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vb2bX h?Bb i?2bBb BMi`Q/m+2b "�v2bB�M BMp2`iB#H2 M2m`�H M2irQ`Fb U"ALLV �HHQrBM;
mb iQ +QKTmi2 mM+2`i�BMiB2b QM i?2 ;2M2`�i2/ 2p2Mi b�KTH2bX E22TBM; i?2 7Q+mb QM
+`2�iBM; � TBT2HBM2 7Q` i?2 "ALL �M/ Q#b2`pBM; i?2 T`QT2`iB2b Q7 i?2 lM+2`i�BM@
iB2b 7Q` `2�HBbiB+ G>* 2p2Mib iQ K�MBTmH�i2 i?2K i?`Qm;? BMi`Q/m+BM; bvbi2K�iB+
mM+2`i�BMiB2bX

wmb�KK2M7�bbmM;
J�+?BM2 G2�`MBM; h2+?MBF2M x2B;i2M ;`QĽ2 1`7QH;2 7Ƀ` G>* 1p2Mi :2M2`�iQ`2MX
AM /B2b2` h?2bBb r2`/2M "�v2bB�M BMp2`iB2`#�`2 L2m`QM�H2 L2ix2 U"ALLV 2BM;27Ƀ?`i
mK lMbB+?2`?2Bi2M 7Ƀ` /B2 1p2Mi b�KTH2b xm #2`2+?M2MX .2` 6QFmb HB2;i /�#2B
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62?H2` 7Ƀ` `2�HBbiBb+?2 G>* S`Qx2bb2 xm mMi2`bm+?2M mM/ /B2 62?H2` BK aBMM2 pQM
bvbi2K�iBb+?2M lMbB+?2`?2Bi2M xm K�MBTmHB2`2MX



*QMi2Mib
RX AMi`Q/m+iBQM R
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8XRXkX P#b2`p2/ .2+QKTQbBiBQM X X X X X X X X X X X X X X X X X X X X ky
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eXRX AKT`Qp2K2Mib i?`Qm;? J�MBTmH�i2/ q2B;?ib X X X X X X X X X X X X X k8
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dX *QM+HmbBQM jR

3X _272`2M+2b jk

NX �+FMQrH2/;K2Mib j8

�X >Qr iQ "ALL je



RX AMi`Q/m+iBQM
.`Bp2M #v i?2 +m`BQbBiv iQ mM/2`bi�M/ i?2 7mM/�K2Mi�H H�rb Q7 T?vbB+b- ?B;? 2M2`;v
T�`iB+H2 +QHHBbBQMb T`QpB/2 BM7Q`K�iBQM �#Qmi i?2 mM/2`HvBM; i?2Q`B2b �M/ T`QT2`@
iB2b Q7 i?2 7mM/�K2Mi�H T�`iB+H2b �M/ BMi2`�+iBQMbX a+�ii2`BM; T`Q+2bb2b- i?2 /2+�v
Q7 /Bz2`2Mi T�`iB+H2b �M/ /Bb+Qp2`BM; M2r T�`iB+H2b `2p2�H i?2 +QMM2+iBQM #2ir22M
/Bz2`2Mi 7Q`+2b �M/ T�`iB+H2 72�im`2bX >Qr2p2`- iQ i2bi i?2Q`B2b rBi? 2tT2`BK2Mi�H
/�i� +QHH2+i2/ �i T�`iB+H2 +QHHB/2`b HBF2 i?2 G�`;2 >�/`QM *QHHB/2` UG>*V BM *1_L-
arBix2`H�M/ r2 M22/ � bBKmH�iBQM iQ ;2M2`�i2 2p2Mib #�b2/ QM � i?2Q`v i?�i b?QmH/
#2 p2`B}2/X JQMi2 *�`HQ i2+?MB[m2b ?�p2 #22M �`QmM/ 7Q` /2+�/2b �M/ iQQHb HBF2
J�/;`�T? (R) Q` a>1_S� (k) �`2 BM+`2/B#Hv TQr2`7mH iQQHb iQ ;2M2`�i2 2p2Mib �M/
+QKT�`2 i?2 ai�M/�`/ JQ/2H iQ 2tT2`BK2Mi�H /�i� +QHH2+i2/ �i i?2 G>*X h�FBM;
BMiQ �++QmMi i?�i i?2 +m``2Mi +QHHBbBQM 2M2`;v Bb �`QmM/ p

