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Work with I.O. Stamatescu, C. Zielinski

thanx to
 

G. Aarts, C. Gattringer, S. Hands, V. Kasper, D. Sexty, E. Seiler 

for discussions

A laboratory for Langevin evolution
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Thirring model & stochastic quantisation
see also talks of G. Aarts 
                           E. Seiler
              I.O. Stamatescu
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Thirring model

Action

S[ψ, ψ̄] =

�

x
ψ̄f (p/ +mf + µfγ0)ψf +

g2

2Nf

�

x

�
ψ̄fγνψf

�2

Bosonised generating functional

Z =

�
dA e−Seff

Seff = Nfβ

�

x
A2

ν −
�

f

Tr logKf
with

f = 1, ..., Nf

Continuum version

β =
1

g2

Kf = p/ + iA/ +mf + µfγ0

detKf (µ) = [detKf (−µ�)]�
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εν(x) = (−1)
�ν−1

i=0 xi

Thirring model

Staggered fermion matrix

Langevin equation (continuum)

Gaußian noise

lattice version & Langevin equation

∂

∂Θ
Aν (x,Θ) = − δSeff [A]

δAν (x,Θ)
+
√
2 ην (x,Θ)

�ην (x,Θ) ησ (x
�,Θ�)� = δνσδ (x− x�) δ (Θ−Θ�)

�ην (x,Θ)� = 0

Kf (x, y) =
1

2

d−1�

ν=0

εν (x)
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(1 + iAν (x)) e

µf δν0δx+ν̂,y − (1− iAν (y)) e
−µf δν0δx−ν̂,y

�
+mfδxy
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εν(x) = (−1)
�ν−1

i=0 xi

Thirring model

Staggered fermion matrix

complex noise

lattice version & Langevin equation

∂

∂Θ
Aν (x,Θ) = − δSeff [A]

δAν (x,Θ)
+
√
2 ην (x,Θ)

�Re ην (x,Θ)Re ησ (x
�,Θ�)� = �Im ην (x,Θ) Im ησ (x

�,Θ�)� = δνσδ (x− x�) δ (Θ−Θ�)

�Re ην (x,Θ) Im ησ (x
�,Θ�)� = 0

Langevin equation (continuum)

Kf (x, y) =
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2

d−1�
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εν (x)
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�
+mfδxy
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εν(x) = (−1)
�ν−1

i=0 xi

Thirring model

Staggered fermion matrix

complex noise

lattice version & Langevin equation

�Re ην (x,Θ)Re ησ (x
�,Θ�)� = �Im ην (x,Θ) Im ησ (x

�,Θ�)� = δνσδ (x− x�) δ (Θ−Θ�)

�Re ην (x,Θ) Im ησ (x
�,Θ�)� = 0

Aν (x,Θ+ �L) = Aν (x,Θ) + �LDν (x,Θ) +
√
2�L ην (x,Θ)

Langevin equation (lattice)

�L =
δ

maxx,ν |Dν (x,Θ)|

Kf (x, y) =
1

2

d−1�

ν=0

εν (x)
�
(1 + iAν (x)) e

µf δν0δx+ν̂,y − (1− iAν (y)) e
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�
+mfδxy

8Friday, September 21, 2012



κ =
1

2m

Thirring model
Benchmarks

Hopping parameter expansion

Heavy dense limit (symmetrised)

Phase-quenched theory

detK

mΩ
=

�

�

�

{C�}

�
1− κ�γC�

PC�

�

γC� = (−)nC� eµNtnC�

κ → 0 µ → ∞ κeµ fixed

Analytic solutions (0+1 dimensions)
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Thirring model
Numerics

Hot start

MC: brute force computation of the integrals

∼ 104Sampling (            )

Thermalisation steps (              )∼ 5000

Error: bootstrap

limited to small lattices
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Results

11Friday, September 21, 2012



 

