
cross-section for e−e+ → µ
−
µ

+

differential cross-section dσ per unit volume

dσ =
1

T F

d3p3

(2π)3
1

2p03

d3p4

(2π)3
1

2p04

×
∑

spins

|⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩|2

with incident particle flux F , and unit volume V = 1.



cross-section for e−e+ → µ
−
µ

+

differential cross-section dσ per unit volume

dσ =
1

T F

d3p3

(2π)3
1

2p03

d3p4

(2π)3
1

2p04

×
∑

spins

|⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩|2

with incident particle flux F , and unit volume V = 1.



S-Matrix element for e−e+ → µ
−
µ

+

S-Matrix:
S = T eie

R

d4x Aν(x) :ψ̄γνψ(x):

with

ψ̄γνψ(x) = ψ̄eγ
νψe(x) + ψ̄µγνψµ(x)



S-Matrix element for e−e+ → µ
−
µ

+

S-Matrix:

S = T eie
R

d4x Aν(x) :ψ̄γνψ(x):

Expansion of S-matrix element for e−e+ → µ−µ+:

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

=
(ie)2

2
⟨µ+(p4)µ

−(p3)|T
∫

d4x d4x ′Aν(x)Aµ(x ′)

× : ψ̄γνψ(x) : : ψ̄γµψ(x ′) : |e+(p2)e
−(p1)⟩ +O(e4)



S-Matrix element for e−e+ → µ
−
µ

+

S-Matrix:

S = T eie
R

d4x Aν(x) :ψ̄γνψ(x):

Expansion of S-matrix element for e−e+ → µ−µ+:

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

=
(ie)2

2
⟨µ+(p4)µ

−(p3)|T
∫

d4x d4x ′Aν(x)Aµ(x ′)

× : ψ̄γνψ(x) : : ψ̄γµψ(x ′) : |e+(p2)e
−(p1)⟩ +O(e4)

states

|e+(p2)e
−(p1)⟩ = b

†
e(p⃗2)a

†
e(p⃗1)|0⟩

fermionic field operator

ψ(x) =

∫

d3p

(2π)3
1

2p0

∑

s=±1/2

{

eipxvs(p)b†(p⃗) + e−ipxus(p)a(p⃗)
}



S-Matrix element for e−e+ → µ
−
µ

+

Aµ commutes with ψ, ψ̄:

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

=
(ie)2

2

∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩

×⟨µ+(p4)µ
−(p3)|T : ψ̄γνψ(x) : : ψ̄γµψ(x ′) : |e+(p2)e

−(p1)⟩ +O(e4)



S-Matrix element for e−e+ → µ
−
µ

+

Aµ commutes with ψ, ψ̄:

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

=
(ie)2

2

∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩

×⟨µ+(p4)µ
−(p3)| : ψ̄γνψ(x) : : ψ̄γµψ(x ′) : |e+(p2)e

−(p1)⟩ +O(e4)



S-Matrix element for e−e+ → µ
−
µ

+

Aµ commutes with ψ, ψ̄:

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

= (ie)2
∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩

×⟨µ+(p4)µ
−(p3)| : ψ̄µγνψµ(x) : : ψ̄eγ

µψe(x
′) : |e+(p2)e

−(p1)⟩ +O(e4)



S-Matrix element for e−e+ → µ
−
µ

+

Aµ commutes with ψ, ψ̄:

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

= (ie)2
∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩

×⟨µ+(p4)µ
−(p3)| : ψ̄µγνψµ(x) : : ψ̄eγ

µψe(x
′) : |e+(p2)e

−(p1)⟩ +O(e4)

counting annihilation/creation operators a(†), b(†)

⟨µ+(p4)µ
−(p3)| : ψ̄µγνψµ(x) : : ψ̄eγ

µψe(x
′) : |e+(p2)e

−(p1)⟩

= ⟨µ+(p4)µ
−(p3)| : ψ̄µγνψµ(x) : |0⟩⟨0| : ψ̄eγ

µψe(x
′) : |e+(p2)e

−(p1)⟩



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : |e+(p2)e
−(p1)⟩

= ⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

reminder

ψ(x) =

∫

d3p

(2π)3
1

2p0

∑

s=±1/2

{

eipxvs(p)b†(p⃗) + e−ipxus(p)a(p⃗)
}



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −⟨0| ψ̄e(x
′)b†e(p⃗2)|0⟩γµ⟨0|ψe(x