s =Rj h2o- JQMi2 *�`HQ
;2M2`�i2/ 2p2Mib +�M KQ/2H � rB/2 p�`B2iv Q7 /Bz2`2Mi T`Q+2bb2bX "mi �b i?2`2 �`2
�H`2�/v M2r TH�Mb 7Q` M2r +QHHB/2`b bm+? �b i?2 6** U6mim`2 *B`+mH�` *QHHB/2`V iQ
`2�+? +QHHBbBQM 2M2`;B2b Q7 100 h2o- �M/ i?2 mT+QKBM; _mM j �i i?2 G>* BM+`2�bBM;
i?2 HmKBMQbBiv #v 7�`- JQMi2 *�`HQ ;2M2`�iBQMb #2+QK2 +QKTmi�iBQM�HHv 2tT2MbBp2
�M/ iBK2 +QMbmKBM;X hQ K�i+? i?2 MmK#2` Q7 2p2Mib T`Q/m+2/ �i i?2 mT+QKBM;
_mM j �i i?2 G>*- i?2 M22/ iQ }M/ /Bz2`2Mi K2i?Q/b 7Q` 2p2Mi ;2M2`�iBQM ?�b
BM+`2�b2/ bB;MB}+�MiHvX .Bz2`2Mi ivT2b Q7 M2m`�H M2irQ`Fb �`2 b?QrBM; T`QKBbBM;
`2bmHib i?�i K�+?BM2 H2�`MBM; �TT`Q�+?2b rBHH F22T mT rBi? i?2 2p2` ;`QrBM; 2p2Mi
`�i2 �i i?2 G>* �M/ �`2 +QMp2MB2Mi 7Q` � p�`B2iv Q7 Tm`TQb2b #2bB/2b 2p2Mi ;2M@
2`�iBQM bm+? �b D2i@i�;;BM; �M/ �MQK�Hv /2i2+iBQM (j- 9)X :2M2`�iBp2 �/p2`b�`B�H
M2irQ`Fb U:�LV (8Ĝd)- p�`B�iBQM�H �miQ 2M+Q/2`b Uo�1V (3- N)- �M/ AMp2`iB#H2 L2m@
`�H L2irQ`Fb UALLV (RyĜR8) �`2 �H`2�/v �TTHB+�#H2X lbBM; � M2m`�H M2irQ`F �HHQrb
iQ H2�`M � ;Bp2M T?�b2 bT�+2 /2MbBiv- ;2M2`�i2/ #v JQMi2 *�`HQ i2+?MB[m2b (Re- Rd)-
�M/ ;2M2`�i2 � KmHiBim/2 Q7 2p2Mib QM+2 i?2 M2irQ`F Bb 7mHHv i`�BM2/X

lM+2`i�BMiB2b �`2 � K�DQ` 7�+iQ` BM /�i� �M�HvbBb- r?2i?2` i?�i #2BM; QM i?2 2t@
T2`BK2Mi�H bB/2- HQQFBM; �i mM+2`i�BMiB2b ;Bp2M #v /2i2+iQ`b Q` i?2 �M�HvbBb Bib2H7 Q`
QM i?2 i?2Q`v bB/2X lbm�H M2m`�H M2irQ`Fb +�M QMHv �++QmMi 7Q` � bi�iBbiB+�H 2``Q`- 7Q`
2t�KTH2 ;Bp2M #v i?2 SQBbbQM bi�iBbiB+X AMi`Q/m+BM; "�v2bB�M M2m`�H M2irQ`Fb �HHQrb
iQ T`Q/m+2 mM+2`i�BMiB2b QM i?2 ;2M2`�i2/ 2p2MibX *QKTmiBM; mM+2`i�BMiB2b i?�i ;Q
#2vQM/ SQBbbQM bi�iBbiB+b- b?Qr+�bBM; i?2 mM+2`i�BMiB2b T`Q/m+2/ i?`Qm;? i?2Q`v Q`
i?2 i`�BMBM; Bib2H7- �b i?2 M2m`�H M2irQ`F Bb MQi i`�BM2/ iQ T2`72+iBQMX h?2 �BK Q7
i?Bb i?2bBb Bb iQ BMi`Q/m+2 i?2b2 "�v2bB�M BMp2`iB#H2 M2m`�H M2irQ`Fb U"ALLV(R3- RN)
7Q` G>* 2p2Mib �M/ 2bT2+B�HHv i?2 mM+2`i�BMiB2b ;Bp2M #v i?2 "ALL �M/ iQ Q#b2`p2
?Qr i`�BMBM; bi�iBbiB+b- i`�BMBM; HBKBi�iBQMb �M/ bvbi2K�iB+ 2``Q`b +QMi`B#mi2 iQ i?2
;2M2`�i2/ mM+2`i�BMiB2bX Ai Bb �M �ii2KTi iQ /2KvbiB7vBM; i?2 Ǵ#H�+F #QtǴ i?`Qm;?
mM/2`bi�M/BM; i?2 mM+2`i�BMiB2bX

