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ALICE, LHC STAR, RHICSimulation of a heavy ion collision  
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UrQMD Frankfurt/M
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Strickland

Heavy ion collisions
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Phase diagrams & order parameters

http://ltl.tkk.fi/research/theory/TypicalPD.gif 

Order parameter: density n
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Heckmann ’11http://ltl.tkk.fi/research/theory/TypicalPD.gif 

typical phase diagram phase diagram of QCD

Phases in QCD

quarks confined - deconfined quarks massless - massive

Phase diagrams & order parameters
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Heckmann ’11

Phase diagram of cold atoms phase diagram of QCD

Phases in QCD

quarks confined - deconfined quarks massless - massive

Phase diagrams & order parameters

Gubbels and Stoof ’08
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Phase diagram of QCD

  Fukushima

baryonic density
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QCD

Quarks Gluons
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QCD, asymptotic freedom and all that

GluonsQuarks
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SQCD

Nf = 6a,b, c = 1, ...,N2
c − 1

QCD, asymptotic freedom and all that
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SQCD

Nf = 6

QCD, asymptotic freedom and all that
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SQCD

QCD, asymptotic freedom and all that
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SQCD

QCD, asymptotic freedom and all that

Action and interactions
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QCD, asymptotic freedom and all that
Running coupling at low and high energies





IR

UV

Nobel Prize ‘04
Gross, Politzer, Wilczek

αs(Q) =
g2(Q)

4π

-1−1

−1

g

g

+ +

+ + +
-1−1

g
+

Pure gauge theory matter sector

Millenium Prize 1 Mio $
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∂Q2
= β0αs(µ)
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QCD, asymptotic freedom and all that
Running coupling at low and high energies
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running coupling (1-loop)

UV: asymptotic freedom

αs(Q → ∞) = 0

αs(Q) =
αs(µ)

1− αs(µ)β0 log(Q2/µ2)
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QCD, asymptotic freedom and all that
Running coupling at low and high energies
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running coupling (1-loop)

IR: failure of perturbation theory

αs(Λ
2
QCD) = ∞ at Λ2

QCD = µ2e−β0/αs(µ
2)

ΛQCD = 217+25
−23 MeV

αs(Q) =
αs(µ)

1− αs(µ)β0 log(Q2/µ2)
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Confinement

Quarks Gluons
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Confinement

r

r

r

r

�x �y

Bali et al. ‘94Energy density

gauge theory

Fqq̄ � −
1
r

Free energy        of a quark - antiquark pairFqq̄

Fqq̄ � σr0

Fqq̄ � −1

r

Fqq̄ � σr

Fqq̄ � const.

string breaking at r ≈ 1fm
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Confinement
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Φ �= 0

Free energy        of a quark - antiquark pairFqq̄
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Deconfinement
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Chiral symmetry breaking

Quarks

Generation first second third Charge
Mass [MeV] 1.5-4 1150-1350 170×103

Quark u c t 2
3

Quark d s b − 1
3

Mass [MeV] 4-8 80-130 (4.1-4.4)×103

ΛQCD = 217+25
−23 MeV

Nf = 2+ 1

∆mχSB ≈ 400MeV
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Chiral symmetry breaking

Perturbative four-fermi coupling 

Nf = 2 : �τ = (σ1,σ2,σ3)

λψ

2

� �
(q̄q)2 + (iq̄γ5�τq)

2
�

λψ ∝ α2
s

Fermionic mass term for        �q̄q� �= 0

λψ

2

�
(q̄q)2 −→ λψ

2

�
�q̄q�q̄q

mean field

· · ·

∝ + + +λψ =
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EOM(σ)

Chiral symmetry breaking

Perturbative four-fermi coupling 

Nf = 2 : �τ = (σ1,σ2,σ3)

λψ

2

� �
(q̄q)2 + (iq̄γ5�τq)

2
�

λψ ∝ α2
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�σ� �= 0Bosonisation (Hubbard-Stratonovich)

q

q̄
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2
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(ψ̄ψ)2 + (iψ̄γ5�τψ)

2
�
=

m2
σ

2

�

x

�
σ2 + �π2

�
+ i h

�

x
ψ̄(σ + iγ5�τ�π)ψ

∝ + + +λψ =

∝ ∝+ + +
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Chiral symmetry breaking