′)a†e(p⃗1)|0⟩



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −⟨0| ψ̄e(x
′)b†e(p⃗2)|0⟩γµ⟨0|ψe(x

′)a†e(p⃗1)|0⟩

expectation value ⟨0|ψ|e−⟩

⟨0|ψe(x
′)a†e(p⃗1)|0⟩ =

∫

d3p

(2π)3
1

2p0
e−ipx

′
∑

s=±1/2

us(p)⟨0| a(p⃗)a†e(p⃗1)|0⟩



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −⟨0| ψ̄e(x
′)b†e(p⃗2)|0⟩γµ⟨0|ψe(x

′)a†e(p⃗1)|0⟩

expectation value ⟨0|ψ|e−⟩

⟨0|ψe(x
′)a†e(p⃗1)|0⟩ =

∫

d3p

(2π)3
1

2p0
e−ipx

′
∑

s=±1/2

us(p)⟨0| {ae(p⃗) , a†e(p⃗1)}|0⟩



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −⟨0| ψ̄e(x
′)b†e(p⃗2)|0⟩γµ⟨0|ψe(x

′)a†e(p⃗1)|0⟩

expectation value ⟨0|ψ|e−⟩

⟨0|ψe(x
′)a†e(p⃗1)|0⟩ =

∫

d3p

(2π)3
1

2p0
e−ipx

′
∑

s=±1/2

us(p)⟨0| {ae(p⃗) , a†e(p⃗1)}|0⟩

reminder

{as(p⃗) , a†r (p⃗1)} = (2π)32p0δrsδ(p⃗ − p⃗1)



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −⟨0| ψ̄e(x
′)b†e(p⃗2)|0⟩γµ⟨0|ψe(x

′)a†e(p⃗1)|0⟩

expectation value ⟨0|ψ|e−⟩

⟨0|ψe(x
′)a†e(p⃗1)|0⟩ =

∫

d3p

(2π)3
1

2p0
e−ipx

′
∑

s=±1/2

us(p)⟨0| {ae(p⃗) , a†e(p⃗1)}|0⟩

= e−ip1x
′

ue(p1)



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄eγ
µψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −⟨0| ψ̄e(x
′)b†e(p⃗2)|0⟩γµ⟨0|ψe(x

′)a†e(p⃗1)|0⟩

expectation values ⟨0|ψ|e−⟩, ⟨0|ψ̄|e+⟩

⟨0|ψe(x
′)a†e(p⃗1)|0⟩ = e−ip1x

′

ue(p1)

⟨0|ψ̄e(x
′)b†e(p⃗2)|0⟩ = e−ip2x

′

v̄e(p2)



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄e(x
′)γµψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −v̄e(p2)γµue(p1)e
−i(p1+p2)x

′



S-Matrix element for e−e+ → µ
−
µ

+

further reduction

⟨0| : ψ̄e(x
′)γµψe(x

′) : b†e(p⃗2)a
†
e(p⃗1)|0⟩

= −v̄e(p2)γµue(p1)e
−i(p1+p2)x

′

similarily

⟨0|bµ(p⃗4)aµ(p⃗3) : ψ̄µ(x)γνψµ(x) : |0⟩

= ūµ(p3)γ
νvµ(p4)e

i(p3+p4)x



S-Matrix element for e−e+ → µ
−
µ

+

in summary

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃ −(ie)2
∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩ei(p3+p4)xe−i(p1+p2)x
′

×ūµ(p3)γ
νvµ(p4) v̄e(p2)γ

µue(p1)



S-Matrix element for e−e+ → µ
−
µ

+

in summary

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃ −(ie)2
∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩ei(p3+p4)xe−i(p1+p2)x
′

