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Experimental landscape

‘The (experimental) future is bright’
Tetyana Galatyuk, Erice 2021
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Chiral phase structure (theory) & freeze out data (Exp. data+Pheno)
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Phase structure of QCD and the CEP

Fu, JMP, Rennecke, PRD 101 (2020) 054032fRG:

Gao, JMP, PLB 820 (2021) 136584DSE:
Gunkel, Fischer, PRD 104 (2021) 054022

Functional QCD: CEP estimate 

<latexit sha1_base64="WLn386ftawGjDJOSCalciBUiQco="></latexit>

µu = µd = µs = µB/3

<latexit sha1_base64="B8jRZhP+hDNFiVUZP5DH46NdU0k="></latexit>

(µB , T )CEP ⇠ (600� 650 , 105� 115) MeV

Moat regime
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Estimates & predictions  

Moat regime
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low energy effective theories: 
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Functional approaches are the only first principle approaches to date  

that allow for direct computations at finite density with    

<latexit sha1_base64="a4LZXi+s/vTaqs7NQzAEI5TWnUk="></latexit>µB

T
↭ 3
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Example: 4-quark scattering vertex   

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413

How to: systematic error estimates & the LEGO   principle ®
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The unreasonable effectiveness of low energy effective theories

Access and combined use of  

error estimates  

from functional QCD & LEFTs    

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



Phase structure: Fu, JMP, Rennecke, PRD 101, (2020) 054032

Sequential decoupling of gluon, quark, sigma, pion fluctuations
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QCD-assisted low energy effective theories
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p2 q2
= �1
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�1(p, q), · · · ,�8(p, q)

Relevant: 
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�1 , �4 , �7

quark-gluon scattering



Three remarks on Functional Methods for QCD

off-shell representation of thermodynamic observables 

off-shell

pressure, trace anomaly,  
fluctuations, volume flucs., ...

e.g. Tr hq(x)q̄(x)i
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full quantum equation of motion12



 Self-consistent truncations to functional relations define analytic functions in      , eg:        

<latexit sha1_base64="zUoz9dAgeWB57fLw5Z/sJaTjS4k="></latexit>

@t
D
q(x)q̄(y)

E
(µB) = Loop

hD
q(x)q̄(y)

E
(µB),

D
q(x)Aµ(y)q̄(z)

E
(µB), · · · ; µB

i

How to: direct computations and the minimal point of view

<latexit sha1_base64="YC1SwecTNO7R9oY/phg4wKz1EMQ="></latexit>µB

Those are my interpretations,  

and if you don’t like them…. 

well, I have others
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 Consequences for functional QCD predictions at finite density  

By now the best truncations to functional 
 QCD pass lattice benchmark tests at 

 vanishing and small chemical potential

Great opportunity for a combined analysis of high density QCD (Exp. data + lattice QCD + functional QCD + LEFTs)

Unique: QCD-based analytic continuations  
              that satisfy the lattice benchmarks 

          at small chemical potential. 

Moat regime Regime of quantitative reliability  
of  

current best truncation

Those are my interpretations,  

and if you don’t like them…. 

well, I have others



Phase structure from functional QCD: Predictions & estimates



Dominance of scalar-pseudoscalar  fluctuations  
Pions & sigma mode
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 Braun, Leonhardt, Pospiech, PRD 101 (2020) 036004

Four-quark scattering channels

Predictions & estimates
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Pion spectral functions 
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 Eichmann, Fischer, Welzbacher, PRD 93 (2016) 034013
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gluon-dressing loop only
+ baryon loop + diquark loop (rescaled strength)
+ baryon loop + diquark loop (rescaled strength, prefactor)

gluon dressing only
+ baryon + diquark (rescaled strength)
+ baryon + diquark (rescaled strength, prefactor)

Minor effects of baryons on phase boundary

 Emergent baryons (DSE)

 Braun, Leonhardt, Pospiech, PRD 101 (2020) 036004
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Estimate
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ergent diquarks

Emergent diquarks (fRG)
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

Updated version, Luo 2022 

Disclaimer 
Most functional computations  
(LEFT or QCD) have not been  
set-up for CEP-predictions! 

