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BEC-BCS crossover
(EAGLES’69; LEGGETT’80)

Bound molecules of two
atoms on microscopic scale

BEC at low T

Fermions with attractive
interactions

BCS superfluidity at low T

Crossover by means of a Feshbach resonance
(REGAL&’04; BARTENSTEIN&’04; ZWIERLEIN&’04; KINAST&’04; BOURDEL&’04)
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Feshbach resonance

2-atom scattering

resonant hyperfine interaction
between interaction channels

s-wave scattering length

a



Feshbach resonance

2-atom scattering

resonant hyperfine interaction
between interaction channels

s-wave scattering length

a(B)

near a Feshbach resonance



microscopic interaction

tunable interaction strength

a(B) = abg

(
1 − ∆B

B − B0

)

e.g., 40K

(REGAL,JIN’03)



microscopic theory

microscopic action

SF =

∫
dτ

∫
d3x

[
ψ†

(
∂τ −

∇2

2M

)
ψ +

1
2
λψ(ψ†ψ)(ψ†ψ)

]

fermionic interaction parameter

λψ =
4π
M

a(B)

further parameters of 2-atom physics encoded in
momentum-dependence of λψ



relevant degrees of freedom

ψ: stable fermionic atom field

φ: bosonic molecule field / Cooper pair
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include all relevant dof as propagating fields

Γ[ψ] → Γ[ψ, φ]
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φ: bosonic molecule field / Cooper pair

Γ[ψ, φ] =

∫
dτ

∫
d3x

{
Zψψ†(∂τ − Aψ∇2 − σ)ψ + λψ(ψ†ψ)2

+Zφφ∗(∂τ − Aφ∇2)φ+ U(φ) − hφ
2
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relevant degrees of freedom

ψ: stable fermionic atom field

φ: bosonic molecule field / Cooper pair

computation with flow equation

k∂kΓk [ψ, φ] =
1
2

STr
1

Γ
(2)
k [ψ, φ] + Rk

k∂k Rk



a glimpse at the functional RG
Callan-Symanzik equation

k∂kΓk [φ] =
1
2

Tr
1

Γ
(2)
k [φ] + k2

2k2

with
1

Γ
(2)
k [φ] + k2

= 〈φ(p)φ(−p)〉
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a glimpse at the functional RG
Wetterich, Phys. Lett. B 301 (1993) 90

k∂kΓk [φ] =
1
2

Tr
1

Γ
(2)
k [φ] + Rk (p2)

k∂k Rk (p2)

flow k∂kΓk [φ] is infrared and ultraviolet finite

IR-structure
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a glimpse at the functional RG
Wetterich, Phys. Lett. B 301 (1993) 90

k∂kΓk [φ] =
1
2

Tr
1

Γ
(2)
k [φ] + Rk (p2)

k∂k Rk (p2)

diagrammatic representation with τ = ln k

∂τΓτ
κRi

2
= =    −

=

.

Gκ

Gk =
1

Γ
(2)
k [φ] + Rk (p2)



a glimpse at the functional RG
Wetterich, Phys. Lett. B 301 (1993) 90

k∂kΓk [φ] =
1
2

Tr
1

Γ
(2)
k [φ] + Rk (p2)

k∂k Rk (p2)

self-similarity, reparameterisation & projections

fermions straightforward though ’physically’ complicated

no sign problem numerics as in scalar theories!

chiral fermions reminder: Ginsparg-Wilson fermions from RG argument!

bound states via (re-)bosonisation effective field theory techniques applicable!



effective action

interaction terms

∫
dτ d3x

(
m2
φφ

∗φ+
λφ
2

(φ∗φ)2 − hφ
2

(φ∗ψ Tǫψ − φψ†ǫφ∗) + . . .

