
Exploring the phase structure and dynamics of QCD

Jan M. Pawlowski

 Universität Heidelberg & ExtreMe Matter Institute

  Beijing, May 22    & June 1   2015th st

1



• Vacuum QCD & the hadron spectrum

• Phase structure of QCD

• Spectral Functions & Transport Coefficients

• Outlook

Outline

Part I

Part II

3



Continuum Methods for QCD

X
off-shell

off-shell(

functional relations

' +..
.

..
.

..
.

..
.

...
scattering amplitude/
vertex functions

(

hq(x1) · · · q̄(x2n)Aµ(y1) · · ·Aµ(ym)i

quark-gluon correlations -1 -1 -1-1

+...

4



Continuum Methods for QCD

Functional renormalisation group equations

Dyson-Schwinger equations

2PI/nPI hierarchies 

Bethe-Salpeter equations

..
.

X
off-shell

off-shell(

functional relations

' +..
.

..
.

..
.

..
.

...
scattering amplitude/
vertex functions

(

quark-gluon-hadron correlations -1 -1 -1-1
hq(x1) · · · q̄(x2n)Aµ(y1) · · ·Aµ(ym)h(z1) · · ·h(zl)i

+...

4



Continuum Methods for QCD

X
off-shell

off-shell(

functional relations

' +..
.

..
.

..
.

..
.

...
scattering amplitude/
vertex functions

(

properties

access to physics mechanisms

low energy models naturally encorporated 

numerically tractable 
no sign problem
systematic error control via closed form 

quark-gluon-hadron correlations -1 -1 -1-1
hq(x1) · · · q̄(x2n)Aµ(y1) · · ·Aµ(ym)h(z1) · · ·h(zl)i

+...

4



Continuum Methods for QCD

X
off-shell

off-shell(

functional relations

' +..
.

..
.

..
.

..
.

...
scattering amplitude/
vertex functions

(

properties

access to physics mechanisms

low energy models naturally encorporated 

numerically tractable 
no sign problem
systematic error control via closed form 

QCD low energy models

quark-gluon-hadron correlations -1 -1 -1-1
hq(x1) · · · q̄(x2n)Aµ(y1) · · ·Aµ(ym)h(z1) · · ·h(zl)i

+...

4



Continuum Methods for QCD

X
off-shell

off-shell(

functional relations

' +..
.

..
.

..
.

..
.

...
scattering amplitude/
vertex functions

(

properties

access to physics mechanisms

low energy models naturally encorporated 

numerically tractable 
no sign problem
systematic error control via closed form 

QCD low energy models

quark-gluon-hadron correlations -1 -1 -1-1
hq(x1) · · · q̄(x2n)Aµ(y1) · · ·Aµ(ym)h(z1) · · ·h(zl)i

e.g. lattice input on rhs 

FunMethods complementary to lattice

e.g. volume flucs., finite density,
       dynamics, ...

+...

4



⇤QCD ⇡ 200MeV

 Functional Methods for QCD
Scales

intrinsic scale of QCD:

mres

⇤QCD
. 10�1

higher resonances:

T� ⇡ T
conf

⇡ 150MeVchiral/confinement critical temperatures: 

�m� ⇡ mq,constit. �mq,current �m� ⇡ 300MeVchiral symmetry breaking scale:

�mglue ⇡ ⇤QCDglue mass gap 

c(Nf ,Nc)⇤QCDscales = 

(Landau gauge: mass gap of glue propagator)

mq,current

⇤QCD

����
light quarks

⇡ 10�2 m⇡ ⇡ 140MeV

explicit mass scales of QCD:

current quark masses: 

meson masses
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⇤QCD ⇡ 200MeV

 Functional Methods for QCD
Scales

⇡ 16MeVnuclear binding energy

intrinsic scale of QCD:

mres

⇤QCD
. 10�1

higher resonances:

T� ⇡ T
conf

⇡ 150MeVchiral/confinement critical temperatures: 

�m� ⇡ mq,constit. �mq,current �m� ⇡ 300MeVchiral symmetry breaking scale:

