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9 Physics of ultracold atoms



(CHO@SCIENCE'03)

BEC-BCS crossover

(EAGLES'69; LEGGETT'80)

@ Bound moIe_CuleS of _tWO @ Fermions with attractive
atoms on microscopic scale interactions

BEC atlow T

BCS superfluidity at low T

Crossover by means of a Feshbach resonance

(REGAL&’'04; BARTENSTEIN&'04; ZWIERLEIN&'04; KINAST&'04; BOURDEL&'04)



Feshbach resonance

@ 2-atom scattering \ /

@ s-wave scattering length

a

interatomic separation



Feshbach resonance

@ 2-atom scattering \ /

resonant hyperfine interaction

between interaction channels / \

@ s-wave scattering length

a(B)

near a Feshbach resonance

interatomic separation



microscopic interaction

@ tunable interaction strength

e.g., YK
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microscopic theory

@ microscopic action
se= [ar [ox [of (0. - 3 ) o+ Frutetonwy

@ fermionic interaction parameter

@ further parameters of 2-atom physics encoded in
momentum-dependence of Ay



relevant degrees of freedom

w: stable fermionic atom field

¢Z bosonic molecule field / Cooper pair




relevant degrees of freedom

w: stable fermionic atom field

¢Z bosonic molecule field / Cooper pair

@ include all relevant dof as propagating fields

Myl = Ty, ¢l



relevant degrees of freedom

zp: stable fermionic atom field

¢Z bosonic molecule field / Cooper pair

ol = [ar [ @ (2010, ~ A2 - o) 4 A (TP

+2007(0, = A0+ U(0) ~ (07w Tew = utes) +.. |



relevant degrees of freedom

zp: stable fermionic atom field

¢Z bosonic molecule field / Cooper pair

@ computation with flow equation

1
kaT[th, 9] = 5 ST kokR

IO, 6] + Re



a glimpse at the functional RG

Callan-Symanzik equation

1 K2

1
kakrk[¢] - §Trmz

with
1

W = (p(p)o(—p))



with

a glimpse at the functional RG

Wetterich, Phys. Lett. B 301 (1993) 90

1 1

kKokTk[¢] = > Tr m kR (p?)



a glimpse at the functional RG
Wetterich, Phys. Lett. B 301 (1993) 90
1

Y KaRe(p?
O+ R <)

Kok Tk [¢] = %T

@ flow ko k[¢] is infrared and ultraviolet finite
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a glimpse at the functional RG

Wetterich, Phys. Lett. B 301 (1993) 90

1

- = k&R (p?
O R TP

1
kokTlel = 5T
@ flow kok Mk [¢] is infrared and ultraviolet finite
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a glimpse at the functional RG

Wetterich, Phys. Lett. B 301 (1993) 90

1 1

kKokTk[¢] = > Tr m kR (p?)

@ diagrammatic representation with 7 = Ink

o, = S R :_O_
—o—



a glimpse at the functional RG

Wetterich, Phys. Lett. B 301 (1993) 90

1 1

kKokTk[¢] = > Tr W kR (p?)

@ self-similarity, reparameterisation & projections

*] fermlOﬂS Stra'ghtforward though "physically’ complicated

@ Nno S|gn problem numerics as in scalar theories!
o Ch|ral ferm|ons reminder: Ginsparg-Wilson fermions from RG argument!

) bound States Via (l’e-)bosonisation effective field theory techniques applicable!



effective action

@ interaction terms
3 2 % )\¢ * 1\2 h¢ * T Toax
[ardsx (m2oo+ S0 0 - 20w ew — ouled) +..

@ relation to microphysics (via Hubbard-Stratonovich)

3000
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M
1000 i’ *

m; = [i(B—Bo)—20

scattering length (a,)
o

BEC BCS
hi ~ AB 215 220 255 230




IR physics

Effective potential U(¢)
@ determines symmetry status

="

T>T, T<T.