)

relation to microphysics (via Hubbard-Stratonovich)

λψ =
4πabg

M

m2
φ = µ̄(B − B0) − 2σ

h2
φ ∼ ∆B



IR physics

Effective potential U(φ)

determines symmetry status

T > Tc T < Tc

order parameter ρ0 = φ∗minφmin

condensate fraction Ωc , fermionic gap ∆

U ′′ determines correlation length ξ

U(φ, σ) determines (flow of) density ∂kn = −∂ ∂kU(φmin, σ)

∂σ



crossover diagram

in units of Fermi momentum kF = (3π2n)1/3 and energy ǫF = k2
F/(2M)

classical      regime

quantum                      degeneracy
broad   re

sonance  narrow

BECBCS

0 c−1(B) = (akF)−1(B)

T̃ = T/ǫF

h̃−2
φ =

kF

2Mh2
φ

“concentration” parameter strong coupling, “broad-resonance
universality” hφ ∼ ∆B → ∞

Universal long-distance physics for 6Li and 40K ?
(DIEHL,WETTERICH’05; NICOLIĆ,SACHDEV’06)



universality

Diehl,Gies,Pawlowski,Wetterich’07
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re-bosonisation
derivative expansion for Γk

Γk [ψ, φ] =

∫
dτ

∫
d3xZψ
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}



re-bosonisation
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ψ, φ normalised fields via k -dependent field transformation
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re-bosonisation
optimised re-bosonised derivative expansion for Γk

Γk [ψ, φ] =

∫
dτ

∫
d3x

{
ψ†(∂τ − Aψ∇2 − σ)ψ + λψ(ψ†ψ)2

+φ∗(∂τ − Aφ∇2)φ+ U(φ) − hφ
2

(φ∗ψ Tǫψ − φψ†ǫφ∗) + . . .

}

ψ, φ normalised fields

’ultra’-locality: implicit momentum dependence

→ optimisation
Litim ’00, Pawlowski ’05

physical cut-off scales kψ ≃ kφ

optimal cut-off: kψ = kφ + minimal flow
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re-bosonisation
optimised re-bosonised derivative expansion for Γk

Γk [ψ, φ] =

∫
dτ

∫
d3x

{
ψ†(∂τ − Aψ∇2 − σ)ψ + λψ(ψ†ψ)2

+φ∗(∂τ − Aφ∇2)φ+ U(φ) − hφ
2

(φ∗ψ Tǫψ − φψ†ǫφ∗) + . . .

}

ψ, φ normalised fields

’ultra’-locality: implicit momentum dependence

optimisation

full re-bosonisation, passive:
H. Gies, C. Wetterich ’01

Γ
pass
k [ψk , φk ] = Γk [ψ(φk , ψk ), φ(φk , ψk )]



re-bosonisation
optimised re-bosonised derivative expansion for Γk

Γk [ψ, φ] =

∫
dτ

∫
d3x

{
ψ†(∂τ − Aψ∇2 − σ)ψ + λψ(ψ†ψ)2

+φ∗(∂τ − Aφ∇2)φ+ U(φ) − hφ
2

(φ∗ψ Tǫψ − φψ†ǫφ∗) + . . .

}

ψ, φ normalised fields

’ultra’-locality: implicit momentum dependence

optimisation

full re-bosonisation, active: only φk
Pawlowski ’05

−
∫
φ∗Rφφ+

∫
Jφφ+ Jψψ → −

∫
φ∗k Rφφk +

∫
Jφφk +

∫
Jψψ
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many-body effects
Diehl,Gies,Pawlowski,Wetterich’07

chemical potential σ̃ minus molecular binding energy ǫ̃M at T = 0

σ̃ − ǫ̃M

c−1 = (akF)−1



many-body effects
Diehl,Gies,Pawlowski,Wetterich’07

chemical potential σ̃ minus molecular binding energy ǫ̃M at T = 0

σ̃ − ǫ̃M

c−1 = (akF)−1

QMC FRG ǫNLO DSE MFT 2PI Padé NSR Exp.
(GIORGINI&’04) (DIEHL ET AL) (SON&06) (DIEHL&’05) (ZWERGER&’06) (BAKER’99) (HU&’06)