�q̄q� q̄qmass term: 

chiral symmetry

chiral symmetry broken

�
d4x λψ

�
(q̄q)2 − (q̄γ5q)2

�

Chirality for massless particles

qLqR

Meson potential

σ
π

Order parameter

σ = �q̄q�

Chiral symmetry

Symmetry broken

σ = 0

σ �= 0

chiral condensate

�q̄q� �= 0

· · ·

∝ α2
s

λψ
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λ̂ψ

∂tλ̂ψ

Chiral symmetry breaking

Flow for four-fermion coupling                      with infrared scale λ̂ψ = λψk
2 k

k∂kλ̂ψ 2λ̂ψ A

�
T

k

�
λ̂2
ψ B

�
T

k

�
λ̂ψ αs C

�
T

k

�
α2
s+ + + + ... =

A glimpse at chiral symmetry breaking in QCD within the FRG

+ + + ... 

Gluonen
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�
d4x λψ

�
(q̄q)2 − (q̄γ5q)2

�

�q̄q� �= 0

�q̄q� q̄qmass term: 

Chiral symmetry breaking

σ = �q̄q�
Order parameter

αs > αs,crit

Chiral symmetry breaking directly sensitive to size of      αs

∂tλ̂ψ

λ̂ψ

Chiral symmetry

Symmetry broken

σ = 0

σ �= 0

∝ α2
s

λψ

chiral condensate
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Chiral symmetry breaking

Axial U(1)

Anomalous breaking of the axial U(1)

Nonet of pseudoscalar mesons

classically

with current

∂µJ5,µ = 0

q → eiγ5αq J5,µ ∝ q̄γ5γµq

quantum

axial anomaly

∂µ�J5,µ� =
Nf

32π2
�µνρσ�F a

µνF
a
ρσ� mη� � 960MeV

anomalous chiral symmetry breaking

Plots from Ford, JMP ’05

induced by instantons
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Chiral symmetry breaking
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Chiral symmetry breaking

Axial U(1)

Anomalous breaking of the axial U(1)

Nonet of pseudoscalar mesons

classically

with current
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Chiral symmetry breaking
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∆mχSB ≈ 400MeV

Chiral symmetry breaking

2 light flavours, one heavy flavour 2+1

chiral symmetry breaking: 

top

bottomstrange

charmup

down

physical masses
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Functional Methods for QCD

FunMethods: FRG-DSE-2PI-...
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FRG for QCD

FunMethods: FRG-DSE-2PI-...
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RG-scale k: t = ln k

Functional Methods for QCD

free energy 

JMP, AIP Conf.Proc. 1343 (2011)

            glue
quantum fluctuations

         hadronic 
quantum fluctuations

           quark 
quantum fluctuations

Yang-Mills:

R�k2
R
� ��2k2�

k2
p20

1

∂tΓk[A, c̄, c] =
1

2
Tr

�
1

Γ(2)[A, c̄, c] +Rk
∂tRk

�
− ∂tCk

full propagator regulator

∂t = k ∂k

∂tΓk[φ] =

by L. Fister
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RG-scale k: t = ln k

Functional Methods for QCD

Fermions are straightforward  though ‘physically’ complicated

 no sign problem  

 chiral fermions  

Gluons have cost us decades

Complementary to lattice!

free energy 

JMP, AIP Conf.Proc. 1343 (2011)

∂tΓk[φ] =

            glue
quantum fluctuations

         hadronic 
quantum fluctuations

           quark 
quantum fluctuations

bound states via dynamical hadronisation   

35



 
Functional Methods for QCD

free energy 

Yang-Mills theory

∂tΓk[φ] =

            glue
quantum fluctuations

JMP, AIP Conf.Proc. 1343 (2011)
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Functional Methods for QCD

free energy 

NJL-type models

           quark 
quantum fluctuations

∂tΓk[φ] =

JMP, AIP Conf.Proc. 1343 (2011)
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Functional Methods for QCD

free energy 

NJL-type models

           quark 
quantum fluctuations

∂tΓk[φ] =

PNJL models

+ Aconst
0

JMP, AIP Conf.Proc. 1343 (2011)
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Functional Methods for QCD

           quark 
quantum fluctuations

free energy 

quark

anti-quark

meson

bound states via dynamical hadronisation   

∂tΓk[φ] =

Quark-hadron models

         hadronic 
quantum fluctuations

JMP, AIP Conf.Proc. 1343 (2011)
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Functional Methods for QCD