Lack of predictive power  
for CEP-predictions  

is no quality measure! 
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Remove CEP-predictions 

(iii) LEFTs with CEPs at large density (missing quark-gluon back reaction)

(ii) LEFTs & Functional Results (qualitative approximations) that miss lattice benchmarks at        =0 

(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)
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Gao, Lu, JMP, Schneider,  in prep (DSE)

Fu, JMP, Rennecke, Wen, Yin, in prep (fRG)
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Still small
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…
…

Extrapolations

Lattice extrapolations:                   Basar, PRC 110 (2024) 015203 
                                                  Bielefeld-Parma, arXiv:2405.10196

Holographic models:             Hippert, Grefa, Manning, Noronha,  
                                       Noronha-Hostler, Portillo Vazquez, Ratti,  
                                          Rougemont, Trujillo, arXiv: 2309.00579 

/Onset of new phases
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Predictions, estimates & extrapolations and how to use them

Scenario I Scenario II Scenario III

Scaling  Minimal scaling and new phases Scaling and/or new phases

Extrapolations  
for  

Pheno
� � +

e.g. lattice & Ising



Predictions, estimates & extrapolations and how to use them

Scenario I Scenario II Scenario III

Scaling  Minimal scaling and new phases Scaling and/or new phases

Braun, Fu, JMP, Rennecke, Rosenblüh, Yin, PRD 102 (2020) 056010
Gao, JMP, PRD 105 (2022) 094020

Soft modes in hot QCD matter:   Braun, Chen, Fu, Gao, Huang, Ihssen, JMP,   
                                      Rennecke, Sattler, Tan, Wen, Yin, arXiv:2310.19853

+ many results in dynamical 
low energy effective theories 

LEGO   principle®

Fu, JMP, Rennecke, PRD 101 (2020) 054032

Out

Unlikely
Likely

           Size of scaling regime in LEFTs 

Schaefer, Wambach, PRD 75 (2007) 085015 

Braun, Klein, Piasecki, EPJC 71 (2011) 1576 
…

     by the LEGO   principle®

+

Out



Predictions, estimates & extrapolations and how to use them

Scenario II

 Minimal scaling and new phases

Extrapolations  
for  

Pheno
�



Predictions, estimates & extrapolations and how to use them

Scenario II

 Minimal scaling and new phases

Extrapolations  
for  

Pheno
�

Ripples of the critical end point 

baryon & proton number fluctuations

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502



Predictions, estimates & extrapolations and how to use them

Scenario II

 Minimal scaling and new phases

Ripples of the critical end point 

baryon & proton number fluctuations

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502

Strangeness neutrality

baryon & proton number fluctuations

Fu, Huang, JMP, Rennecke, Wen, Yin, in preparation



Chiral dynamics & soft modes



To be (critical) or not (to be)
Chiral transition temperature
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Magnetic susceptibility
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Braun, Fu, JMP, Rennecke, Rosenblüh, Yin, PRD 102 (2020) 056010
Gao, JMP, PRD 105 (2022) 094020

Braun, Chen, Fu, Gao, Huang, Ihssen, JMP, Rennecke, Sattler, Tan, Wen, Yin, 2310.19853



To be (critical) or not (to be)

Order parameter potential & scaling
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Use for chiral dynamics in heavy ion collisions 

Full order parameter potential
Measure: correlation length
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QCD-assisted low energy effective theory
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Direct QCD input 
chiral phase structure quark-antiquark — meson scattering
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QCD-assisted low energy effective theory

+

Direct QCD input 
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low energy quantum, thermal & density fluctuations via fRG  (QCD-assisted PQM model)
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Fluctuations of conserved charges
Fluctuations of conserved charges

33
Great opportunity for a combined analysis of high density QCD (Exp. data + lattice QCD + functional QCD)
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Validity of Taylor expansion