0.42(2) 0.55 0.475 0.50 0.63 0.36 0.33 0.40 0.32
-0.51



second-order phase transition
Diehl,Gies,Pawlowski,Wetterich’07

Fermionic gap

∆ = hφ
√
ρmin

BEC
c−1 = 4

BCS
c−1 = −2

resonance
c−1 = 0

2nd order
phase
transitionT/Tc



phase diagram
Diehl,Gies,Pawlowski,Wetterich’07

broad resonance limit

T̃ = T/ǫF

c−1 = (akF)−1

shift ∆T of Tc in BEC regime:
(BAYM,BLAIZOT,HOLZMANN,LALOË,VAUTHERIN’99)
(BAYM,BLAIZOT,ZINN-JUSTIN’00)
(BLAIZOT,MENDEZ-GALAIN,WSCHEBOR’05,06)

Tc − T BEC
c

T BEC
c

= κ aBn1/3, κ ≃ 1.3



summary and outlook

phase diagram of ultracold fermionic gases

fermion-dimer scattering: include momentum-dep. ψ†ψφ∗φ
Diehl, Krahl, Scherer ’07

particle-hole fluctuations (Tc): a lesson in re-bosonisation

re-bosonisation at low and high scales

quantum phase transition

non-equilibrium time evolution
Gasenzer, Pawlowski ’07
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motivation

Non-perturbative effects in non-equilibrium systems

strong coupling g

late time behaviour: effective coupling ∆t g

far from equilibrium: all correlation functions important



motivation

Non-perturbative effects in non-equilibrium systems

strong coupling g

late time behaviour: effective coupling ∆t g

far from equilibrium: all correlation functions important

Non-equilibrium shopping list

method with built-in energy conservation: ∂t
∫
~x 〈T 00〉 = 0

large coupling & far from equilibrium accessible

control



Time evolution of non-equilibrium systems

Equation of motion approach BBGKY

i∂t 〈O〉t = 〈[O , H]〉t

Gross-Pitaevskii equation Mean field approximation to ∂t 〈φ〉t

∂tφx =

»

−
∆

2m
+ V (x) + g|φx |

2
–

φx

Green functions O = W (n) =
Qn

i=1 φxi

∂tW
(n) =

X

ci(H)
Y

ji

W (ji )

no memory kernels

’polynomial’ structure

potential numerical instability



Time evolution of non-equilibrium systems

Equation of motion approach BBGKY

i∂t 〈O〉t = 〈[O , H]〉t

nPI evolutions

gap equation dynamic equation for propagator G = 〈φφ〉connected

G−1
0 G = 1l −

i
2

(S(4)G)G + ∆GnPI

higher correlation functions Γ(n) = 〈φ · · · φ〉amputated

Γ(n) =
X

ci(Scl)
Y

ji

Γ
(ji )
nPIG

gi

transport equations derivative expansion



Time evolution of non-equilibrium systems

Equation of motion approach BBGKY

i∂t 〈O〉t = 〈[O , H]〉t

nPI evolutions

gap equation

G−1
0 G = 1l −

i
2

(S(4)G)G + ∆GnPI

higher correlation functions

Γ(n) =
X

ci(Scl)
Y

ji

Γ
(ji )
nPIG

gi

memory kernels

’non-algebraic’ structure

potential numerical (in-)stability? functional form stable?



closed time path
Generating functional for real time correlation functions

Z [J ] with
δnZ [J ]

δJ(t1) · · · δJ(tn)
= 〈φ(t1) · · ·φ(tn)〉

the fields φ live on the closed time path Schwinger-Keldysch

tt0

from 〈t|O|t〉 = 〈t0|U†(t)OU(t)|t0〉
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closed time path
Generating functional for real time correlation functions

Z [J ] with
δnZ [J ]