           quark 
quantum fluctuations

free energy 
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Quark-hadron models
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quantum fluctuations
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Functional Methods for QCD

           quark 
quantum fluctuations

free energy 

quark

anti-quark

meson

bound states via dynamical hadronisation   

∂tΓk[φ] =

Quark-hadron models

be
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ar

k 
in
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ltr
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d 
at

om
s          hadronic 

quantum fluctuations

‘You name it, we do it’
John Thomas
QGP meets cold atoms-Episode III

JMP, AIP Conf.Proc. 1343 (2011)
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Functional Methods for QCD

free energy 

∂tΓk[φ] =

           quark 
quantum fluctuations

Quark-hadron models

+

PQM models

         hadronic 
quantum fluctuations

Aconst
0

JMP, AIP Conf.Proc. 1343 (2011)
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Naturally encorporates PQM/PNJL models as specific low order trunations  

pure glue flow   +     +     ...     

flow of gluon propagator

Functional Methods for QCD

free energy 

∂tΓk[φ] =

            glue
quantum fluctuations

         hadronic 
quantum fluctuations

           quark 
quantum fluctuations

JMP, AIP Conf.Proc. 1343 (2011)

41



Dynamical hadronisation

GluonsQuarks

             Gies, Wetterich ’01 
                                JMP ’05
  Flörchinger, Wetterich ’09
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λ̂ψ

∂tλ̂ψ

Chiral symmetry breaking

Flow for four-fermion coupling                      with infrared scale λ̂ψ = λψk
2 k

k∂kλ̂ψ 2λ̂ψ A

�
T

k

�
λ̂2
ψ B

�
T

k

�
λ̂ψ αs C

�
T

k

�
α2
s+ + + + ... =

A glimpse at chiral symmetry breaking in QCD within the FRG

+ + + ... 
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∂t
h2

m2
λ̂ψ

∂tλ̂ψ

Flow for four-fermion coupling                      with infrared scale λ̂ψ = λψk
2 k

Dynamical hadronisation

k∂kλ̂ψ 2λ̂ψ +

+ ... 

= + +

++

+ - terms
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∂t
h2

m2

= 0

λ̂ψ

∂tλ̂ψ

Dynamical hadronisation

k∂kλ̂ψ 2λ̂ψ +

+ ... 

= + +

++

+ - terms

Full bosonisation λ̂ψ = 0
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Dynamical hadronisation
h
(k
)
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initial conditions

Braun, Fister, Haas, JMP, 
                             in prep
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Dynamical hadronisation
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Dynamical hadronisation
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Gauge symmetry, gauge fixing & regularisation

Gluons

Corfu, ERG2010, JMP
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non-Abelian gauge symmetry: 

classical action is invariant under gauge transformations

gauge symmetry                redundancy in field degrees of freedom

gauge fixing (necessarily breaking of gauge invariance)

gauge invariant variables (necessarily non-local)

U = eiω ∈ SU(N)

SYM[AU ] = SYM[A] with SYM[A] =
1
2

�

x
trF 2

µν

F a
µν = ∂µAν − ∂νAµ + igfabcAbAc

δω : gAµ → U−1gAµU − i U−1∂µU

Gauge symmetry

and field strength
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∂µAµ = 0

 

gauge fixing and ghost term (Jacobian), e.g. covariant gauge

Slavnov-Taylor identities for effective action          with  

BRST Master equation with anti-fields 

Gauge fixing

�

x

δΓ
δφ

δΓ
δφ∗ = 0

EoM for anti-fields       are the symmetry transformationsφ∗

δω(Γ− Scl) + loops = 0

1
2ξ

�

x
(∂A)2 +

�

x
C̄ · ∂D · C

Γ[φ] φ = (A , C , C̄)
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Cut-off term

Slavnov-Taylor identities for effective action 

BRST Master equation with anti-fields 

Regularisation

1
2

�

x
A · RA

k · A +
�

x
C̄ · RC

k · C

STI/ME           modified STI/modified ME

�

x

δΓ
δφ

δΓ
δφ∗ = ∆Γ[φ, φ∗]

δω(Γ− Scl) + loops =
1
2
Tr

�
URkU−1

�
Gk[φ]

Γ[φ]

Bonini, Ellwanger, Litim, 
Marchesini, Morris, JMP, Reuter, 
Weber, Wetterich, ....

