2nd power of brea kRing of conformal

Lnvariance: one power because departure from equilibrium is small, another because
any departure from equilibrivum has a small meact oW pressure

the para metric behaviour of shear \/Lscosi,’cg L RCD LS

For massless RCD, conformal symmetry Ls broken by B (o) ~ o

Bulk \/i,scosz',’cg 10

T3
azlog[1 /o]

a§T3
log[1/ o]

22
Ala s

9

n/s and ¢/s

é‘/s %1000
1 1 l
0.1 0.2

Coupling o
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Bulk viscositg of Pion Gas atlow T

n hadrownic phase, dominant configuration of RCD with 2 flavors of massless quarks is a gas
of massless plons

n RCP with heavy quarks integrated out and light quark masses set to zero, conformal
symwetry is broken in the quantum level. (n the perturbative region of RCD, up to log

correctlons,
1

(/s o< ag? (5 —v§> x a2

while n/s o o2

C is smaller than 1 in the perturbative regime

whewn temperature is reduced, 1/s reaches minimum near T, while U/s rises sharply near T..



Bulk viscositg of Pion Gas atlow T

O Bulk Viscosity of massless plons can be obtained by solving the linearized Boltzmann equation.
The Boltzmann equation describes the evolution of isospin averaged pion distribution function

{(KlPlt) — 'lc‘p ()<)

%_l;aufp(m) T
L fdl fifo(1 4+ f3)(A 4+ fp) — (A + f1)QA + f2) fafp
where E, = \/p2 + m2, gr = 3,

e d3k; 4 <4
dl" = QEPI—I(QW3)(2E7;) (277) 0 (kl + ko — k3 —p)

0 = 0 x 77/ * [Chen and Wang 200/1

0 For free plow gas, s = 229 1 T3/45
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Supemquiclitg

Superfluidity s a property of quantum fluids related with existence of
Low energy excitations that satisfies the Landau criterion for

swper‘ﬂvu:di’cg : Mine(p)/p # 0

Superfluidity is due to appearance of a quantum condensate which
spontaneously breaks a global symwmeetry of the system associated with
conservea particle number = phonon

superfluidity discovered wn *He below 2 17K is due to the B-€
condensation of the bosonic atoms tn the lowest gquantum state

Cooper Theorem = Fermionic superfluidity in quantum degenerate

systems at low temperature whew interaction between neutral fermions
ls attractive
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SuPemquid ]ﬁgclroclgnamics

g

olissipat'we:

0=

where

H_

Qi

psTun + (p + %’vf)(pnvn + psvs)
pnUn(Vn — vs)

PnVn + PsUs

Poi; 4 pnvn ivp j + Psvs Vs

2
=t R U 0 )

5ij(<lv - (ps(vs —vn)) + (2(V -vp))
U, 00055 = ps(vs 3 — vy ) H - @

—(3V - (ps(vs —vn)) — 4V - vp
—KJVZ'T
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Transport Coelticients in Superﬂuic{s

According to flutd mechanics, a nwormal gas (or Ferml gas above
critical teveperature) has 3 kinetic coefficlents: shear viscosity, bulk
viscosity and thermal conductivity

Below critical temperature, Fermi gas s in the superfluid phase, and the
number of Rinetie coefficients is 5: shear viscosity, thermal
conductivity, and 2 bulk viscostities



Bulk \/iscositg N supemquids

n a superfluid at nwon-zero temperature (using Two-fluid description of Landaw), there are 2
inodependent motions, one normal and the other superfluld. The transport properties depend on
shear \/Lscositg, three tndependent bulk viscosities and thermal cowduc’civita

Dissipative processes lead to positive entropy production = K, 1, (2,¢3 > 0 and C% < (o(3
Copla Ys the role of standard bulk \/Lscosi’cg coefficient, G, and G, provide a coupling between

h 5drod yna mic equations of the 2 components

n a conformally invariant system in the superfluid phase, it has beew shown [Son 20071 that

two of the three bulk viscosities vanish: ¢, =C,= o.

n Low temperature regime T < <Te, transport properties of superfluids are determined by
phonons: ¢ % = (2(3 (saturated) and there are only 2 independent bulk viscosities
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Unitarg Fermi Gases

In experiments with trapped cold atomic gases, by varying magwnetic-field controlled tnteraction,
fermionic pairing Ls observed to undergo BEC to BCS crossover

n weak coupling BCS region, the system s characterized by formation of Cooper pairs. tn strong
coupling Limit, the system can be described by BEC dilute gas.

The unitarity limit is reached when the magwetic field is tuned at the Feshbach resonance, where
the two-body scattering length diverges. Far from unitarity, properties are well understood using
Meaw FLeld Theory, but not reltable close to uwitaritg (scattering length >> inter-particle
distance), no small parameter in Lagrangian to expand in

Close to uwitarg region, understanding of phases comes from MC stmulations

Different method: At sufficiently low temperature T< <Tc, only active DOF are phonowns,
assuming contribution of other DOF are thermally suppressed
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Kinetic Theory of suPemquid Plﬁonons

The dispersion law of phonons is given by  €p = ¢csp + Bp3 I O(p5)

Varlous thermodyna mic quantities (entropy dewsitg, phonon number) can be computed starting
from phonow distribution function n.