<latexit sha1_base64="KucxNzkGEInJ8hYoIRoprA5iNyk=">AAAB/HicdZDLSgMxFIYzXmu9jXbpJlgEF1JmSkfdCAU3boQKvUFbSiY9bUMzF5IzYhnqq7hxoYhbH8Sdb2N6EVT0QMjP959DTn4/lkKj43xYS8srq2vrmY3s5tb2zq69t1/XUaI41HgkI9X0mQYpQqihQAnNWAELfAkNf3Q59Ru3oLSIwiqOY+gEbBCKvuAMDeraueqF63ntkzbCHaogvYb6pGvnnYLnmCpSpzC9Sx5dEI+6M+I4ebKoStd+b/cingQQIpdM65brxNhJmULBJUyy7URDzPiIDaBlZMgC0J10tvyEHhnSo/1ImRMindHvEykLtB4HvukMGA71b28K//JaCfbPO6kI4wQh5POH+omkGNFpErQnFHCUYyMYV8LsSvmQKcbR5JU1IXz9lP4v6sWCe1oo3ZTy5eIijgw5IIfkmLjkjJTJFamQGuFkTB7IE3m27q1H68V6nbcuWYuZHPlR1tsnxGeUMA==</latexit>

T = 155MeV

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 104 (2021) 9
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baryon number fluctuations in the phase structure 

<latexit sha1_base64="lhotYbtYiJqYiV8hAL3ddIFoKHc="></latexit>

(TCEP, µBCEP) = (98, 643)MeV

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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Ripples of the critical point

baryon number fluctuations in the phase structure 

<latexit sha1_base64="lhotYbtYiJqYiV8hAL3ddIFoKHc="></latexit>

(TCEP, µBCEP) = (98, 643)MeV

Variations of the CEP in the allowed estimate regime

<latexit sha1_base64="AzFgFPWSR8/hqw4ZtaDqHr4ZVy4="></latexit>

(TCEP, µBCEP) = (108, 604)MeV
<latexit sha1_base64="4vGeR7r9bEpy1tVnhwtXqtB6k/M="></latexit>

(TCEP, µBCEP) = (94, 704)MeV

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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Canonical corrections via subensemble acceptance 
Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811, 135868 (2020)

<latexit sha1_base64="cbZQC+chKqftLrhZORr1il7yHQI="></latexit>

R̄B
32 = (1� 2↵)RB

32

<latexit sha1_base64="1cXQ2A8JEV29XIVwnjohNG6I/C4=">AAACKnicbVDLSgMxFM34rPXV6tJNsAgupMxIfWyEghuXCrYVnFruZG5tMMkMSUYpw/yHW137Ne7ErR9i+lho9UDgcM69nJsTpYIb6/sf3tz8wuLScmmlvLq2vrFZqW61TZJphi2WiETfRGBQcIUty63Am1QjyEhgJ3o4H/mdR9SGJ+raDlPsSrhXvM8ZWCfdtXvBWQgiHUB4QNu9Ss2v+2PQvySYkhqZ4rJX9ZbCOGGZRGWZAGNuAz+13Ry05UxgUQ4zgymwB7jHW0cVSDTdfHx2QfecEtN+ot1Tlo7Vnxs5SGOGMnKTEuzAzHoj8V/PuFMGGM/E2/5pN+cqzSwqNknvZ4LahI6KoTHXyKwYOgJMc/cBygaggVlXX7kcKnxiiZSg4jzkrsUiD0fJWua8KFxzwWxPf0n7sB4c14+uGrVmY9phieyQXbJPAnJCmuSCXJIWYUSTZ/JCXr0379378D4no3PedGeb/IL39Q3EeKbe</latexit>

V1 = ↵V
subensemble volume system volume 

fixing the subensemble volume 

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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V1 = ↵V
subensemble volume system volume 

fixing the subensemble volume 

<latexit sha1_base64="P9z4pSlpKMP515pfbVSprBpupK4="></latexit>

↵(s̄) = a
⇣
1�

p
s̄
⌘
✓ (1� s̄)

<latexit sha1_base64="NSWJXvZ8kbz9w8PGESo6iZ0q5vM=">AAACInicbVDLSgMxFM1UrbW+Wl26GSyCqzJj62MjFNy4rGAf0Cklk7ltY5PMkGSUMsw/uNW1X+NOXAl+jJm2C209EDiccy/n5vgRo0o7zpeVW1vfyG8WtorbO7t7+6XyQVuFsSTQIiELZdfHChgV0NJUM+hGEjD3GXT8yU3mdx5BKhqKez2NoM/xSNAhJVgbqY2vnWqtNihVnKozg71K3AWpoAWag7KV94KQxByEJgwr1XOdSPcTLDUlDNKiFyuIMJngEfQMFZiD6iezc1P7xCiBPQyleULbM/X3RoK5UlPum0mO9Vgte5n4r6fMKWMIluL18KqfUBHFGgSZpw9jZuvQzgqxAyqBaDY1BBNJzQdsMsYSE21qKxY9AU8k5ByLIPGoaS9NvCxZ8oSmqWnOXe5plbTPqu5F9fyuXmnUFx0W0BE6RqfIRZeogW5RE7UQQQ/oGb2gV+vNerc+rM/5aM5a7ByiP7C+fwAcrqNt</latexit>