Igarashi, Itoh, Itou, 
Kugo, Sonodo, ... 
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Gauge invariant flows

covariant cut-off

SU(N)            spontaneously broken SU(N|N)

Pauli-Villars fields

tr
�

Fµν c−1(D2/k2)Fµν

Morris ’99
 Morris, Rosten’06

Arnone, Morris, Rosten’06
Rosten’10

Locality?

Polchinski flow
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Gauge invariant flows

covariant cut-off

SU(N)            spontaneously broken SU(N|N)

Pauli-Villars fields

tr
�

Fµν c−1(D2/k2)Fµν

Complicated

Morris ’99
 Morris, Rosten’06

 Arnone, Morris, Rosten’06
Rosten’10

Polchinski flow
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Gauge invariant flows

covariant cut-off

SU(N)            spontaneously broken SU(N|N)

Pauli-Villars fields

Polchinski flow: well-suited for formal developments

Wetterich flow: well-suited for numerics

tr
�

Fµν c−1(D2/k2)Fµν

Morris ’99
 Morris, Rosten’06

 Arnone, Morris, Rosten’06
Rosten’10

Polchinski flow

Remarks
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Gauge invariant flows

covariant cut-off

SU(N)            spontaneously broken SU(N|N)

Pauli-Villars fields

two-loop YM beta function & one-loop QCD  beta function

one loop computation for thin Wilson loops

speculation of infrared slavery scenario   

Results

 Manifestly gauge invariant

 within ?renormalised? strong coupling expansion

tr
�

Fµν c−1(D2/k2)Fµν

Morris ’99
 Morris, Rosten’06

Arnone, Morris, Rosten’06
Rosten’10
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Gauge invariant flows

geometrical approach

effective action only depends on gauge invariant part of 

Non-locality & modified Nielsen identity  

Branchina, Meissner, Veneziano ’03
 JMP ’03

φ

 JMP ’03

φµ(A) = Āµ + aµ + O(a2)
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Gauge invariant flows

geometrical approach

effective action only depends on gauge invariant part of 

Non-locality & modified Nielsen identity  

Branchina, Meissner, Veneziano ’03
 JMP ’03

φ

 JMP ’03

Results
gN

λ

UV-IR  stable gravity 

bi-metric expansion

Donkin, JMP, ’12 

φµ(A) = Āµ + aµ + O(a2)
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Gauge invariant flows

background field approach

 linear split in 

background gauge invariance & modified fluctuation STIs 

Reuter, Wetterich ’94

φ

φµ(A) = Āµ + aµ

          Reuter, Wetterich ’97
          Freire, Litim, JMP ’00
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Gauge invariant flows

background field approach

 linear split in 

background gauge invariance & modified fluctuation STIs

Reuter, Wetterich ’94

φ

gauge-fixed setting

φµ(A) = Āµ + aµ

          Reuter, Wetterich ’97
          Freire, Litim, JMP ’00

see gravity talks 
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Gauge invariant flows

background field approach

 linear split in 

background gauge invariance & modified fluctuation STIs

 ‘single metric’ truncation in YM

 ‘Einstein-Hilbert’ truncation in YM

Reuter, Wetterich ’94

φ

φµ(A) = Āµ + aµ

          Reuter, Wetterich ’97
          Freire, Litim, JMP ’00

one loop beta function non-universal!

no confinement!

Litim, JMP ’02

see confinement section

Remarks
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Gauge invariant flows

Massive deformation of Yang-Mills theory 

Relation to Yang-Mills theory?

‘Lifting the Gribov ambiguity’

Curci-Ferrari-Delbourgo-Jarvis model
Tissier, Wschebor ’08, ’10

see talk of J. Serreau

Serreau, Tissier ’12

Landau
pole

No Landau pole

 60

 40

 20

 0
 0  2  4  6  8  10

g

m̃
YM

61



Approximation scheme

GluonsQuarks
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Yang-Mills

∂t = 2 + + +2

Approximation scheme

Matter

- + 1

2

∂t
−1

= +

∂t
−1

= −
−1/2

+

DSE

2PI-resummation

∂t = − 3 +6 +3 − 6

− 1

2
+

Aconst
0

Veff [σ,�π;A0]

λψ

h[σ,�π]