Kinetic equatiow for evolution of out—o-f—equil,ibrium phonon distribution function
(Boltzmann transport eqn):

0 O LonOH=" E o =

1
At equilibrium phonons obey Bose-Einstein distribution :  Tleg (ep) = R
e _—

and the colliston terma vanishes.

For small departures from equilibrivum, the collision term can be linearized ow the deviation
O n =n - neq The transport coefficients can be obtained by solving the kinetic equation

various numerical approaches (variational wmethods, orthonormal poly nomtials ete). Approx
expression using RTA (relaxation time approximation): 8 C =-dwn/ Ty

RTA -> correct parametric dependence, but inaccurate numerical factors
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Fective Field Theorg

The properties of the phonons can be extracted from the Effective Field Theory

The Effective phonon Lagrangian L.gcan be determined from the pressure using €os, by
demanding general coordinate tnvariance and conformal invariance

From Lesr the phonown dispersion Law s obtained, and the self couplings (c., B) depend on some
universal and dimenstonless constants

Transport coefficients can be determined from Logr consioering appropriate phonown scattering
Process

lt was showw that Fermi gas at unitarity is exactly conformal, and bulk viscosity vanishes in
wormal phase: CG.=C,=o0,whilel. =0 [Escobeclq Mannare”i) Manuel 20091

Close to unitarity, scale invariance is broken => additional terms tn Lo => the phonon dispersion
Law and self-couplings are modified = first non-vanishing corrections to bulk viscosity

Comparison with Bose superfluids showed that T dependence for bulk viscosity in these two
superflutds is the same



n exact conformal Limit:

P = com4,u8/2

55/2 T
155 253/2 O ol 0 f

S = O N 6)

— com3/2X5/2 +c1m

where cg =

1/2(VX)
VX \/_

= (V)2 X

where X = mug — 0p¢ — (V¢)2

3 3
€p = Cs <p = 7T2\/275(01 =+ 502)5—2>

= - Cs\/7(01 - —Cz)kQ

=60 =0

(3 ~ 3695.4 ( )9/4 (c1+302)2

m8
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Close to conformal Limit:

P Fo+ PeB
)
5/2  dom
Com4ﬂo/ b BN
= O L L DRk OB

R e (T/_X) \/_

2 (V2$)°VX

X2
Ut ot a2

a

2¢3/2
Defining y = Z%T 52;50

¢, = cs(1+ )

e Sl 5y
Bles = S ey (01(1 = ?) i 502(1 5 )

S
(1~ —264.Tca(cr + 3c2)€3-1 5y

m™ug
1902 53/2T3

CQ =~ 3/2 y

= 9/4 (c14+3¢2)? 3,4 66¢1+135¢
§3_36954< ) T2 TO(1 -2t S

Y)
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Experimen’tal detection of translz)ort coetticients: Unitarg Fermi gas

Damping of radial breathing wmodes depends on bulk and shear viscosity. since G 2
vanishes, bulk viscosity enters only in the presence of a difference in velocity between
the normal and superfluid components, and is in general negligible. To determine C 3,
one should produce oscillations where the normal and superfluio component oscillate
out of phase

Transport coefficients also enter tnto the damping rate for propagation of flrst and
second sound in a superfluid. The damping of first sound, O, depends on shear
viscosity and on G 2, while the damping of second sound, 0.2 , depends on all
dissipative coefficients



Relativistic superﬂuid hgdroclgnamics

ldeal:
auT'uV =40
Tt S Cerrle g i e P

" = diag(—1,1,1,1)
P = P(e)
ount =0
Oust =0

o oOissipative: T7=-¢57V-v
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Bulk viscositg of cold relativistic quark matter

Relativistic superfluid matter in Neutron stars: high baryonic density and
Low temperature

Deconfined gquark matter: preferved phase in presence of three Light quark
flavors Ls CFL

(n CFL, bargow symwetry LS spontaneously broken, and CFL quark matter
becomes a superﬂuid as tn B-€ condensates

In the regime where T is smaller than all energy gaps of quasi-particles
(mesons, quarks, gluons), transport coeffictents tn CFL are dominated by

collistons of superflutd phonons = EFT for superfluiod phonons can be
applied.

