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Problem 1: Asymptotic expansion

Let’s consider a caricature of the integrals that we have to calculate when setting up a
perturbation expansion of an interacting QFT:

I(λ) =

∫ ∞
−∞

dx√
2π
e−

1
2
x2−λx4 . (1)

For small λ � 1 and λ > 0 we would consider it ’natural’ to treat the interaction λx4

perturbatively.

a) Develop the expansion I(λ) =
∑∞

n=0 λ
nIn. Explicitly, write down the λnIn and

carry out the integral1.

b) Use Stirling’s approximation, n! ∼ nne−n for n� 1, to show that λnIn ∼
(
−16λn

e

)n
for large n.

c) When does the perturbative expansion start to diverge?

This simple example tells us that the series expansion in the ’small parameter’ λ does
not exist. We note that this does not imply that the idea of the perturbative expansion
should be abandoned. In fact, partial resummations of the perturbative series up to an
nmax can yield excellent approximations to the exact result for I(λ).

Optional:

d) Estimate the error2 of a partial resummation up to order nmax,∣∣∣∣∣I(λ)−
nmax∑
n=0

λnIn

∣∣∣∣∣ .
e) For a given λ, estimate the value of nmax where the error is minimal.

1Use
∫∞
−∞ dx e−αx

2

x2n =
√

π
α

(2n−1)!!
(2α)n and (2n− 1)!! = (2n)!/(2nn!).

2Use
∣∣e−λx4 −

∑nmax

n=0
(−λx4)n

n!

∣∣ ≤ (λx4)nmax+1

(nmax+1)! .
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