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2

Fe
rm

io
n 

de
ns

ity
 <

n>

Chemical potential µ

2 + 1 dimensions - Full vs. phase-quenched theory - m = 1, Nt = 8 Ns = 8

! = 10, Full
! = 1, Full
! = 10, PQ
! = 1, PQ

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0  0.5  1  1.5  2

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

2 + 1 dimensions - Full vs. phase-quenched theory - m = 1, Nt = 8 Ns = 8

" = 10, Full
" = 1, Full
" = 10, PQ
" = 1, PQ

Thirring model
phase structure

2 + 1 dimensions - Density <n> - Nt = 10

 0  0.5  1  1.5  2
Chemical Potential µ

 0

 0.5

 1

 1.5

 2

 2.5

 3

M
as

s 
m

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1

2 + 1 dimensions - Condensate <!-!> - Nt = 10

 0  0.5  1  1.5  2
Chemical Potential µ

 0

 0.5

 1

 1.5

 2

 2.5

 3

M
as

s 
m

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

condensate density

condensate density

12Friday, September 21, 2012



 

-1E-05

0

1E-05

2E-05

3E-05

4E-05

5E-05

6E-05

7E-05

8E-05

9E-05

0.0001

 9  9.5  10  10.5  11

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

2 + 1 dimensions - Full theory - m = 10000, Nt = 8, Ns = 8

Heavy dense
" = 3, Full
" = 1, Full

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

 4  4.5  5  5.5  6

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

2 + 1 dimensions - Full theory - m = 100, Nt = 8, Ns = 8

Heavy dense
" = 3, Full
" = 1, Full

-0.02

0

0.02

0.04

0.06

0.08

0.1

 2  2.5  3  3.5  4

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

2 + 1 dimensions - Full theory - m = 10, Nt = 8, Ns = 8

Heavy dense
" = 3, Full
" = 1, Full

Thirring model
full theory vs heavy dense limit

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.2  0.4  0.6  0.8  1

Fe
rm

io
n 

de
ns

ity
 <

n>

Chemical potential µ

d dimensions - Heavy dense limits - Nt = 10, m = 0.5

Heavy dense
Symmetric, ! = 10

Symmetric, ! = 3density

condensate

13Friday, September 21, 2012



 

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  1  2  3  4  5

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

2 + 1 dimensions - Nf = 2, " = 0.6, m = 3, Nt = 8, Ns = 8

Heavy dense
Full

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  1  2  3  4  5

Fe
rm

io
n 

de
ns

ity
 <

n>

Chemical potential µ

2 + 1 dimensions - Nf = 2, ! = 0.6, m = 3, Nt = 8, Ns = 8

Heavy dense
Full

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5

Ph
as

e 
fa

ct
or

 R
e 

<e
i!

>

Chemical potential µ

2 + 1 dimensions - Nf = 2, " = 0.6, m = 3, Nt = 8, Ns = 8

Full

densitycondensate

Phase factor

Thirring model

2 flavours

2 flavours

14Friday, September 21, 2012



 

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  1  2  3  4  5

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

0 + 1 dimensions - Full theory - Nf = 2, " = 0.6, m = 3, Nt = 4

Theory
CLE
MC

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  1  2  3  4  5

Fe
rm

io
n 

de
ns

ity
 <

n>

Chemical potential µ

0 + 1 dimensions - Full theory - Nf = 2, ! = 0.6, m = 3, Nt = 4

Theory
CLE
MC

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  1  2  3  4  5

Ph
as

e 
fa

ct
or

 R
e 

<e
i!