h?2 H�bi T�`i Q7 i?2 i?2bBb Bb �#Qmi ;QBM; #2vQM/ i?2 ai�M/�`/ JQ/2H- �M/ i`vBM;
iQ K�MBTmH�i2 i?2 mM+2`i�BMiB2b #v BMi`Q/m+BM; M2r Ub2KB@`2�HBbiB+V i?2Q`v mM+2`@
i�BMiB2b KQiBp�i2/ #v i?2 ai�M/�`/ JQ/2H 2z2+iBp2 }2H/ i?2Q`v T`2/B+iBQMb H2�/BM;
iQ � +QMi`B#miBQM iQ i?2 mM+2`i�BMiB2bX

R



kX S?vbB+b
kXRX ai�M/�`/ JQ/2H
h?2 ai�M/�`/ JQ/2H Bb QM2 Q7 i?2 #2bi i2bi2/ i?2Q`B2b FMQrM iQ /�i2X h?2 ai�M@
/�`/ JQ/2H +�M #2 /2b+`B#2/ �b � ;�m;2 [m�MimK }2H/ i?2Q`v +QMi�BMBM; �HH i?2
7mM/�K2Mi�H T�`iB+H2b@ i?2 H2TiQMb- [m�`Fb- ;HmQMb �M/ i?2 #QbQMbX

6B;X R, 6mM/�K2Mi�H S�`iB+H2b Q7 i?2 ai�M/�`/ JQ/2H i�F2M 7`QK (ky)

"2BM; K�i?2K�iB+�HHv b2H7@+QMbBbi2Mi- i?2 ai�M/�`/ JQ/2H 2tTH�BMb i?`22 Q7 i?2 7Qm`
7mM/�K2Mi�H 7Q`+2b �M/ BM+Q`TQ`�i2b bT2+B�H `2H�iBpBivX lbBM; i?2 G�;`�M;B�M Q7 i?2
ai�M/�`/ JQ/2H �HHQrb iQ K�F2 T`2/B+iBQMb 7Q` T�`iB+H2 +QHHBbBQMb BM b2�`+? 7Q` M2r
T�`iB+H2bX