@ order parameter po = ¢* . dmin

condensate fraction €2, fermionic gap A

@ U” determines correlation length &

0 oU (¢min> U)

@ U(¢, o) determines (flow of) density dyn = — 3
o



crossover diagram

in units of Fermi momentum kg = (372n)/3 and energy e = k2/(2M)

:l: = T/GF A

classical | regime
.
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c7(B) = (ake)1(B)

“concentration” parameter strong coupling, “broad-resonance
universality” hy ~ AB — oo

Universal long-distance physics for ®Li and “°K ?

(DIEHL,WETTERICH'05; NICOLIC, SACHDEV'06)



universality

ski,Wetterich'07

Diehl,Gies,Pawlc
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re-bosonisation

@ derivative expansion for I'y

Meltsd] = / dr / 432, {010 — Ay T2 — o) + Au(64)?

+Z,0* (0 — AgV?)p + U(p) — %(WW&# —¢vled™) + ...



re-bosonisation

@ optimised re-bosonised derivative expansion for I'y

M. d] = / dr / A% {0 (0r — ALV — o)+ A (6T )2

+0"(0r = AsVZ)g + U(0) — (¢¢ et — ppleg®) +

@ 1), ¢ normalised fields via k-dependent field transformation



re-bosonisation

@ optimised re-bosonised derivative expansion for I'y

M. d] = / dr / A% {0 (0r — ALV — o)+ A (6T )2

h ,
+67(0r = AsV2)o + U () — 5 (¢"0 Tew — puleg™) + ..
@ 1), ¢ normalised fields

@ 'ultra’-locality: implicit momentum dependence



re-bosonisation

@ optimised re-bosonised derivative expansion for I'y

M. d] = /M/ﬂ%wwa—mvﬁww+meV

h ,
£67(0, — AT+ () — R0 Tew = ovlesr) + .|
@ 1), ¢ normalised fields
@ 'ultra’-locality: implicit momentum dependence

@ — optimisation

Litim '00, Pawlowski '05

@ physical cut-off scales ky, ~ kg
@ optimal cut-off: ky = kg + minimal flow



re-bosonisation

@ optimised re-bosonised derivative expansion for I'y

M. d] = / dr / A% {0 (0r — ALV — o)+ A (6T )2

(0~ AT?)0 + U(9) — (67 e — dusTed™) + .
@ 1), ¢ normalised fields
@ 'ultra’-locality: implicit momentum dependence
@ optimisation

@ full re-bosonisation



re-bosonisation

@ optimised re-bosonised derivative expansion for I'y

M. d] = / dr / A% {0 (0r — ALV — o)+ A (6T )2

+¢*(0- — ApV?)d + U (o) — %(qb*w Tep — gpleg™) + ... }
@ 1), ¢ normalised fields
@ 'ultra’-locality: implicit momentum dependence
@ optimisation

@ full re-bosonisation, passive:

H. Gies, C. Wetterich '01

P9k, ] = N[k vi), Dk, Y]



re-bosonisation

@ optimised re-bosonised derivative expansion for I'y

M. d] = /M/HWWN&—MV“ww+MWWY

£67(0, — AT+ () — R0 Tew = ovlesr) + .|
@ 1, ¢ normalised fields
@ 'ultra’-locality: implicit momentum dependence
@ optimisation

@ full re-bosonisation, active:  only ¢y

Pawlowski '05

= [oRao+ [s004 30— = [GiRao+ [u6c+ [0
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9 Results



many-body effects

Diehl,Gies,Pawlowski,Wetterich’07

chemical potential & minus molecular binding energy ey at T =0
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many-body effects

Diehl,Gies,Pawlowski,Wetterich’07

chemical potential & minus molecular binding energy ey at T =0

1
0.8
0.6

0 — €M
0.4
0.2
QMC FRG eNLO DSE MFT 2PI Padé | NSR | Exp.
(GIORGINI&'04) | (DIEHLETAL) | (SON&0B) | (DIEHL&'05) (ZWERGER&'06) | (BAKER'99) | (HU&'06)