a = 0.33

<latexit sha1_base64="y9gwuuZKu7c6hGqbpex+KHXWyUk="></latexit>p
s̄ =

p
sNN

11.9GeV

qualitative adjustment

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811, 135868 (2020)
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sNN
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qualitative adjustment

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502



Ripples of the critical point

35

Canonical corrections via subensemble acceptance 
Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811, 135868 (2020)

<latexit sha1_base64="cbZQC+chKqftLrhZORr1il7yHQI="></latexit>

R̄B
32 = (1� 2↵)RB

32

<latexit sha1_base64="1cXQ2A8JEV29XIVwnjohNG6I/C4=">AAACKnicbVDLSgMxFM34rPXV6tJNsAgupMxIfWyEghuXCrYVnFruZG5tMMkMSUYpw/yHW137Ne7ErR9i+lho9UDgcM69nJsTpYIb6/sf3tz8wuLScmmlvLq2vrFZqW61TZJphi2WiETfRGBQcIUty63Am1QjyEhgJ3o4H/mdR9SGJ+raDlPsSrhXvM8ZWCfdtXvBWQgiHUB4QNu9Ss2v+2PQvySYkhqZ4rJX9ZbCOGGZRGWZAGNuAz+13Ry05UxgUQ4zgymwB7jHW0cVSDTdfHx2QfecEtN+ot1Tlo7Vnxs5SGOGMnKTEuzAzHoj8V/PuFMGGM/E2/5pN+cqzSwqNknvZ4LahI6KoTHXyKwYOgJMc/cBygaggVlXX7kcKnxiiZSg4jzkrsUiD0fJWua8KFxzwWxPf0n7sB4c14+uGrVmY9phieyQXbJPAnJCmuSCXJIWYUSTZ/JCXr0379378D4no3PedGeb/IL39Q3EeKbe</latexit>

V1 = ↵V
subensemble volume system volume 

baryon & proton number fluctuationsfixing the subensemble volume 

<latexit sha1_base64="P9z4pSlpKMP515pfbVSprBpupK4="></latexit>

↵(s̄) = a
⇣
1�

p
s̄
⌘
✓ (1� s̄)

<latexit sha1_base64="NSWJXvZ8kbz9w8PGESo6iZ0q5vM=">AAACInicbVDLSgMxFM1UrbW+Wl26GSyCqzJj62MjFNy4rGAf0Cklk7ltY5PMkGSUMsw/uNW1X+NOXAl+jJm2C209EDiccy/n5vgRo0o7zpeVW1vfyG8WtorbO7t7+6XyQVuFsSTQIiELZdfHChgV0NJUM+hGEjD3GXT8yU3mdx5BKhqKez2NoM/xSNAhJVgbqY2vnWqtNihVnKozg71K3AWpoAWag7KV94KQxByEJgwr1XOdSPcTLDUlDNKiFyuIMJngEfQMFZiD6iezc1P7xCiBPQyleULbM/X3RoK5UlPum0mO9Vgte5n4r6fMKWMIluL18KqfUBHFGgSZpw9jZuvQzgqxAyqBaDY1BBNJzQdsMsYSE21qKxY9AU8k5ByLIPGoaS9NvCxZ8oSmqWnOXe5plbTPqu5F9fyuXmnUFx0W0BE6RqfIRZeogW5RE7UQQQ/oGb2gV+vNerc+rM/5aM5a7ByiP7C+fwAcrqNt</latexit>

a = 0.33

<latexit sha1_base64="y9gwuuZKu7c6hGqbpex+KHXWyUk="></latexit>p
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p
sNN
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qualitative adjustment

Sneak preview 
 baryon fluctuations with functional QCD 
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Gao, Liu, Lu, JMP, in preparation