δJ(t1) · · · δJ(tn)
= 〈φ(t1) · · ·φ(tn)〉

causality: 〈φ(t1) · · ·φ(tn)〉 with t < τ

tt0 τ

initial conditions at t0

tt0
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Generating functional for real time correlation functions with ti < τ
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temporal flows
Generating functional for real time correlation functions with ti < τ

Zτ [J ]

The fields φ live on the closed time path

tt0

but vanish for t > τ : φ(t > τ) = 0

The fields φ effectively live on the closed time path

tt0 τ



temporal flows
Generating functional for real time correlation functions with ti < τ

Zτ [J ] = exp
{
− i

2

∫

ta tb,C

δ

δJ(ta)
Rτ (ta, tb)

δ

δJ(tb)

}
Z [J ]

regulator function Rτ

−i Rτ (ta, tb) =

{
0 ta andtb < τ
∞ else

The fields φ effectively live on the closed time path

tt0 τ
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temporal flows
Generating functional for real time correlation functions with ti < τ

Zτ [J ] = exp
{
− i

2

∫

ta tb,C

δ

δJ(ta)
Rτ (ta, tb)

δ

δJ(tb)

}
Z [J ]

infinitesimal change of τ

tt0 τ

∆τ

τ -evolution of effective action Γτ [φ]
Γτ [φ] ≃ log Zτ −

R

Jφ

∂τΓτ [φ] =
i
2

∫

C

[
1

Γ
(2)
τ [φ] + Rτ

]

ab

∂τRτ,ab



temporal flows
Generating functional for real time correlation functions with ti < τ

Zτ [J ] = exp
{
− i

2

∫

ta tb,C

δ

δJ(ta)
Rτ (ta, tb)

δ

δJ(tb)

}
Z [J ]

infinitesimal change of τ

tt0 τ

∆τ

τ -evolution of effective action Γτ [φ]

τ

ττ

τ

∂τΓτ
abτ,R

.
i
2

= =    −

=abτ,G



τ -evolution of correlation functions

∂τΓτ,a
(1) τ τ

τ

τ

τ,
(3)Γ abc =abτ,R

a

,i
2

τ

τ,
(4)Γ abc =

 =    − =

=abτ,G

.

τ

∂τΓτ,ab
(2)

P  a,b+    (      )  }
τ

ττ
τ τ=   − − {

2
1

a b a b

,

τ

+ −i
2

∂τ P  a,b,c,d+    (            )  }τ τ

τ

τ τΓτ,abcd
(4) φ

τ

a

b c
d

τ

a
b c

d

[   = 0] = − − {1
8 + −i

2

ττ

τ

ττ τ

τ
τ τ



integrated τ -evolution of correlation functions

cdτ
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ebτ
t ,c t  = d t  ...0 τae

be = δab

a

dc

τcd

− −
2
1

be
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+ −i
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a de
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integrated τ -evolution of correlation functions

cdτ

ebτ

ebτ
t ,c t  = d t  ...0 τae

be = δab

a

dc

τcd

− −
2
1

be

−1G ae0

+ −i
2

a de

f g

h

cb

ehτ

fgτ
t e...h   = 

= (4)ΓΓ (4)
t, abcd abcd { }+ P(a,b,c,d)

0t  ,

tt  ...0

τefgh efghτ

s-channel approximation with energy conservation

full self-consistency check possible



numerical results

0.0001 0.001 0.01 0.1
t [s]

10
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1

n(
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p i) 
/ n

1L

p
i

i = 0

i = 32

(a)
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-4

10
-3

10
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1

n(
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p i) 
/ n

1L

(b)

γ = 15γ = 1.5 × 10−3

g = ~
2γn1/m n1 = 107atoms/m



Conclusion

time evolution equation for non-equilibrium effective action

applicable for strong couplings & far from equilibrium

energy conservation

numerically applicable & stable



Conclusion

time evolution equation for non-equilibrium effective action

applicable for strong couplings & far from equilibrium

energy conservation

numerically applicable & stable

Shopping list

renormalisation in higher dimensions

gauge theories

memory kernels
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