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Bose-Einstein Condensation

Friday, July 15, 2011

Cold quantum gases

Constants
h=1 kp =1
1.01 x 10734 Js 1.38 x 10723 m? kgs 2K}
C = H MS — H_.

3.00 x 108 ms™!

100MeV = 1.16 x 102K
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Bose-Einstein condensation

Hamiltonian & dispersion of a free boson gas

*Hamiltonian of a free bose gas (in a box with volume V)

=2
q + . ot s A
m = M y Q\Q.Q\Q‘ E—H—.— —Q\Qu Q@L - %AQ q v
q
= occupation number total occupation number
N | T T
g = A% N=2 aza
q
* Dispersion relation E
q
2
q
E,=—
7 2m
with ¢= v ¢? ‘
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Bose-Einstein condensation

Partition function & free energy

* Partition function of a free bose gas Free Energy

7 — Ty e~ BH—uN) =l F =kpgTlogZ

AN

= kT chemical potential

g

* Computation of Free Energy

1

ﬁmeﬂﬂoszmlmAm| v:m = wmﬂﬂomz -2
qd ng 7 Hlmlmﬂﬂl v

q
@@1_3% = :@1_3% <= occupation number basis
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Bose-Einstein condensation

Partition function & free energy

* Partition function of a free bose gas Free Energy

Z = Tre BH-1N) F =kgTlogZ

convergence of sum over 3@
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Bose-Einstein condensation

Partition function & free energy

* Partition function of a free bose gas Free Energy

7 = Tre PH-uN) F =kgTlogZ

* Computation of Free Energy

F = I\amﬂMU_om AH - mlmmml vv

@ ]

o (£2-0) auv‘
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Bose-Einstein condensation

Partition function & free energy

* Partition function of a free bose gas Free Energy

Z = Tre BH-1N) F =kgTlogZ

» Computation of Free Energy
K without zero mode with ¢ =0

72
F = —kpTlog(l —z) — kgT Y 'log AH - Nméﬁv
q

with fugacity z = e’* < 1
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Bose-Einstein condensation

Equation of state & continuum limit

*Computation of Free Energy 5 — ePr

F = —kgTlog(l — z) — wmﬂMU:om AH _ N@-lesv
q

* Equation of state

OF z ze Pam
2”||H ro--
ou HIN._.MU 72

= Continuum limit with volume V

/ _ga?

d? Bom

N = i +<\ @w £ wlw
1—2 (27) 1 — zeBE

i

Ny <= occupation number of zero mode

Friday, July 15, 2011



Bose-Einstein condensation

Equation of state & continuum limit

= Computation of Free Energy » — ePH

q

q

* Equation of state

L2
oF z 2 e Bim
. e

O 1-2 7 1 - zePim

= Continuum limit with volume V
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Bose-Einstein condensation

Equation of state & continuum limit

* Equation of state 5 — eBH
z
— V
1—-=2 i
1 1 o ze
by - _ - - _ = n—-1_~~-
B armksT 9n(2) ['(n) \o R g

deBroglie wavelength polygamma function
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Bose-Einstein condensation

Bose-Einstein condensation in 3d

=Equation of state for density n = N/V 5 — ePn

1 =z L 1 (2)
n = — z

b

1 o ze %
B = —F———— Z) = o— g
V2mmkgT 9n(2) L'(n) Jo 1 —ze ™
deBroglie wavelength polygamma function

= Limits

-ZOHOAHV sz <1

2
||
O
S

7 — 1 — QAH\a\vAvl macroscopic occupation of zero mode
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Bose-Einstein condensation

Bose-Einstein condensation in 3d

n=N/V

E, Ng

EoS \ fixed density

U q

macroscopic occupation of zero mode
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Bose-Einstein condensation

Bose-Einstein condensation in 3d

» Equation of state for density n = N/V

1
" R
No = O(1)
O mNJQ mNJ me > 3@
EoS \ fixed density
a q

macroscopic occupation of zero mode
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Bose-Einstein condensation

Bose-Einstein condensation in 2d & 3d

* Equation of state for density n = N/V

EoS d=2 d=3

) 2
\ d?q ze Bam L4 \ d?q 2e Pam
n ~ _

(2m)? 1 _ Nm|um

Awﬁvw QH —z)+ NQ%QAI infrared singularity

reflects Mermin-Wagner
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