kXkX C2ib
�M�HvbBM; D2ib �i i?2 G>* T`QpB/2b BM7Q`K�iBQM �#Qmi i?2 ?�`/ b+�ii2`BM; T`Q+2bbX
� H�`;2 MmK#2` Q7 T�`iB+H2b +�M #2 +`2�i2/ #v i?2 +QHHBbBQM Q7 T`QiQMb- bm+? �b
[m�`Fb Q` ;HmQMbX 1�+? [m�`F Q` ;HmQM +�``B2b � +QHQ` +?�`;2X >Qr2p2`- #2+�mb2 Q7
i?2 +QM}M2K2Mi- i?2v +�M MQi 2tBbib BM/BpB/m�HHv �b i?2 TQi2MiB�H 2M2`;v BM+`2�b2b
`�TB/Hv #2ir22M irQ [m�`Fb rBi? i?2 /Bbi�M+2X h?2`27Q`2- i?2v QMHv 2tBbi BM � #QmM/
bi�i2 rBi? � M2mi`�H +QHQ` +?�`;2X q?B+? K2�Mb i?2v �TT2�` BM b2ib Q7 i?`22- rBi?
2�+? [m�`F +�``vBM; � /Bz2`2Mi +QHQ` Q` BM T�B`b Q7 irQ- rBi? QM2 [m�`F +�``vBM; i?2
+QHQ` +?�`;2 �M/ i?2 Qi?2` i?2 +Q``2bTQM/BM; Ǵ�MiB +QHQ`ǴX hQ 7Q`K i?Bb +QHQ`H2bb
bi�i2- [m�`F@�MiB[m�`F T�B`b mM/2`;Q i?2 T`Q+2bb Q7 ?�/`QMBx�iBQMX � [m�`F Q`
�MiB[m�`F T`Q/m+2/ i?`Qm;? i?2 +QHHBbBQM +�``B2b � 7`�;K2Mi Q7 i?2 +QHQ` +?�`;2X hQ
Q#2v i?2 +QM}M2K2Mi i?2v T`Q/m+2 Qi?2` +QHQ`2/ Q#D2+ib �`QmM/ i?2K 7`QK i?2
p�+mmK- r?B+? ?�TT2Mb b2p2`�H iBK2bX h?Bb 2Mb2K#H2 Q7 ?�/`QMb i2M/ iQ i`�p2H BM
i?2 b�K2 /B`2+iBQM �M/ +�M #2 +Hmbi2`2/ BMiQ QM2 +QM2- r?B+? Bb i?2 D2iX h?2`2 �`2
K�Mv D2i@i�;;BM; �H;Q`Bi?Kb HBF2 i?2 kT Q` anti � kT (kR) �H;Q`Bi?KX �M�HvbBM;
i?2 D2ib T`QpB/2b BM7Q`K�iBQM �#Qmi i?2 T�`iB+H2b T`Q/m+2/ �i i?2 ?�`/ b+�ii2`BM;

k



6B;X k, 62vMK�M .B�;`�KK 7Q` � j D2i }M�H bi�i2

�M/ Bb i?2`27Q`2 mb2/ iQ }M/ M2r 7mM/�K2Mi�H T�`iB+H2bX h?2 ;HmQM 7Q` 2t�KTH2
r�b /Bb+Qp2`2/ #v D2i i�;;BM;X �b [m�`Fb �`2 QMHv T`Q/m+2/ BM T�B`b i?2`2 r�b MQ
2tTH�M�iBQM 7Q` � j D2i }M�H bi�i2X h?Bb H2�/ iQ i?2 /Bb+Qp2`v Q7 i?2 ;HmQMX h?2
K�BM /�i� b2i +QMbBbib Q7 � i?`22 D2i }M�H bi�i2X h?2 +QHHbBQM #22BM;

pp �! jjj UkXRV

r?2`2 D +�M #2 [m�`Fb Q` ;HmQMbX 6B;m`2 k b?Qrb � [m�`F@�MiB[m�`F T�B` �MMB?BH�iBM;
BMiQ � BMi2`K2/B�i2 T�`iB+H2 r?B+? Bb /2+�vBM; BMiQ � [m�`F@�MiB[m�`F T�B` �;�BM-
rBi? QM2 Q7 i?2K `�/B�iBM; � :HmQMX

kXjX w S`Q/m+iBQM
h?2 w #QbQM Bb i?2 M2mi`�H BMi2`K2/B�i2 p2+iQ` #QbQM K2/B�iBM; i?2 r2�F 7Q`+2X
.m`BM; i?2 T`QiQM@T`QiQM +QHHBbBQM Bi Bb +`2�i2/ /m2 iQ � [m�`F@�MiB [m�`F �MMB?BH�@
iBQMX Ai +�M /2+�v BMiQ /Bz2`2Mi T�`iB+H2@�MiBT�`iB+H2 T�B`bX AM i?Bb /�i� i?2 /2+�v
BMiQ � KmQM@�MiBKmQM T�B` r�b +?Qb2MX h?2 bBKTH2 62vMK�M /B�;`�K Bb ;Bp2M #v
6B;m`2 j,