�mglue ⇡ ⇤QCDglue mass gap 

c(Nf ,Nc)⇤QCDscales = 

(Landau gauge: mass gap of glue propagator)

mq,current

⇤QCD

����
light quarks

⇡ 10�2 m⇡ ⇡ 140MeV

explicit mass scales of QCD:

current quark masses: 

best done with a combination of imaginary and real time flows
QCD low energy models
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IR UV

k- k&

free energy at momentum scale k

 JMP, AIP Conf.Proc. 1343 (2011)
         Nucl.Phys. A931 (2014) 113

@t�k[�] =

free energy/
grand potential 

          glue
quantum fluctuations

           quark 
quantum fluctuations

      hadronic 
quantum fluctuations

RG-scale k: t = ln k

dynamical
             Gies, Wetterich ’01
                                JMP ’05
  Flörchinger, Wetterich ’09

Dynamical hadronisation

· · ·

ab initio

Functional RG for QCD

JMP, Schladming ’13

Phase diagram survey
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http://www.thphys.uni-heidelberg.de/~pawlowsk/talks/Schladming13_pawlowski.pdf
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fQCD collaboration: J. Braun, A. Cyrol, L. Fister, W.-j. Fu, T.K. Herbst, M. Mitter, N. Mueller,  
                                         JMP, S. Rechenberger, F. Rennecke, N. Strodthoff

TARDIS, ERGE, DoFun2.0 DoFun
Huber, Braun, Comput.Phys.Commun. 183 (2012) 1290-1320

Braun, Fister, Haas, JMP, Rennecke, arXiv:1412.1045

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035

Functional RG for QCD
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Glue sector

∂t
−1

= +

∂t
−1

= −
−1/2

+

2PI-resummation

DSE-flow

∂t = 2 + + +2

@t = � 3 +6 +3 � 6

� 1

2
+

...     +     

2PI-resummed
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Glue sector

Fischer, Maas, JMP, Annals Phys. 324 (2009) 2408

Yang-Mills propagators, T=0
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Yang-Mills propagators, finite T
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Confinement

lattice : Tc/
p

� = 0.646

Tc/
p

� = 0.658± 0.023
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FRG:

FRG, DSE, 2PI:

confinement

gluon propagator 

ghost propagator 

gapped relative to

Braun, Gies, JMP ’07
 Marhauser, JMP ’08
         Fister, JMP ’13

@t�k[�] =

   free 
energy 

glue quantum
 fluctuations

 quark quantum 
     fluctuations

hadronic quantum
    fluctuations

L[hA0i]

11



Confinement

lattice : Tc/
p

� = 0.646

Tc/
p

� = 0.658± 0.023

0.90 0.95 1.00 1.05 1.10 1.15 1.20 1.25

0.0

0.2

0.4

0.6

0.8

1.0

T/Tc

Polyakov loop

SU(3)

�gA0

2⇥

-0.5
-0.4
-0.3
-0.2
-0.1

 0
 0.1
 0.2
 0.3
 0.4

 0  0.2  0.4  0.6  0.8  1

!4  V
(!

 <
"

0>
)

! <A0>/(2#)

0.3 0.5 0.7

276 MeV

295 MeV

286 MeV

280 MeV

276 MeV

271 MeV

�4 VYM[A0]

Polyakov loop Potential

Braun, Gies, JMP, PLB 684 (2010) 262

Fister, JMP, PRD 88 (2013) 045010

FRG:

FRG, DSE, 2PI:

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

2

4

6

8

10

12

1/�(2)
A (p)

p

(pure) Yang–Mills theory

1 chiral quark

1 dynamical quark

no confinement 
without 
chiral symmetry breaking

Fister, JMP ’14

@t�k[�] =

   free 
energy 

glue quantum
 fluctuations

 quark quantum 
     fluctuations

hadronic quantum
    fluctuations

L[hA0i]

11



Chiral symmetry breaking

fQCD

-1

FRG Yang-Mills results

-1
mom. dep.

classical tensor

-1

full mom. dep.

full mom. dep.

all tensor structures

STI-consistent extension

Fierz-complete basis

at p = 0 and mom. dep.

mom. dep. full effective
... potential

-1

mom. dep.

mom. dep.

structure

see also Williams, Eur.Phys.J. A51 (2015) 5, 57 

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035

12



FRG-quenched QCD vs lattice-quenced QCD

Chiral symmetry breaking

quenched gluon dressing quark propagator
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              JMP, Rennecke, PRD 90, 076002 

Braun, Fister, Haas, JMP, Rennecke, arXiv:1412.1045

Helmboldt, JMP, Strodthoff, PRD 91 (2015) 5, 054010

JMP

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035
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FRG-quenched QCD vs lattice-quenced QCD