Besides phonons, kaons may contribute to the transport coefficients
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Bulk viscositg of cold relativistic quark matter

O  using EFT, dispersion Law of phonons can be obtained:

e \/% and B = — 25,

At V high chemical potentials, m, << W : CFL is approx scale invariant, leads
to vanishing bulk viscosity:
d d =1 =10

o
S TG

Scale breaking effects due to a non vanishing value of strange quark mass
included in Loge After tdentifying the leading collisional process relevant for
bulk viscosity, Boltzmanwn equatiow is written dowwn for the phonon, and
linearized tn small deviations around equilibrivm. The collision term is
explicitly written down and bulk viscosity coefficients are numerically
computed.
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Astrophgsical detection of transport coefticients: Coml:)ac‘c stars

relativistic superfluid phases: tf superflutdity occurs tn the tnterior of compact
stars, there shoulol be possible signatures:

Glitches: sudden spin-up of pulsars, relies on existence of superfluid
component i the tnterior of the neutron star, rotating faster thaw the soliol
crust

Evolution of r-mode oscillations tn compact stars: non-radial oscillations of the
star with Coriolis force as the restoring force. Whew dissipative phenomena
damp these r-modes, the star can rotate without losing angular momentum to
gravitational waves. it is necessary to consider in detail all the dissipative
processes andl to compute corresponding transport coefficients



The form of dissipative terms w relativistic hydrodynamics depend on the definition of rest frame
of the fluid. i Landau frame (energy three-flux vanishes), heat conduction does not enter as

cadoylie e st el e s shg A e e o Jp = —k ( e >2 p (M)

e+ P T

Bckart frame: baryown three-curvent vanishes. Boost velocity ve = v/n to go from Landaw frame.

: : 2
n Bckart frame: T_;%z =R =i (S-ZP) 0; (%)

Boltzmann equation: pHdufs = Cu(f) describes evolution of phase space densities £, (x,p).
Ca(f) =0 for equilibrium distributions f, of B-€ or F-B forms. Close to equilibrium £, = {, + of.

d3p ptp” :
(2m)3 pg
dSp pt

=
o

n terms of Of, dissipative corrvections are  0THY

f
5iH
e+ P

For heat conduction, we are interested in 3T and djt: T — _ 5ji L 5T
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Thermal concluctivitg In supemquicls

Distribution function of elementary excitations satisfies the kinetic equation :

on_ On OH _0On OH _ e S

1
rd rd rd 3 n 6 :
At equilibrivum: eq( p) g e

1

For small departures from equilibrivum, distribution function : n = ng+ n; where no << nj .
The problem is “linearized” => The transport coefficients can be obtained by solving the kinetic
equation

nserting n into LHS of kinetic equation: terms containing second viscosity in the superfluid,
term with temeperature gradient VT associated with heat conduction and a term related to first
viscosity
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Thermal Concluctivitg . Results

w superfluids: thermal transport takes place along the normal component by convection, where
the superfluid wmoves relative to the normal fluid. The entropy and heat are carried by the
normal component. The convective distribution is controlled by shear viscosity of the normal
fluid. Thermal conductivity of the normal fluid is dominated by roton and phonon scattering

bn normal flutds: At high temperatures, diffusive process, determined bg scattering of atoms.
At large T (similar to shear viscosity): . o 75 with s — % T 21
Z/_

bn unitary Fermil gas: Thermal conductivity from phonons of unitary gas — wnot yet
determinea

2

’ ’ l/l/
In RAP: n the limit u>>T10 K ~ —

(n the kmit T>> W :



Dittusion D
Due to multiparticle tnteractions, particles do not move along
streamlines but instead exhibit fluctuating motions as they

tumble around each other, Leading to a wet wmigration of particles
down gradients in particle concentration

If fluid Ls composed of quasi-particles, thew diffusion of
Lmpurities and shear viscosity are closely linked, as both are
related to momentum diffusion. They have same dependence on
coupling constants, and similar temperature dependence up to
Rinematic factors

If the number density of Lmpurity particles is conserved, it

satisfies the continuity equation on
fi 5 Al M +Vi=0

For smoothly varying number density, =y

5’7@ 2
e 2 DAy 7] NET FLOW

ot
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DifHfusion : Results

n Superfluids: phonow seattering off 2He is the dominant mechanism.
The mobility u of 3He quasi-particles in superfluid *He can be estimated from the theory of
elastic scattering: o T

Einsteln relation D =UuReg T=D x T 7

' 1 1 @t  With s = 5 4 2

tn normal fluids: scattering between atoms: D « T S T
The T dependence is tdentical to that of shear viscosity

L unitary Fermi gas: caleulation involves quasi-particle scattering amplitudes. The system is
considered as itdeal gas of majoritg (wp) atoms mixed with miworlﬁtg (doww) atoms, whose
elementary excitations are quasi-particles with effective mass m*|. The momentum relaxation
time can be estimated from thermodynamic arguments. Not related to viscosity.

in RGP: dominated by heavy quark scattering ow light quarks and gluons qR—> g and
gR —> gR . As Ln case of shear viscosity, most important Feynman diagrams involve t-chanwnel
gluon exchanges. B has same parametric dependence on the coupling as shear viscosity



Thank 9oul
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