>

Chemical potential µ

0 + 1 dimensions - Full theory - Nf = 2, " = 0.6, m = 3, Nt = 4

CLE
MC

Thirring model
2 flavours, 0+1 dimensions

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  1  2  3  4  5

Fe
rm

io
n 

de
ns

ity
 <

n>

Chemical potential µ

Toy model - ! = 10, g = 1, m1 = 1.0, m2 = 0.9

<ntotal><n1>

15Friday, September 21, 2012



 

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  0.5  1  1.5  2

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Chemical potential µ

0 + 1 dimensions - Full theory w/o error - " = 1, m = 1, Nt = 4

# = 10-1, CLE
# = 10-2, CLE
# = 10-3, CLE

Theory

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.5  1  1.5  2

Fe
rm

io
n 

de
ns

ity
 <

n>

Chemical potential µ

0 + 1 dimensions - Full theory w/o error - ! = 1, m = 1, Nt = 4

" = 10-1, CLE
" = 10-2, CLE
" = 10-3, CLE

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.5  1  1.5  2

Ph
as

e 
fa

ct
or

 R
e 

<e
i!

>

Chemical potential µ

0 + 1 dimensions - Full theory w/o error - " = 1, m = 1, Nt = 4

# = 10-1, CLE
# = 10-2, CLE
# = 10-3, CLE

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0.24

 0.26

 0.28

 0.3

 0  0.05  0.1  0.15  0.2

Fe
rm

io
n 

co
nd

en
sa

te
 <
!- !

>

Stepsize "

0 + 1 dimensions - Full theory - # = 1, m = 1, µ = 1, Nt = 4

" = 0, Theory
CLE

Linear Fit

 0.45

 0.5

 0.55

 0.6

 0.65

 0.7

 0.75

 0.8

 0.85

 0  0.05  0.1  0.15  0.2

Fe
rm

io
n 

de
ns

ity
 <

n>

Stepsize !

0 + 1 dimensions - Full theory - " = 1, m = 1, µ = 1, Nt = 4

! = 0, Theory
CLE

Linear Fit

Thirring model
step size, 0+1 dimensions

�L (Θ) =
δ

maxt |Dt (Θ)|

16Friday, September 21, 2012



 
Thirring model

weak coupling, 0+1 dimensions
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Thirring model

Complex noise
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Thirring model

Complex noise, 0+1 dimensions
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Thirring model

complex Langevin vs Monte Carlo, 0+1 dimensions
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Thirring model

full theory vs phase quenched theory

density
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Thirring model

Real & imaginary chemical potential

condensate
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Reparameterisations
see also talks of G. Aarts 
                            E. Seiler
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Langevin evolution
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Thirring model 

complex Langevin set-up 

 failure for large chemical potential/large couplings

Outlook

 reparameterisations 

non-Abelian models

Summary & outlook
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Additional material

27Friday, September 21, 2012



 

 0

 1000

 2000

 3000

 4000

 5000

 6000

 0  0.1  0.2  0.3  0.4  0.5  0.6

C
ou

nt
s

Im A-

0 + 1 dimensions - Full theory - ! = 1, m = 1, µ = 1, Nt = 4

Samples

 0

 2000

 4000

 6000

 8000

 10000

 12000

-4 -3 -2 -1  0  1  2  3  4

C
ou

nt
s

Re L!-!

0 + 1 dimensions - Full theory - " = 1, m = 1, µ = 1, Nt = 4

Samples

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

-4 -3 -2 -1  0  1  2  3  4

C
ou

nt
s

Re Ln

0 + 1 dimensions - Full theory - ! = 1, m = 1, µ = 1, Nt = 4

Samples

 0

 1000

 2000

 3000

 4000

 5000

 6000

-3 -2 -1  0  1  2  3

C
ou

nt
s

Re A-

0 + 1 dimensions - Full theory - ! = 1, m = 1, µ = 1, Nt = 4

Samples

field A

Thirring model
Consistency conditions

28Friday, September 21, 2012



 

-2

-1

 0

 1

 2

-1 -0.5  0  0.5  1  1.5  2  2.5  3

R
e 
!

Im !

0 + 1 dimensions - Full theory - " = 3, m = 1, µ = 1, Nt = 6

Thirring model
Eigenvalues of K

29Friday, September 21, 2012