Chiral symmetry breaking

unquenched gluon dressing quark propagator
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systematic error estimate: ~10%

Braun, Fister, Haas, JMP, Rennecke, arXiv:1412.1045

Nf = 2

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035

Rennecke, arXive:1504.03585
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Confinement & symmetry breaking

@t�̂ 
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                    Mitter, JMP, Strodthoff ’14
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Confinement & symmetry breaking
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dynamical correlation of confinement  
and 

chiral symmetry breaking

gluon propagator 

ghost propagator 

gapped relative to

Fister, Mitter, JMP, Strodthoff ’14

gluon propagator 

not gapped too much

confinement chiral symmetry breaking
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Mitter, JMP, Strodthoff, in preparation

A glimpse at the hadron spectrum

hq̄~��5q(p) q̄~��5q(�p)i ! �q̄⇡q�̄q̄⇡q

p2 �m2
⇡

+ finite terms

four-fermi scattering amplitude at pion pole 
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hq̄~��5q(p) q̄~��5q(�p)i ! �q̄⇡q�̄q̄⇡q

p2 �m2
⇡

+ finite terms

four-fermi scattering amplitude at pion pole 

pion decay constant via normalisation of �(3)
q̄⇡qf⇡

aka BSE wave function
recent mini-review on DSE-BSE
Sanchis-Alepuz, Williams, arXiv:1503.05896
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• Spectral Fcts & Transport Coeffs
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QCD
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Sequential decoupling of gluon, quark, sigma, pion fluctuations
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∂tΓk[φ] = 1

2
− − + 1

2+ ∂tΓk[φ] = 1

2
− − + 1

2+
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Braun, Haas, Marhauser, JMP, PRL 106 (2011) 022002 
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Herbst, Mitter et al, PLB 731 (2014) 248-256

Shaded area: 
systematic error estimate 
due to low initial UV scale 1 GeV 

2+1 flavor QCD - enhanced PQM-model 
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Phase structure at finite density

µB

T
= 3

Phase diagram of quantised 2-flavor PQM-model 
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Phase structure at finite density

Phase diagram of 2+1 flavor QCD 

DSE
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Phase structure at finite density
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Phase diagram of quantised 2-flavor PQM-model Phase diagram of 2+1 flavor QCD 

Comparison with 2 flavor vs 2+1 flavor scale matching of Tc
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Polyakov loop at finite density

     

phys.
point

0
0

N  = 2

N  = 3

N  = 1

f

f

f

m s

s
m

Gauge

 m   , mu

1st

2nd order
O(4) ?

chiral
2nd order
Z(2)

deconfined
2nd order
Z(2)

crossover

1st

 d 

tric

∞

∞

Pure

Critical surface at large masses

Tricritical scaling 

Fischer, Luecker, JMP, PRD 91 (2015) 1, 014024lattice see eg: Bonati, de Forcrand, D'Elia, Philipsen, Sanfilippo,PRD 90 (2014) 7, 074030

Phase structure at finite density for heavy quarks
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• Vacuum QCD & the hadron spectrum

• Phase structure of QCD

• Spectral Functions & Transport Coefficients

• Outlook

Outline

Part II
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Gauge dynamics far from equilibrium
Gasenzer, McLerran, JMP, Sexty, Nucl.Phys. A930 (2014) 163 

... and now for something completely different ... 

see also talks of J. Berges, A. Dumitru, S. Schlichting
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S[Aµ,�] = �
Z

x


1

4
Fµ�F

µ� + (Dµ�)
⇤Dµ�+ V (�)

�
Classical action:

� Higgs

�

|�| = ei�phase

Abelian Higgs model in 2+1 dimensions
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S[Aµ,�] = �
Z

x


1

4
Fµ�F

µ� + (Dµ�)
⇤Dµ�+ V (�)

�
Classical action:

� Higgs

�

|�| = ei�phase

Classical action of Yang-Mills theory in diagonalisation gauges:

SYM ' 1

2

Z

x
trF 2

µ̄�̄ +
1

2

Z

x
tr (Dµ̄A2)

2

Wilson loop 

W2 = P exp

(
i

Z L2

0
dx2 A2(x)

)
= exp{i�} n(S) = 1

16⇥ i

I

S
d2x �ijtr ⇤̂ ⌅i⇤̂ ⌅j ⇤̂ �̂ =

�

k�k

Vortex winding phase

A2 = A

c
2(x0, x1)

Abelian Higgs model in 2+1 dimensions
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Complex scalar vs Abelian Higgs

Quiz 

classical statistical lattice simulations

‘tachyonic’ initial conditions

phase     of scalar field'

Which is which?