×ūµ(p3)γ
νvµ(p4) v̄e(p2)γ

µue(p1)

photon propagator

⟨0 |T Aν(x)Aµ(x ′) |0⟩ = −igµν lim
ϵ→0+

∫

d4k

(2π)4
e−ik(x−x′)

k2 + iϵ



S-Matrix element for e−e+ → µ
−
µ

+

in summary

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃ −(ie)2
∫

d4x d4x ′⟨0 |T Aν(x)Aµ(x ′) |0⟩ei(p3+p4)xe−i(p1+p2)x
′

×ūµ(p3)γ
νvµ(p4) v̄e(p2)γ

µue(p1)

momentum conservation

∫

d4x d4x ′

∫

d4k

(2π)4
e−i(k−p1−p2)x ei(k−p3−p4)x

′

k2 + iϵ

=
1

s
(2π)4δ(p1 + p2 − p3 − p4)

with s = (p1 + p2)2, the square of the total energy



S-Matrix element for e−e+ → µ
−
µ

+

in summary

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃
igµν

s
(ie)2(2π)4δ(p1 + p2 − p3 − p4)ūµ(p3)γ

νvµ(p4) v̄e(p2)γ
µue(p1)



S-Matrix element for e−e+ → µ
−
µ

+

in summary

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃
i

s
(ie)2(2π)4δ(p1 + p2 − p3 − p4)ūµ(p3)γ

νvµ(p4) v̄e(p2)γνue(p1)



S-Matrix element for e−e+ → µ
−
µ

+

in summary

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃
i

s
(ie)2(2π)4δ(p1 + p2 − p3 − p4)ūµ(p3)γ

νvµ(p4) v̄e(p2)γνue(p1)

reminder: differential cross-section dσ per unit volume

dσ =
1

T F

d3p3

(2π)3
1

2p03

d3p4

(2π)3
1

2p04

×
∑

spins

|⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩|2



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3)

×
1

2

∑

r ,r ′

v̄e,r (p2)γνue,r ′(p1)ūe,r ′ (p1)γρve,r (p2)

with

[

v̄r (p)γνur ′(q)
]∗

= u
†
r ′(q)γ†

νγ0
†
vr(p) = ūr ′(q)γνvr(p)



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3)

×
1

2

∑

r ,r ′

v̄e,r (p2)γνue,r ′(p1)ūe,r ′ (p1)γρve,r (p2)



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

single sum

1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3)

reminder: spin sums

∑

s=±1/2

us(p)ūs(p) = p/ +m ,
∑

s=±1/2

vs(p)v̄s(p) = p/ −m



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

single sum

1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3)

reminder: spin sums

∑

s=±1/2

us(p)ūs(p) = p/ +m ,
∑

s=±1/2

vs(p)v̄s(p) = p/ −m



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

single sum

1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3)

reminder: spin sums

∑

s=±1/2

us(p)ūs(p) = p/ +m ,
∑

s=±1/2

vs(p)v̄s(p) = p/ −m



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

single sum

1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3) =
1

2
Tr(p/3 +mµ)γν(p/4 −mµ)γρ

reminder: spin sums

∑

s=±1/2

us(p)ūs(p) = p/ +m ,
∑

s=±1/2

vs(p)v̄s(p) = p/ −m



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

single sum

1

2

∑

s,s′

ūµ,s(p3)γ
νvµ,s′(p4)v̄µ,s′(p4)γ

ρuµ,s(p3) =
1

2
Tr(p/3 +mµ)γν(p/4 −mµ)γρ

similarily

1

2

∑

s,s′

v̄e,s(p2)γνue,s′(p1)ūe,s′(p1)γρve,s(p2) =
1

2
Tr(p/2 −me)γν(p/1 +me)γρ



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
1

4
Tr

[

(p/3 +mµ)γν(p/4 −mµ)γρ
]

Tr
[

(p/2 −me)γν(p/1 +me)γρ

]



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
1

4
Tr

[

(p/3 +mµ)γν(p/4 −mµ)γρ
]

Tr
[

(p/2 −me)γν(p/1 +me)γρ

]

high energy limit

s ≫ m2
µ,m2

e

→ drop me,mµ in traces



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
1

4
Tr

[

p/3γ
νp/4γ

ρ
]

Tr
[

p/2γνp/1γρ

]

traces

Tr γαγνγβγρ = 4
(

gανgβρ + gραgνβ − gαβgνρ
)



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
1

4
Tr

[

p/3γ
νp/4γ

ρ
]

Tr
[

p/2γνp/1γρ

]

= 4
[

(p1p4)(p2p3) + (p2p4)(p1p3)
]

traces

Tr γαγνγβγρ = 4
(

gανgβρ + gραgνβ − gαβgνρ
)