0.42(2) ‘ 0.55 ‘0.475‘ 0.50 ‘0.63‘ 0.36 ‘ 0.33 ‘0.40 ‘ 0.32
-0.51



second-order phase transition

Diehl,Gies,Pawlowski,Wetterich’07

Fermionic gap

A= h¢ Pm A1
0.8
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0.2

A(T)/A(0)

0.2

0.4 0.6 08 T/Tc 1

resonance
ctl=0

2nd order
phase
transition



phase diagram

Diehl,Gies,Pawlowski,Wetterich’07

broad resonance limit
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c 1= (akg)?t

(BAYM,BLAIZOT,HOLZMANN, LALOE, VAUTHERIN'99)

Sh|ft AT Of TC In BEC reglme (BAYM,BLAIZOT,ZINN-JUSTIN'00)

(BLAIZOT,MENDEZ-GALAIN,WSCHEBOR'05,06)

TC _ TCBEC

- 1/3 ~
TEEC kagn”/? Kk ~13
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summary and outlook

@ phase diagram of ultracold fermionic gases

(]

fermion-dimer scattering: include momentum-dep. ¢ ¢*¢

Diehl, Krahl, Scherer '07

particle-hole fluctuations (T¢): a lesson in re-bosonisation

(]

re-bosonisation at low and high scales

guantum phase transition

non-equilibrium time evolution

Gasenzer, Pawlowski '07
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e Non-equilibriums physics



motivation

Non-perturbative effects in non-equilibrium systems

@ strong coupling g
@ late time behaviour: effective coupling Atg

@ far from equilibrium: all correlation functions important
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motivation

Non-perturbative effects in non-equilibrium systems

strong coupling g

late time behaviour: effective coupling Atg

far from equilibrium: all correlation functions important
Non-equilibrium shopping list

method with built-in energy conservation: 8; [,(T%) =0

large coupling & far from equilibrium accessible

control



Time evolution of non-equilibrium systems

@ Equation of motion approach sscxy
10(O) = ([0, H])t

) GrOSS'PitaeVSkii equation Mean field approximation to 9 (¢ )¢

A
Opx = [_% +V(X)+g|¢x|2] ®x

@ Green functions O = W™ =TT, ¢y
W™ = Zci(H) HW(ii)
Ji
@ no memory kernels

@ ’'polynomial’ structure

@ potential numerical instability



Time evolution of non-equilibrium systems

@ Equation of motion approach sscxy
i0(O0) = ([0, H])
@ nPI evolutions

o gap equation dynamic equation for propagator G {(@®) connected
_ i
GylG=1- E(s<“)G)G + AGpi
@ higher correlation functions r™ - s o) o

r = Z Ci(Sa) H rice
i

o transport equatIOnS derivative expansion



Time evolution of non-equilibrium systems

@ Equation of motion approach sscxy
10:(O) = ([0, H])t
@ nPI evolutions
@ gap equation
Gy'G=1- %(S(“)G)G + AGnpi
@ higher correlation functions

r = ZCi(ScI) H MG
i

@ memory kernels
@ ’non-algebraic’ structure

@ potential numerical (in-)stability? functional form stable?



closed time path

Generating functional for real time correlation functions

"Z[J]

Z[J] with FRICYRAIN)

= (o(t) -~ o(tn))

o the fle|dS (b |IVE on the Closed t|me path Schwinger-Keldysch

t

~
/

to!

from ({]]t) = (to|U7 (t) O U (1)]to)



closed time path

Generating functional for real time correlation functions

"Z[J]

Z[3]  with e = (B(t1) - - ¢(tn))

6J (tl) -+ 0J (tn)

@ the fields ¢ live on the closed time path

to!

@ causality: (¢(ty)---o(tn)) witht < 7

NN




closed time path

Generating functional for real time correlation functions

"Z[J]

Z[3]  with e = (B(t1) - - ¢(tn))

6J (tl) -+ 0J (tn)

@ the fields ¢ live on the closed time path

to!

NI

@ causality: (¢(ty)---o(tn)) witht < 7

to! 7

NI




closed time path

Generating functional for real time correlation functions

"Z[J]

Z[3]  with e = (B(t1) - - ¢(tn))

6J (tl) -+ 0J (tn)

@ the fields ¢ live on the closed time path

to!