Gasenzer, McLerran, JMP, Sexty, Nucl.Phys. A930 (2014) 163 
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2+1 dim

magnetic field phase of Higgs

‘tachyonic’ initial conditions

Gasenzer, McLerran, JMP, Sexty, Nucl.Phys. A930 (2014) 163 

Vortex dynamics

classical statistical lattice simulations
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‘overpopulation’ initial conditions

GU (⇥x, ⇥y, t) = h�(⇥x, t)U(⇥x, ⇥y, t)�(⇥y, t)⇤icl
parallel transport U

⇥ =
6e2

�

coupling

� = 0.025

relative phasemodulus of Higgs

charge

'

U (~x, t) = arg(GU (~0, ~x, t))

relative phase

Charge 

Gasenzer, McLerran, JMP, Sexty, Nucl.Phys. A930 (2014) 163 
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V 2
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dxdy�⇤(x)U(x, y)�(y)

� = 1.0

⇥ =
6e2

�

coupling

� = 1.0

⇠ = 0.252

⇠ = 0.0252

Gasenzer, McLerran, JMP, Sexty, Nucl.Phys. A930 (2014) 163 

Occupation number & ‘condensate’
‘overpopulation’ initial conditions
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Dynamics

U. Heinz, talk at RETUNE ’12
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Dynamics

Computing 

computing transport coefficients
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∂t = − 1
2 + + − 1

2

1

⇢⇡⇡

Flow

Correlations of the energy-momentum tensor

closed form
=

1

⇢⇡⇡

⇢T/L

classical  vertex=⇢⇡⇡ + + + ... 

Diagrammatic representation

=

1

⇢⇡⇡

⇢T/L

full vertex

v

A B C

D E F

Complete 2-loop corrections

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986
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∂t = − 1
2 + + − 1

2

1

Flow

Correlations of the energy-momentum tensor

closed form
=

1

⇢⇡⇡

⇢T/L

classical  vertex=⇢⇡⇡ + + + ... 

Diagrammatic representation

=

1

⇢⇡⇡

⇢T/L

full vertex

v

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986

+ ... 

Vertex corrections
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∂t = − 1
2 + + − 1

2

1

Flow

Correlations of the energy-momentum tensor

closed form

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986

=⇢⇡⇡

Current approximation
A B C

D E F

=

1

⇢⇡⇡

⇢T/L

full vertex

v
with optimised RG-scheme from 
Fister, JMP ’Phys.Rev. D88 (2013) 045010

with MEM⇢T/L

vvvvvv

vv vv vv
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Transport coefficients

=⇢⇡⇡

Current approximation
A B C

D E F

=

1

⇢⇡⇡

⇢T/L

full vertex

v

with MEM⇢T/L

vvvvvv

vv vv vv

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986

Kubo relation⌘ =
1

20

d

d!

����
!=0

⇢⇡⇡(!, 0)

Shear viscosity

⇥��(p) =
2dA
3

Z
d4k

(2�)4
⇥
n(k0)� n(k0 + p0)

⇤
(VTT ⇥T (k)⇥T (k + p) + VTL⇥T (k)⇥L(k + p) + VLL⇥L(k)⇥L(k + p)) ... + 
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Dynamics
spectral functions

T=100 MeV - 1 GeV

FRG+MEM

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

transversal

Gluon spectral function at finite T

MEM

T=1.44  Tc
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Dynamics
spectral functions

T=100 MeV - 1 GeV

FRG+MEM

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

transversal

Gluon spectral function at finite T

‘Those are my methods (principles), and if 
you don’t like them...well, I have others’

Groucho Marxdirect computation

T=1.44  Tc
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Dynamics
transport coefficients

Dynamics

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

gluon spectral functions

Complex DSEs

Strauss, Fischer, Kellermann, PRL 109 (2012) 252001

analytic complex FRG

pion and sigma spectral functions

JMP, Strodthoff, in preparation

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1
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 0  50  100  150  200  250  300  350  400  450

ρ
 [

Λ
-2

]

ω [MeV]