+matter-
contributions

63



                                 Outline  
                           

Motivation
QCD

Asymptotic freedom and all that
confinement
chiral symmetry breaking

Functional methods for QCD
FRG for QCD
Dynamical hadronisation
Gauge symmetry, gauge fixing and regularisation
Approximation scheme

Results
Yang-Mills theory at zero and finite temperature 
Many-flavour QCD
Phase diagram of QCD

Summary & outlook
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Results

then you run ...
Corfu, ERG2010

DSE: see talk by R. Alkofer
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Yang-Mills theory at zero and finite temperature

then you run ...
Corfu, ERG2010
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Confinement
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Confinement

r

r

r

r

�x �y

Fqq̄ � −
1
r

Order parameter∼ ��q��

Φ =0

Φ �= 0

Free energy        of a quark - antiquark pairFqq̄

Φ = e−
1

2T Fqq̄(∞)

Confinement

Deconfinement

Fqq̄ � σr0

Fqq̄ � −1

r

Fqq̄ � σr

Fqq̄ � const.

string breaking at r ≈ 1fm

Φ =
1
3
�TrP exp{ig

� 1/T

0
dx0A0}�

Polyakov loop
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Π

 Π
 Π
  Π










β4V UV[A0]

SU(2)

gβAc
0

Confinement

Gross, Pisarski, Yaffe ’81
Weiss ’81

V UV[A0] =
1

2Ω
Tr logS(2)

AA[A0]−
1

Ω
Tr logS(2)

CC̄
[A0]

SU(2) : Φ[A0] = cos
1

2
βgAc

0 with A0 = Ac
0
σ3

2

Effective potential

free energy 

V [A0] = −1

2
Tr log�AA�[A0] +O(∂t�AA�) + Tr log�CC̄�[A0] +O(∂t�CC̄�)

Effective Polyakov loop potential 
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p2�A A�(p2)

perturbative

2

3

4

1

0 5 64321

!"!! #"$

%&!! #"$

!"!! '"(

'#!! '"(

%&!! '""

p [GeV]

FRG: Fischer, Maas, JMP ’08

lattice: Sternbeck et al. ’06

non-perturbative and 
phenomenologically 

relevant

Propagators

Propagators phenomenologically well described in 1/N expansion
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2

3

4

1

0 5 64321

!"!! #"$

%&!! #"$

!"!! '"(

'#!! '"(

%&!! '""

Z(p2)

p [GeV]

lattice: Sternbeck et al. ’06

von Smekal, Hauck, Alkofer ’97

Lerche, von Smekal, Phys. ’02

Fischer, Alkofer, Phys.Rev. ’02

JMP, Litim, Nedelko, von Smekal ‘03; JMP ’06 (unpublished)

Fischer, Maas, JMP’08

p2�A A�(p2)

Pure Yang-Mills, T = 0

Propagators
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0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

5

p [GeV]

Longitudinal Propagator GL

FRG: T = 0

FRG: T = 0.361Tc

FRG: T = 0.903Tc

FRG: T = 1.81Tc

Lattice: T = 0

Lattice: T = 0.361Tc

Lattice: T = 0.903Tc

Lattice: T = 1.81Tc

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

5

p [GeV]

Transversal Propagator GT

FRG: T = 0

FRG: T = 0.361Tc

FRG: T = 0.903Tc

FRG: T = 1.81Tc

Lattice: T = 0

Lattice: T = 0.361Tc

Lattice: T = 0.903Tc

Lattice: T = 1.81Tc

Fister, JMP ’11

Lattice: Maas, JMP, Spielmann, von Smekal ’11

∂t = 2 + + +2

∂t
−1

= +

∂t
−1

= −
−1/2

+

+ RG-dressed gluonic vertices

Confinement
Thermal gluon propagators

confirmed with the full system, JMP, Fister, in prep

see talk of L.Fister 
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0.7 0.8 0.9 1 1.1 1.2 1.3 1.4
Tσ−1/2

0

0.1

0.2

0.3

0.4

0.5

0.6

D
L(0

)−1
/2

 [G
eV

]

32
2
×4

64
2
×4

128
2
×4

256
2
×4

128
2
×6

cT/T
0 0.5 1 1.5 2

 [G
eV

]
-1

/2
(0

)
LD

0

0.5

1

Electric screening mass for SU(2)

3d

4d

critical scaling in Landau gauge props on the lattice? 