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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Height of the peak of 
<latexit sha1_base64="wgzBzTFKG3X5pQJu372yVTi4pLQ=">AAACJHicbVDLTgIxFO2gIuILdOlmIjFxRWYIPpZENy7RyCNhkHQ6F2hoO5O2oyGT+Qm3uvZr3BkXbvwWO8BCwZM0OTnn3pzb40eMKu04X1ZubX0jv1nYKm7v7O7tl8oHbRXGkkCLhCyUXR8rYFRAS1PNoBtJwNxn0PEn15nfeQSpaCju9TSCPscjQYeUYG2k7t0gqdfSh6tBqeJUnRnsVeIuSAUt0ByUrbwXhCTmIDRhWKme60S6n2CpKWGQFr1YQYTJBI+gZ6jAHFQ/mR2c2idGCexhKM0T2p6pvzcSzJWact9McqzHatnLxH89ZU4ZQ7AUr4eX/YSKKNYgyDx9GDNbh3ZWiR1QCUSzqSGYSGo+YJMxlphoU1yx6Al4IiHnWASJR01/aeJlyZInNE1Nc+5yT6ukXau659Wz23qlUV90WEBH6BidIhddoAa6QU3UQgQx9Ixe0Kv1Zr1bH9bnfDRnLXYO0R9Y3z+qXqTO</latexit>

RB
42Position of the peak of 

<latexit sha1_base64="wgzBzTFKG3X5pQJu372yVTi4pLQ=">AAACJHicbVDLTgIxFO2gIuILdOlmIjFxRWYIPpZENy7RyCNhkHQ6F2hoO5O2oyGT+Qm3uvZr3BkXbvwWO8BCwZM0OTnn3pzb40eMKu04X1ZubX0jv1nYKm7v7O7tl8oHbRXGkkCLhCyUXR8rYFRAS1PNoBtJwNxn0PEn15nfeQSpaCju9TSCPscjQYeUYG2k7t0gqdfSh6tBqeJUnRnsVeIuSAUt0ByUrbwXhCTmIDRhWKme60S6n2CpKWGQFr1YQYTJBI+gZ6jAHFQ/mR2c2idGCexhKM0T2p6pvzcSzJWact9McqzHatnLxH89ZU4ZQ7AUr4eX/YSKKNYgyDx9GDNbh3ZWiR1QCUSzqSGYSGo+YJMxlphoU1yx6Al4IiHnWASJR01/aeJlyZInNE1Nc+5yT6ukXau659Wz23qlUV90WEBH6BidIhddoAa6QU3UQgQx9Ixe0Kv1Zr1bH9bnfDRnLXYO0R9Y3z+qXqTO</latexit>

RB
42

Reconstructing the CEP 

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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RB
42

Reconstructing the CEP 

Great opportunity for a combined high precision analysis of high density QCD (Exp. data + lattice QCD + functional QCD)

Unfolding the high density regime with new phases & physics

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 111, L031502
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Summary

 Functional QCD provides direct 1   principle results for the phase structure at finite density       st

 Predictions:       
<latexit sha1_base64="D7h9oxO12/jh68TehX/nKrAPTyg="></latexit>µB

T
. 4

 Estimates:       
<latexit sha1_base64="1mEHPD6hesXRz8XCj+FJjLntpbE="></latexit>

4 . µB

T
. 8

fQCD
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 Predictions:       
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4 . µB

T
. 8

fQCD

 Functional QCD results support the use of low energy effective theories  for phenomenological applications      

 Explanation for the convergence of CEP locations of extrapolation approaches       

 Likely scenario: tiny critical regime 

 Access to observables such as fluctuations of conserved charges      
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Summary

 Functional QCD provides direct 1   principle results for the phase structure at finite density       st

 Predictions:       
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Stay tuned

fQCD

 Systematic error estimates with the LEGO    principle ®

Diquarks/baryons: � Density channel/mode: ( ( Moat/inhomogeneous regime: ))))

CEP Estimate             CEP Prediction 
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 Functional QCD results support the use of low energy effective theories  for phenomenological applications      

 Explanation for the convergence of CEP locations of extrapolation approaches       

 Likely scenario: tiny critical regime 

 Access to observables such as fluctuations of conserved charges      


