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Quantum Field Theory 1
Exam

Problem 1: Scalar field
Consider the following action for two real scalar fields φ1 and φ2

S =

∫
d4xL =

∫
d4x

{
1

2
∂µφ1∂

µφ1 +
1

2
∂µφ2∂

µφ2 −
1

2
m2(φ2

1 + φ2
2)

}
.

a) Show that S is invariant under the infinitesimal transformation

φ1(x) → φ1(x) + αφ2(x)

φ2(x) → φ2(x)− αφ1(x).

b) Using Noethers theorem or otherwise find the conserved current jµ = (j0,~j)
associated with this symmetry.

c) Suppose that the interaction term

Lint = −λφ4
1 − 2σφ2

1φ
2
2 − λφ4

2

is added to the Lagrangian. For what values of λ and σ is jµ still a conserved
current?

Problem 2: Dirac field
The Dirac equation is

(iγµ∂µ −m)ψ(x) = 0,

where the gamma matrices in the chiral representation are

γµ =

(
0 σµ

σ̄µ 0

)
,

with σµ = (12, σ
i), σ̄µ = (12,−σi) and

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

the Pauli matrices.

a) Show that these matrices satisfy the Clifford algebra {γµ, γν} = 2ηµν
14.

b) Show that the spinor ψ(x) satisfies the Klein-Gordon equation.

c) Assume now that the field ψ is canonically quantized

ψ(x) =

∫
d3p

(2π)3

1

2p0

{
as

~p us(~p) e
−ipx + (bs~p)

† vs(~p) e
ipx

}
ψ̄(x) =

∫
d3p

(2π)3

1

2p0

{
(as

~p)
† ūs(~p) e

ipx + bs~p v̄s(~p) e
−ipx

}
.

What quantization relation do the operators as
~p, (as

~p)
†, bs~p and (bs~p)

† satisfy?



d) Consider the conserved charge

Q =

∫
d3x ψ̄γ0ψ.

Show that

Q =

∫
d3p

(2π)3

1

2p0

{
(as

~p)
† as

~p − (bs~p)
† bs~p

}
+ const.

You can use the relations

ūs(~p) γ
0 ur(~p) = v̄s(~p) γ

0 vr(~p) = 2p0 δrs,

ūs(~p) γ
0 vr(−~p) = v̄s(~p) γ

0 ur(−~p) = 0.

Problem 3: Feynman rules
Consider a theory involving the real scalar fields Φ and ϕ with the Langrangian

L =
1

2
∂µΦ∂µΦ− 1

2
M2Φ2 +

1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2 − hΦϕϕ.

a) Write down the Feynman rules in momentum space for this theory.

b) Consider a scattering experiment where two ϕ-particles with initial momenta
~k1 and ~k2 are scattered to final momenta ~p1 and ~p2. Show that to order h2 there
are 3 tree-level contributions to the scattering matrix. Draw the corresponding
Feynman diagrams and determine the contribution to the scattering amplitude
iM.

Problem 4: Gauge symmetry
The Lagrangian of a scalar field ϕ of mass m and charge e, interacting with the
electromagnetic field is

L = −1

4
FµνF

µν + (Dµϕ)∗Dµϕ−m2ϕ∗ϕ,

where Fµν = ∂µAν − ∂νAµ and Dµϕ = ∂µϕ− ieAµϕ.

a) Show that this Lagrangian has a gauge symmetry.