Z

q

q µ
+

µ
�

6B;X j, 62vMK�M .B�;`�K 7Q` i?2 w S`Q/m+iBQM

.m`BM; i?Bb T`Q+2bb D2ib �`2 �HbQ T`Q/m+2/X h?2 MmK#2` Q7 D2ib +�M p�`vX AM i?Bb
T�`iB+mH�` +�b2 r2 �HHQr2/ 7Q` }M�H bi�i2b rBi? � p�`B�#H2 D2i MmK#2` #2ir22M R �M/
jX h?2 T`Q+2bb i?2M #2+QK2b,

pp ! µµ
�
j, pp ! µµ

�
jj, pp ! µµ

�
jjj UkXkV

�;�BM- D +�M #2 [m�`Fb Q` ;HmQMbX
h?2`2 �`2 K�Mv TQbbB#BHBi2b Q7 /2+�vb �M/ �MMB?BH�iBQM T`Q+2bb2b BM Q`/2` iQ T`Q/m+2

j



6B;X 9, 62vMK�M .B�;`�KK 7Q` i?2 S`Q/m+iBQM Q7 i?2 w "QbQM /2+�vBM; BM � KmQM@�MiBKmQM
T�B`X k �//iBQM�H D2ib BM i?2 }M�H bi�i2XX

}M�H bi�i2b rBi? � /Bz2`2Mi MmK#2` Q7 D2ib BM i?2 }M�H bi�i2X h?2 /Bz2`2Mi T`Q+2bb2b
`2Hv QM i?2 BMBiB�H bi�i2 T�`iB+H2b- �b i?2v +�M #2 [m�`Fb Q` ;HmQMbX PM2 TQbbB#H2
62vMK�M .B�;`�K +QmH/ HQQF HBF2 6B;m`2 9X h?2 }M�H bi�i2 #2BM; w Y k D2ibX h?2
irQ D2ib +QK2 7`QK i?2 `�/B�i2/ ;HmQMbX

.�i� a2i
"Qi? /�i� b2ib r2`2 ;2M2`�i2/ mbBM; a>1_S�- �i � +QHHBbBQM 2M2`;v Q7 ECMS =
13h2oX �7i2` ;2M2`�iBM; i?2 T`Q+2bb i?2 �MiB@kT (kR- kk) �H;Q`Bi?K r�b mb2/ iQ +Hmbi2`
i?2 D2ibX h?2 2M/ `2bmHi #2BM;
j C2ib , 8X9 KBHHBQM 2p2Mib
w Y JmHiBD2i, 8X9 KBHHBQM 1p2Mib

Ç LmK#2` Q7 R D2i@2p2Mib 9 KBHHBQM 2p2Mib

Ç LmK#2` Q7 k D2i@2p2Mib RXR KBHHBQM 2p2Mib

Ç LmK#2` Q7 j D2i@2p2Mib yXj KBHHBQM 2p2Mib

h?2 /�i� b2i Bb bTHBi BMiQ k T�`ibX PM2 #2BM; i?2 /�i� r?B+? Bb mb2/ 7Q` i?2 i`�BMBM;
T`Q+2bb Uh`�BMV - �M/ i?2 Qi?2` T�`i #2BM; mb2/ 7Q` i2biBM; Uh`m2V X 6Q` i?2 w Y
KmHiBD2i /�i� b2i- i?2 `�iBQ #2ir22M i2bi �M/ i`�BM r�b +?Qb2M iQ #2 yX8X 6Q` i?2
j D2i /�i� b2i Bi r�b yX3kX AM ;2M2`�H- H�`;2 i`�BMBM; b2ib BM+`2�b2 i?2 /m`�iBQM Q7
i`�BMBM; #mi /B{+mHi T?�b2bT�+2 /2MbBiB2b T`Q}i 7`QK H�`;2` i`�BMBM; b2ibX

*?�M;2 Q7 o�`B�#H2b
h?2 /�i� b2i T`QpB/2/ #v a>1_S� +QMbBbib Q7 7Qm`@p2+iQ`bX >Qr2p2`- � +?�M;2
Q7 p�`B�#H2b Bb mb27mH iQ F22T i?2 bvKK2i`B2b Q7 i?2 .�i� +QHH2+i2/ �i i?2 G>*X
6B`bi r2 +?�M;2 7`QK +�`i2bB�M +QQ`/BM�i2b iQ bT?2`B+�H +QQ`/BM�i2bX �b i?2 2tT2`B@
K2Mib �i i?2 G>* K2�bm`2 i?2 i`�Mbp2`b�H KQK2MimK r2 i`�BM Qm` KQ/2H QM i?2 pT