ν ≈ 0.68

ν ≈ 1

Maas, JMP, Spielmann, von Smekal ’11

Confinement
Chromo-electric propagator

FRG

DL(0)−1/2 ∝ |T−Tc|ν + · · ·

DL(0)
−1/2 ∝ V��[A0] + · · ·

DL(0) = �AA�T(0)

global gauge fixing
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Confinement

Braun, Gies, JMP ‘07

SU(3)

βgA0

2π

-0.5
-0.4
-0.3
-0.2
-0.1

 0
 0.1
 0.2
 0.3
 0.4

 0  0.2  0.4  0.6  0.8  1

!4  V
(!

 <
"

0>
)

! <A0>/(2#)

0.3 0.5 0.7

276 MeV

295 MeV

286 MeV

280 MeV

276 MeV

271 MeV

β4 VYM[A0]

Tc = 276± 10MeV

Order parameter 

Φ[
4
3
π

1
βg

] = 0

Φ

0.90 0.95 1.00 1.05 1.10 1.15 1.20 1.25

0.0

0.2

0.4

0.6

0.8

1.0

SU(3)

T/Tc

Polyakov loop

lattice : Tc/
√

σ = 0.646

Φ[A0] =
1
3
(1 + 2 cos

1
2
βgA0)

Tc/
√

σ = 0.658± 0.023

SU(N), Sp(2), E(7): Braun, Eichhorn, Gies, JMP ’10

SU(2) & critical scaling: Marhauser, JMP ’08
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10-4 10-2 100 102 104

p
100

101

102

103

104

105

gluon correlator ω (FRG)
ghost dressing d (FRG)
ghost dressing d (DSE)
gluon correlator ω (DSE)

Braun, Gies, JMP ‘07

Confinement

T_c, work in progress

Leder, JMP, Reinhardt, Weber ’10

Confinement
Coulomb gauge
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Confinement & Thermodynamics
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Confinement & Thermodynamics

Strickland

Fister, JMP 

T =0T Ā

− p (T ; Ā) =

� 0

Λ

dk

k

� �
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�

p
GT=0,k ∂tRk

T =0T Ā

− p (T ; Ā) =

� 0

Λ

dk

k

� �

Confinement & Thermodynamics

FRG
Borsanyi et al.

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.2

0.4

0.6

0.8

1.0

T�Tc

p Y
M
�p SB

A0,min

�

p

�
GT ,k ∂tRk

p
re

li
m

in
a
ry

see talk of L.Fister 
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Transport in QCD
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U. Heinz, talk at RETUNE ’12

Transport in QCD
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=
ρT/L

∂t = − 1
2 + + − 1

2

1

1

Transport in QCD
ρππflow of 

∂t=−1
2++−1

2

1

ρππ

current approximation

ρππ(p) =
2

3
(N2

c − 1)

�
d4k

(2π)4
[n(k0)− n(k0 + p0)] (VTT (k)ρT (k)ρT (k + p) + VTLρT (k)ρL(k + p) + VLLρL(k)ρL(k + p))

ρππ

with MEM

‘Those are my methods (principles), and if 
you don’t like them...well, I have others’

Groucho Marx
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Viscosity in YM

Fister, M. Haas, JMP, in preptransversal spectral functions

longitudinal spectral functions

spectral functions
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Viscosity in YM
spectral functions

E. Bratkovskaya, talk at RETUNE ’12

transversal spectral function

T=1.5 Tc

Fister, M. Haas, JMP, in prep
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Viscosity in YM
spectral functions

E. Bratkovskaya, talk at RETUNE ’12

transversal spectral function

T=1.5 Tc

confirmed at T=0 with complex DSEs
        Strauss, Fischer, Kellermann ’12

Fister, M. Haas, JMP, in prep
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Viscosity in YM

shear viscosity
Fister, M. Haas, JMP, in prep
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Many-flavour QCD

nearly conformal SU(N), see talk of H. Terao
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Many-flavour QCD

see also talk of H. Gies

JB, H. Gies, ’06
V (σ, π)U(φ̄1, φ̄2)

φ̄1

φ̄2

σ

π

V (σ, π)

χSB

U(φ̄1, φ̄2)

φ̄1

φ̄2

σ

V (σ, π)

π

|�ψ̄ψ�| 13 ∼ |T − Tcr|β

    Braun, Gies ’06 & ’09
Braun, Fischer, Gies ’10

Nf,cr ≈ 12

|�ψ̄ψ�| 13 ∼ |Nf −Nf,cr|
1

|Θ| e
− const.

|Nf−Nf,cr|

Quantum phase transition

hotQCD ‘10

Aoki et al. ‘09

lattice

β = − 1

12π
(33− 2Nf )α

2
s +O(α3

s )

no chiral SB above

no asymptotic fredom

Nf∗ ≈ 12

Nf∗ ≈ 16

Miranskybeyond
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Phase diagram

keep running ...

