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Suggested reading before solving these problems: Chapter 2.2-3.1 in the script and/or
chapter 11.3 –11.5 in Peskin & Schroeder.

Problem 1: Effective action

Consider a scalar field theory in d Euclidean dimensions. The partition function is given
by

eW [J ] = Z[J ] =

∫
dϕ e−S[ϕ]+

∫
ddx J(x)ϕ(x).

The effective action Γ[φ] is defined as the Legendre transform of the Schwinger functional
W [J ].

Γ[φ] = sup
J

(∫
ddxJ(x)φ(x)−W [J ]

)
.

a) Show that this definition implies

φ(x) =
δW [J ]

δJ(x)
,

J(x) =
δΓ[φ]

δφ(x)

and ∫
ddzΓ(2)(x, z)W (2)(z, y) = δ(d)(x− y).

In a symbolic notation the last line reads

Γ(2) =
(
W (2)

)−1
.

b) Show that the effective action can be written as an implicit functional integral in
the presence of a “background field” φ

e−Γ[φ] =

∫
Dϕ e−S[φ+ϕ]+

∫
ddx δΓ

δφ
(x)ϕ(x). (1)
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c) A perturbative expansion treats the fluctuations ϕ about the background φ in a
saddle point approximation. In the lowest order (tree approximation) one has (up
to an additive constant)

Γ[φ] = S[φ].

At one-loop order one expands

S[φ+ ϕ] = S[φ] +

∫
ddx

δS[φ]

δφ(x)
ϕ(x)

+
1

2

∫
ddxddyS(2)[φ](x, y)ϕ(x)ϕ(y) + . . . .

Show that this leads to the one-loop expression

Γ[φ] = S[φ] +
1

2
Tr lnS(2)[φ] + . . . .

d) Often one is interested in the expansion of Γ[φ] for small values of the fields φ.
One can then expand S(2)

S(2)[φ] = S(2)[0] +

∫
ddx S(3)[0](x) φ(x)

+
1

2

∫
ddxddy S(4)[0](x, y) φ(x)φ(y) + . . . .

By expanding also the logarithm in Eq. (1) show that the effective action has the
expansion

Γ[φ] = S[φ] + ∆Γ(0) +

∫
ddx ∆Γ(1)(x)φ(x) +

1

2

∫
ddxddy ∆Γ(2)(x, y)φ(x)φ(y) + . . . ,

with
∆Γ(0) =

1

2
Tr
{

lnS(2)[0]
}
,

∆Γ(1)(x) =
1

2
Tr
{

(S(2)[0])−1S(3)[0](x)
}

and

∆Γ(2)(x, y) =
1

2
Tr
{

(S(2)[0])−1S(4)[0](x, y)− (S(2)[0])−1S(3)[0](x)(S(2)[0])−1S(3)[0](y)
}
.

e) Can you interpret these expressions in terms of Feynman diagrams?
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Problem 2: Consider Yukawa theory in d Euclidean dimensions

S[ψ, ψ̄, ϕ] =

∫
ddx

{
−ψ̄(γµ∂µ +m)ψ − hψ̄ψϕ+

1

2
ϕ(−∂µ∂µ +m2

ϕ)ϕ

}
.

Following the steps performed in the lecture, show that the boson two-point function
has a contribution at one-loop level

〈ϕ(−q)ϕ(p)〉connected = (2π)dδ(d)(p− q)Gϕ(p)Π(p)Gϕ(p),

with

Π(p) = −h2

∫
ddq

(2π)d
tr [(−iγµqµ +m)(−iγν(pν + qν) +m)]

(q2 +m2)((p+ q)2 +m2)
.

Use {γµ, γν} = 2δµν for showing that

Π(p) = −h2

∫
ddp

(2π)d
−d q · (q + p) + d m2

(q2 +m2)((q + p)2 +m2)
.
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