9



pT =
q

p2x + p2y UkXjV

6m`i?2`KQ`2- r2 /Q MQi i`�BM Qm` KQ/2H QM i?2 �xBKmi�H �M;H2

� = arctan

✓
py

px

◆
UkX9V

#mi `�i?2` QM i?2 /Bz2`2M+2 Q7 i?2 �xBKmi�H �M;H2 #2ir22M T�`iB+H2bX �b 7Q` i?2 j
D2i 2p2Mib ,

��i,j = �i � �j UkX8V

aBM+2 Bi Bb 2MQm;? iQ FMQr k /Bbi`B#miBQMb Q7 ��i,j i?2 H�bi +�M #2 +�H+mH�i2/ �b
��i,k = ��i,j + ��j,kX h�FBM; Qmi � /2;`22 Q7 7`22/QK- r?B+? i`�MbH�i2b BMiQ H2bb
i`�BM�#H2 T�`�K2i2`b- bT22/BM; mT i?2 i`�BMBM; T`Q+2bb �M/ i?2 T2`7Q`K�M+2X h?2
H�bi T�`�K2i2`- i?�i Bb �HbQ mb2/ BM G>* �M�HvbBb- Bb i?2 Tb2m/Q `�TB/Biv ⌘- r?B+? Bb
+�H+mH�i2/ #v mbBM; i?2 TQH�` �M;H2 ✓

⌘ = � ln[tan

✓
✓

2

◆
] UkXeV

h?2 7Qm` p2+iQ` Bb i?2M ;Bp2M #v,

P =

2

664

1
sin(�)pT
cos(�)pT
sinh(⌘)pT

3

775 UkXdV

G�bi #mi MQi H2�bi- r2 i`�BM Qm` KQ/2H QM i?2 BMp�`B�Mi K�bb m `�i?2` i?�M QM i?2
1M2`;vX

h?2 ai�M/�`/ JQ/2H �b �M 16h
.2bTBi2 i?2 ?m;2 bm++2bb Q7 i?2 ai�M/�`/ JQ/2H- i?2`2 �`2 bQK2 T?2MQK2M� mM@
2tTH�BM�#H2 #v Bi- 7Q` 2t�KTH2 BM+Q`TQ`�iBM; ;2M2`�H `2H�iBpBiv Q` /�`F K�ii2`X AM
T�`iB+mH�` i?2 7�BHBM; �i 2M2`;B2b Q` /Bbi�M+2b r?2`2 i?2 ;`�pBi�iBQM Bb 2tT2+i2/ iQ
2K2`;2 T`Qp2b i?�i i?2`2 Bb � i?2Q`v #2vQM/ i?2 ai�M/�`/ JQ/2HX LQr�/�vb- i?2
ai�M/�`/ JQ/2H +�M #2 i`2�i2/ �b �M 1z2+iBp2 6B2H/ h?2Q`v (kj) X
h?2 ai�M/�`/ JQ/2H +�M #2 /2b+`B#2/ rBi? � G�;`�M;B�MX

L = LSM UkX3V

*QMbi`m+iBM; i?2 ai�M/�`/ JQ/2H 1z2+iBp2 6B2H/ h?2Q`v UaJ16hV Qmi Q7 ?B;?2`
/BK2MbBQM�H QT2`�iQ`b ;Bp2b � +QMbBbi2Mi 16h ;2M2`�HBb�iBQM Q7 i?2 ai�M/�`/ JQ/2HX
h?2 G�;`�M;B�M Bb i?2M ;Bp2M #v,

L = LSM + L(5) + L(6) + L(7) + .... UkXNV

8



6Q` KQbi �M�Hvb2b �i i?2 G>*- i?2 �//BiBQM�H i2`Kb BM i?2 G�;`�M;B�M +�M #2
M2;H2+i2/- �b i?2 /2pB�iBQM 7`QK i?2 ai�M/�`/ JQ/2H +�M MQi #2 Q#b2`p2/ rBi?BM
i?2 T`2+BbBQM i?�i Bb TQbbB#H2X 6mim`2 `mMb �i i?2 G>* KB;?i K�F2 Bi TQbbB#H2 iQ
Q#b2`p2 i?2 T`QT2`iB2b Q7 i?2 �//BiBQM�H G�;`�M;B�M i2`KbX *QMbB/2` i?2 T`Q+2bb,