+
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 Full dynamical QCD:     = 2 & chiral limit

Chiral condensate

 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.5  2  2.5  3

T/Tc

Lren(T)

HISQ: N =8
N =6

stout cont.
SU(3)

Phase structure

Nf

Polyakov loop

Braun, Haas, Marhauser, JMP ‘09 

 0
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 0.6

 0.8

 1

 150  160  170  180  190  200  210  220  230

T [MeV]

fπ(T)/fπ(0)

Dual density

Polyakov Loop

160 180 200

χ
L

,d
u

a
l

Budapest-Wuppertal ’10 hotQCD ’10

∆Tconf � ±20MeVWidth

Tχ � Tconf � 180MeV

=2+1Nf
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µ2

µ → µ+
2πi

3
T

RW transition

RW Endpoint

chiral transition

2(chemical potential)
0

QGP

Hadrons

T
RW

T

Chemical potential

2

fπ

θ

T [MeV]

0
  

(!/T)2

0
  

(!/T)2

0
  

(!/T)2

-( /3)2-( /3)2-( /3)2-( /3)2-( /3)2

ms

mu,d

mu,d

Roberge-Weiss symmetry:                      

µ

2πiT

fπ

89



Chemical potential
 Full dynamical QCD

µ [GeV]

Tconf(µ)
Tconf(0)

Tχ(µ)
Tχ(0)

0.00 0.02 0.04 0.06 0.08 0.10

0.2

0.4

0.6

0.8

1.0

1.2

O. Philipsen ’11

Braun, Fister, Haas, JMP
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 crossover
 1st order
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χ crossover
Φ crossover
—Φ crossover
CEP
χ first order

Phase diagram of quantised PQM-model 

 Full dynamical QCD

Herbst, JMP, Schaefer ’10

Herbst, JMP, Schaefer ’12Braun, Fister, Haas, JMP

Chemical potential
+

see talk of T. Herbst
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U [Φ, Φ̄] V [σ,�π]+Ω[Φ, Φ̄,σ,�π]+

Potential

Polyakov-loop Potential                  Mesonic potential          Fermionic fluctuations

Fit to YM-thermodynamics Fit of meson phenomenologyOne loop computation

Fukushima ’04

Ratti, Thaler, Weise ’06

Megias, Ruiz Arriola, Salcedo ’06

Ghosh, Mukherjee, Mustafa, Ray ’06

C. Sasaki, B. Friman and K. Redlich ’06

Schaefer, JMP, Wambach ’07

. 
. 

. 
. 

. 
. 

Pisarski ’00

Meisinger, Ogilvie ’96

PQM

PNJL

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2

p/
p S

B

T/Tc

Nτ =4
Nτ =6
PQM

Mean field EoM 

lattice data: Ali Khan et al ’01

Polyakov-extended models

Chemical potential
+
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Fit to YM-thermodynamics mesonic fluctuations fermionic fluctuations 
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µ [MeV]

χ crossover
Φ crossover
—Φ crossover
CEP
χ first order

Phase diagram of quantised PQM-model 

Herbst, JMP, Schaefer ’10

FRG

Potential
Dynamical Polyakov-extended models +

U [Φ, Φ̄]
Polyakov-loop Potential                  

V [σ,�π]Ω[Φ, Φ̄,σ,�π]
Mesonic potential          Fermionic fluctuations

++

T0YM → T0(Nf , µ;mq)

quark fluctuations change glue dynamics

Schaefer, JMP, Wambach ’07

estimated via HTL/HDL computation

Chemical potential
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Polyakov-extended models as reduced QCD

Flow equation for  QCD

Potential

∂tΓk[φ] = 1

2
− − + 1

2

Chemical potential

U [Φ, Φ̄]
Polyakov-loop Potential                  

V [σ,�π]Ω[Φ, Φ̄,σ,�π]
Mesonic potential          Fermionic fluctuations

++
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Towards QCD

0 0.2 0.4 0.6 0.8 1

-0.8

-0.6

-0.4

-0.2

0

t= -0.05 YM
t= 0 YM
t= 0.05 YM
t= -0.05 glue
t= 0 glue
t= 0.05 glue

β
4
V
[A

0
]