4d N=2 exponential regulator, ε=0.1 MeV 

ρπ
ρσ

                 Tripolt, Strodthoff, von Smekal, Wamach, PRD 89 (2014) 034010 
             Kamikado, Strodthoff, von Smekal, Wambach, EPJ C74 (2014) 2806

full complex FRG/real time

see talk of L. von Smekal
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Dynamics
transport coefficients

Dynamics

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

gluon spectral functions

Complex DSEs

Strauss, Fischer, Kellermann, PRL 109 (2012) 252001

analytic complex FRG

pion and sigma spectral functions

pion sigma

             Tripolt, von Smekal, Wambach, Phys.Rev. D90 (2014) 7, 074031
             Tripolt, PhD-thesis

see talk of L. von Smekal
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 Viscosity in pure glue
spectral functions

JMP, Strodthoff, in preparation
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 0.01
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ρ
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Λ
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]
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4d N=2 exponential regulator, ε=0.1 MeV 

ρπ
ρσ

pion and sigma spectral functions

numerical FRG

Helmboldt, JMP, Strodthoff, Phys.Rev. D91 (2015) 5, 054010

order parameter

QM-model

iteration step �
0

[MeV] �⇢ [%] m
pole

[MeV] m
cur

[MeV] �m [%]

0 96.25 0.0052 91.4911 134.8281 47

1 99.56 0.0044 90.8841 91.1611 0.30

5 99.56 0.0073 90.9244 91.1551 0.25

QM-model

O(N)-model
iteration step �

0

[MeV] �⇢ [%] m
pole

[MeV] m
cur

[MeV] �m [%]

0 93.55 0.0043 130.3113 136.7593 4.9

1 100.05 0.0028 126.6390 126.4590 0.14

5 99.38 0.0043 127.0347 127.0110 0.019

full complex FRG/real time
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Dynamics
transport coefficients

Haas, Fister, JMP, PRD 90 (2014) 9, 091501

Kubo relation

⌘ =
1

20

d

d!

����
!=0

⇢⇡⇡(!, 0)

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986

One Loop

Two Loop

AdS /CFT

H.Meyer (2007 /2009 )
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viscosity over entropy ratio

Dynamics
transport coefficients

‘3-loop’ exact functional relation for ⇢⇡⇡

1 & 2-loop terms

A B C

D E F

vvvvvv

vv vv vv
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Dynamics
transport coefficientsQCD - estimate for viscosity over entropy ratio

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986

pure glue

aqgp ⇡ 0.15

ahrg ⇡ 0.14

�grg ⇡ 5

�qgp ⇡ 1.6

viscosity over entropy ratio

One Loop

Two Loop

AdS /CFT

H.Meyer (2007 /2009 )

0 1 2 3 4
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result
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fit
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T /Tc

η
/s
Dynamics

⌘

s
(T ) =

aqgp

↵
�qgp
s (c T/Tc)

+
agrg

(T/Tc)�grg

c ⇡ 0.66
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Dynamics
transport coefficientsQCD - estimate for viscosity over entropy ratio

 Christiansen, Haas, JMP, Strodthoff, arXiv:1411.7986

pure glue

aqgp ⇡ 0.15

ahrg ⇡ 0.14

�grg ⇡ 5

�qgp ⇡ 1.6

Dynamics

⌘

s
(T ) =

aqgp

↵
�qgp
s (c T/Tc)

+
agrg

(T/Tc)�grg

c ⇡ 0.66

QCD result
YM result
HRG/pert
KSS

QCD YM
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aqgp ⇡ 0.2

ahrg ⇡ 0.16

QCD

c ⇡ 0.79
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! Gauge dynamics far from equilibrium 

!Spectral functions and transport coefficients

magnetic field phase of Higgs

Abelian Higgs

viscosity over entropy ratio

Summary 

One Loop

Two Loop

AdS /CFT

H.Meyer (2007 /2009 )
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T=100 MeV - 1 GeV T=1.44  Tc

spectral functions
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Summary & Outlook
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!Chiral Symmetry Breaking and Confinement

Summary & Outlook
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!Phase structure and Transport      

Summary & Outlook
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!Chiral Symmetry Breaking and Confinement

!Phase Structure and Transport

!Towards quantitative precision

!Baryons, high density regime & CEP, dynamics

!Hadronic properties

!hadron spectrum & in medium modifications

! low energy constants 

Summary & Outlook
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