  ̄ ! V !   ̄ UkXRyV

�i ?B;?2` 2M2`;B2b- bQK2 a K�i`Bt 2H2K2Mib `2+2Bp2 +QMi`B#miBQMb 7`QK #QbQM }2H/bX
h?2b2 Qz@b?2HH p2`iB+2b ?�p2 � MQM@i`BpB�H `2H�iBQM iQ G>* Q#b2`p�#H2bX PM2 Q7 i?2
2tT�MbBQMb BM i?2 /BK2MbBQM e QT2`�iQ`b #2BM; T`QTQ`iBQM�H iQ p

2- rBi? p
2 #2BM;

i?2 ;2M2`�H FBM2K�iB+ BMp�`B�MiX P#b2`pBM; i?2 /2pB�iBQM 7`QK i?2 ai�M/�`/ JQ/2H
T`2/B+iBQM ;Bp2M #v LSM BM 7mim`2 G>* `mMb +�M p2`B7v Q` /BbT`Qp2 i?2 +m``2Mi
i?2Q`B2b Q7 i?2 aJ16hX

e



jX J�+?BM2 G2�`MBM;
lbBM; M2m`�H M2irQ`Fb �HHQrb iQ H2�`M � ;Bp2M T?�b2 bT�+2 /2MbBiv ;2M2`�i2/ mbBM;
JQMi2 *�`HQ i2+?MB[m2bX PM+2 i?2 KQ/2H Bb i`�BM2/ Bi Bb TQbbB#H2 iQ ;2M2`�i2 �
KmHiBim/2 Q7 2p2Mib �i � p2`v ?B;? `�i2X 6Q` 2t�KTH2 Bi iQQF b2p2`�H /�vb iQ T`Q/m+2
8X9 KBHHBQM 2p2Mib 7Q` i?2 /�i� b2i +QMbBbiBM; Q7 w Y KmHiBD2ibX Pm` #�b2HBM2 KQ/2H
Bb �#H2 iQ ;2M2`�i2 8 KBHHBQM 2p2Mib BM H2bb i?�M �M ?Qm`X h?Bb +?�Ti2` ;Bp2b �
b?Q`i BMi`Q/m+iBQM iQ M2m`�H M2irQ`Fb �M/ Bb i?2M T`Q;`2bbBM; iQ i?2 TBT2HBM2 7Q`
i?2 "�v2bB�M M2m`�H M2irQ`F- �HHQrBM; iQ +QKTmiBM; 2tT`2bbBp2 mM+2`i�BMiB2b 7Q` i?2
;2M2`�i2/ 2p2MibX

jXRX AMi`Q/m+BM; L2m`�H L2irQ`Fb
6B`bi � #�bB+ M2m`�H M2irQ`F ULLV Bb b2i mTX h?2 B/2� Bb- i?�i r2 722/ i?2 M2m`�H
M2irQ`F �M BMTmi �M/ i?2 M2m`�H M2irQ`F }M/b i?2 i`�Mb7Q`K�iBQM i?�i K�Tb i?2
BMTmi H�v2` ~t iQ �M QmiTmi p2+iQ` ~vX AM i?2 bBKTH2bi 7Q`K Q7 HBM2�` H�v2`,