@ causality: (¢(ty)---o(tn)) witht < 7

NN

~
i



closed time path

Generating functional for real time correlation functions

"Z[J]

Z[J] with FIOEEAI]

= (o(t) -~ o(tn))

@ the fields ¢ live on the closed time path

~
/

to!

@ causality: (¢(ty)---o(tn)) witht < 7




closed time path

Generating functional for real time correlation functions

"Z[J]

Z[3]  with e = (B(t1) - - ¢(tn))

6J (tl) -+ 0J (tn)

@ the fields ¢ live on the closed time path

to!

@ causality: (¢(ty)---o(tn)) witht < 7

NN




closed time path

Generating functional for real time correlation functions

2] with R = (6(t) o)

@ causality: (¢(t1) - - o(tn)) witht < 7

N =
J

to! Tl

@ initial conditions at tg

N

NP %

e,



temporal flows

Generating functional for real time correlation functions with tj <

Z:[J]



temporal flows

Generating functional for real time correlation functions with tj <

Z:[J]

@ The fields ¢ live on the closed time path

~
/

to!

but vanish fort > 7: ¢(t > 7) =0



temporal flows

Generating functional for real time correlation functions with tj <

Z:[J]

@ The fields ¢ live on the closed time path

t

~
/

to!

but vanish fort > 7: ¢(t > 7) =0

@ The fields ¢ effectively live on the closed time path

DI

: D




temporal flows

Generating functional for real time correlation functions with tj <

ZT[J]_exp{—ii/tatw%&(ta,tb)%} Z[J]

@ regulator function R,

0 tiandty, <7
oo else

iR (ta ) = {

@ The fields ¢ effectively live on the closed time path

DI

: SA—



temporal flows

Generating functional for real time correlation functions with tj <

ZT[J]_exp{—ii/tatw%&(ta,tb)%} Z[J]

@ infinitesimal change of =

toi T




temporal flows

Generating functional for real time correlation functions with tj <

ZT[J]_exp{—ii/tatw%&(ta,tb)%} Z[J]

@ infinitesimal change of =

@ 7-evolution of effective action I'-[¢]

(o] ~logZr — [Jp

87' R‘r,ab

i 1
57—|_T[¢] = E A [rgz)[¢] TR,

ab



temporal flows

Generating functional for real time correlation functions with tj <

ZT[J]_exp{—ii/tatw%&(ta,tb)%} Z[J]

@ infinitesimal change of =

i Rean =
Gi,ab

$ o



T-evolution of correlation functions

arw = 2I_ 1 Rean = —®— R = )‘
® .- o - X
re = _%Q+P(ab ) H‘Q
A s [0= 0] = - +P@bed ) ¥ 1
a d

S aE, \\d



integrated 7-evolution of correlation functions

a e h d

Mt = Mlabea + 2i—{ Tefgn[efgh + P(ab,c,d}
b f

W9 C =t .t



integrated 7-evolution of correlation functions

a e h d

Mt = Mlabea + 2i—{ Tefgn[efgh + P(ab,c,d}
b f

W9 C =t .t

@ s-channel approximation with energy conservation



integrated 7-evolution of correlation functions

a e h d

Mt = Mlabea + 2i—{ Tefgn[efgh + P(ab,c,d}
b f

W9 C =t .t

@ s-channel approximation with energy conservation

@ full self-consistency check possible



nt;p) /nL

numerical results

t[s]

v=15x10"3

g = h*yny/m

(b) -

niy = 10’atomg'm

SVl L
0.0001

“oo01 001
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Conclusion

@ time evolution equation for non-equilibrium effective action

@ applicable for strong couplings & far from equilibrium

@ energy conservation

@ numerically applicable & stable



Conclusion

time evolution equation for non-equilibrium effective action
applicable for strong couplings & far from equilibrium
energy conservation

numerically applicable & stable

Shopping list
renormalisation in higher dimensions
gauge theories

memory kernels
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