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

= 4
[

(p1p4)(p2p3) + (p2p4)(p1p3)
]

high energy limit revisited

p1p3 = p2p4 =
s

4
(1− cosϑ) , p1p4 = p2p3 =

s

4
(1+ cosϑ)

with scattering angle

cosϑ =
p⃗1p⃗3

|p⃗1| |p⃗3|



S-Matrix element for e−e+ → µ
−
µ

+

averaging/summation over spins in initial state/final state

1

4

∑

s,s′,r ,r ′

|ūµ,s(p3)γ
νvµ,s′(p4) v̄e,r (p2)γνue,r ′(p1)|2

=
s2

2
(1+ cos2 ϑ)

high energy limit revisited

p1p3 = p2p4 =
s

4
(1− cosϑ) , p1p4 = p2p3 =

s

4
(1+ cosϑ)

with scattering angle

cosϑ =
p⃗1p⃗3

|p⃗1| |p⃗3|



cross-section for e−e+ → µ
−
µ

+

differential cross-section dσ per unit volume

dσ =
1

T F

d3p3

(2π)3
1

2p03

d3p4

(2π)3
1

2p04

×
∑

spins

|⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩|2

with particle flux F , and unit volume V = 1.

reminder: S-Matrix element

⟨µ+(p4)µ
−(p3)|S |e+(p2)e

−(p1)⟩

≃
i

s
(ie)2(2π)4δ(p1 + p2 − p3 − p4)ūµ(p3)γ

νvµ(p4) v̄e(p2)γνue(p1)



cross-section for e−e+ → µ
−
µ

+

differential cross-section dσ per unit volume

dσ =
1

T F

d3p3

(2π)3
1

2p03

d3p4

(2π)3
1

2p04

×[(2π)4δ(p1 + p2 − p3 − p4)]
2 e

4

s2
s2

2
(1+ cos2 ϑ)

Fermi’s trick

[(2π)4δ(p1 + p2 − p3 − p4)]
2

= (2π)4δ(p1 + p2 − p3 − p4)

∫

VT

d4x eix((p1+p2−p3−p4)

= VT (2π)4δ(p1 + p2 − p3 − p4)



cross-section for e−e+ → µ
−
µ

+

differential cross-section dσ per unit volume

dσ =
1

F

d3p3

(2π)3
1

2p03

d3p4

(2π)3
1

2p04

×(2π)4δ(p1 + p2 − p3 − p4)
e4

2
(1+ cos2 ϑ)

α =
e2

4π
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−
µ

+

differential cross-section dσ per unit volume

dσ = 2α2 1

F

d3p3

2p03

d3p4

2p04
δ(p1 + p2 − p3 − p4) (1+ cos2 ϑ)

high energy limit + CMS-system: p⃗1 + p⃗2 = 0, p01 + p02 ≃
√
s
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+

differential cross-section dσ per unit volume

dσ = 2α2 1

F

d3p3

2p03

d3p4

2p04
δ(p1 + p2 − p3 − p4) (1+ cos2 ϑ)

high energy limit + CMS-system: p⃗1 + p⃗2 = 0, p01 + p02 ≃
√
s

differential cross-section
dσ

dΩ3

dσ

dΩ3

= α2 1

2F

∫ ∞

0

d |p⃗3| |p⃗3|
∫

d3p4

|p⃗4|
δ(
√
s − |p⃗3|− |p⃗4|)δ(p⃗3 + p⃗4) (1+ cos2 ϑ)

Flux: F = 2p01 2p
0
2

|p⃗1|
p01

(= |v⃗A|2EA2EB)
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dσ
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=
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cross-section for e−e+ → µ
−
µ

+

differential cross-section dσ per unit volume

dσ = 2α2 1

F

d3p3

2p03

d3p4

2p04
δ(p1 + p2 − p3 − p4) (1+ cos2 ϑ)

high energy limit + CMS-system: p⃗1 + p⃗2 = 0, p01 + p02 ≃
√
s

differential cross-section
dσ

dΩ3

dσ

dΩ3

=
α2

4
(1+ cos2 ϑ)

total cross-section σ =

∫

dΩ3
dσ

dΩ3

σtotal(e
−e+ → µ−µ+) =

4πα2

3