SU(3)

βgA0

2π

(β4V )glue[t , A0] � (β4V )YM[tYM(t) , A0]

JMP ’10

Polyakov-extended models as reduced QCD
Braun, Haas, JMP, in prep

Chemical potential

QCD confirmation of 

HTL/HDL quark estimate

U [Φ, Φ̄]
Polyakov-loop Potential                  

V [σ,�π]Ω[Φ, Φ̄,σ,�π]
Mesonic potential          Fermionic fluctuations

++
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Chemical potential
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+

Phase diagram of quantised PQM-model  & DSE

Braun, Fister, Haas, JMP

?
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Chemical potential
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 Full dynamical QCD

DSE: Fischer, Lücker, Mueller ’11
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Phase diagram of quantised PQM-model  & DSE

Braun, Fister, Haas, JMP

µB

T
< 4.5 ?
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Model results on the phase structure of QCD

keep running ...
h
(k
)

k[GeV]
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initial scaleLow energy models
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+ ∂tΓk[φ] = 1

2
− − + 1

2+ ∂tΓk[φ] = 1

2
− − + 1

2
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Relation between 
chiral symmetry breaking & confinement

∂tΓk[φ] = 1

2
− − + 1

2

99



Confinement & chiral symmetry 

  Braun, Janot ’11
Braun, Herbst ’12
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Deconfinement & baryonic fluctuations
∂tΓk[φ] = 1

2
− − + 1

2

101



Morita, Skokov, Friman, RedlichProbability distribution P

Deconfinement & baryonic fluctuations
∂tΓk[φ] = 1

2
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2

P(N;T, µ,V) =
Z(T,V,N)eβµN

Z(T,V, µ)

see talk of K. Morita

cumulants

higher cumulants 
Schaefer, Wagner ’12
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Gauge independence of chiral symmetry breaking
from

four-fermi interactions +
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Aoki, Sato  

constituent masschiral condensate
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Vector couplings
∂tΓk[φ] = 1
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Relevance of vector couplings

K. Kamikado, QGP meets cold atoms - Episode III
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Multi-scatterings
∂tΓk[φ] = 1
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JMP, Rennecke, in prep

Multi-meson scatterings

Multi-meson-quark scatterings

Relevance of multi-scatterings
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Anomalous chiral symmetry breaking

∂tΓk[φ] = 1
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Nf = 2

Anomalous chiral symmetry breaking

  Mitter, Schaefer, in prep
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see talk of M. Mitter
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Strong magnetic fields
∂tΓk[φ] = 1

2
− − + 1

2

+

111



Dimensional
  Reduction
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Volume-dependence of the chiral phase structure

+
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see talk of B. Klein
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Isospin chemical potential
∂tΓk[φ] = 1
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stable Sarma phase down to T = 0 

Isospin chemical potential

Kamikado, Strodthoff, von Smekal, Wambach ’12

see talk of N. Strodthoff
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QC2D
∂tΓk[φ] = 1
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Two-colour QCD

�q̄q�
�q̄q�0

�qq�
�q̄q�0

Mq
�

µ:

BC
S-l

ike

Mq
>

µ:

BE
C-l

ike

Schaefer, Strodthoff, von Smekal ’12

compare phase diagram with and without
collective baryonic fluctuations

�
1− 1/x4

x = 2µ/mπ

1/x2

�q̄q� �qq�

see talk of B.-J. Schaefer

∂tΓk[φ] = 1

2
− − + 1

2

118



Two-colour QCD

Khan, JMP, Rennecke, Scherer, in prep
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towards the full phase diagram
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towards the full phase diagram

Schaefer, Wambach ’07Fukushima, Khan, JMP, Rennecke; Strodthoff, von Smekal; ...
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Summary & Outlook
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Motivation
QCD

Asymptotic freedom and all that
confinement
chiral symmetry breaking

Functional methods for QCD
FRG for QCD
Dynamical hadronisation
Gauge symmetry, gauge fixing and regularisation
Approximation scheme

Results
Yang-Mills theory at zero and finite temperature 
Many-flavour QCD
Phase diagram of QCD

Summary & outlook sta
y tu

ned

123