~y = f(~x, ✓T ,~b) = ✓
T · ~x + b UjXRV

1�+? BMTmi xi Bb T�`�K2i`BbBx2/ #v � r2B;?i ✓i i?2M �//2/ � #B�b p2+iQ` ~bX .m`BM;
i`�BMBM;- i?2 M2m`�H M2i }M/b i?2 QTiBK�H p�Hm2b 7Q` ✓i �M/ i?2 #B�b i2`K #X � M2m`�H
M2i +QMbBbib Q7 KmHiBTH2 i`�Mb7Q`K�iBQMb- r?B+? �`2 bmKK2/ mT BMiQ � H�v2`X AM i?Bb
+�b2- i?2 r2B;?ib ✓ �`2 ;Bp2M #v � K�i`BtX 6B;m`2 8 b?Qrb i?2 #�bB+ b2i mT 7Q` �
M2m`�H M2iX h?2 H�v2`b +�M #2 /BpB/2/ BMiQ i?`22 T�`ibX h?2 BMTmi H�v2`- i?2 QmiTmi
H�v2`- �M/ i?2 bQ +�HH2/ ?B//2M H�v2`b BM #2ir22MX .22T M2m`�H M2ib mb2 KmHiBTH2
?B//2M H�v2`b iQ KQ/2H +QKTH2t /Bbi`B#miBQMbX

jXkX h`�BMBM; i?2 L2m`�H L2irQ`F
h?2 M2irQ`F ?�b iQ }M/ i?2 #2bi p�Hm2b 7Q` i?2 T�`�K2i2` r2B;?ib ✓ BM Q`/2` iQ +`2�i2
i?2 KQbi bmBi�#H2 QmiTmiX AM i?2 #2bi +�b2- i?2 QmiTmi ;2M2`�i2/ #v i?2 M2m`�H M2i
Bb 2[m�H iQ i?2 i2bi /�i� b2iX h?2 QTiBK�H r2B;?ib �`2 7QmM/ #v KBMBKBxBM; i?2 bQ
+�HH2/ HQbbX h?2 HQbb 7mM+iBQM Bb � iQQH iQ 2biBK�i2 �M 2``Q` #2ir22M i?2 /2bB`2/
QmiTmi �M/ i?2 QmiTmi ;Bp2M #v i?2 LLX h?2`2 �`2 K�Mv r�vb iQ +QMbi`m+i � HQbb
7mM+iBQM �++Q`/BM; iQ 2�+? bT2+B}+ T`Q#H2KX G2i v #2 /2bB`2/ QmiTmi �M/ ɹ i?2
QmiTmi ;Bp2M #v i?2 LLX h?2 HQbb Bb 7Q` 2t�KTH2 ;Bp2M #v i?2 K2�M b[m�`2/ 2``Q`,

LMSE =
NX

n=1

(y � ŷ)2 UjXkV

h?2 M2irQ`F H2�`Mb #v +?�M;BM; i?2 r2B;?ib ✓ �++Q`/BM; iQ i?2 HQbb 7mM+iBQMX JQbi
QTiBKBx2`b �`2 /2`Bp2/ 7`QK i?2 ;`�/B2Mi /2+2Mi �H;Q`Bi?K- r?B+? 2p�Hm�i2b i?2
;`�/B2Mi Q7 i?2 HQbb �i i?2 +m``2Mi bi�i2 �M/ i?2M +?�M;2b i?2 r2B;?ib BM i?2 /B`2+iBQM
Q7 i?2 bi22T2bi /2b+2MiX aQT?BbiB+�i2/ QTiBKBx2` HBF2 �.�J (k9- k8) T2`72+i i?2
+?�M;2 Q7 i?2 r2B;?i �++Q`/BM; iQ i?2 H2�`MBM; `�i2- r?B+? /2i2`KBM2b ?Qr Km+?
i?2 r2B;?ib +?�M;2 BM QM2 2TQ+?X

d



input layer Multiple hidden layer output layer

neural network with multiple hidden layers

…

6B;X 8, "�bB+ .22T L2m`�H L2i

jXjX AMp2`iB#H2 L2m`�H L2irQ`Fb
AMi`Q/m+BM; BMp2`iB#H2 M2m`�H M2irQ`Fb(Rj) �HHQrb iQ KQ/2H +QKTH2t /Bbi`B#miBQMb �b
;Bp2M #v i?2 G>* T?�b2 bT�+2 /2MbBiB2bX J�TTBM; i?2 +QKTH2t G>* T?�b2 bT�+2
/2MbBiB2b pB� BMp2`iB#H2 i`�Mb7Q`K�iBQMb iQ � bBKTH2` /Bbi`B#miBQM BM i?2 bQ +�HH2/
H�i2Mi bT�+2 �HHQrb 7Q` � bBKTH2` i`�BMBM; T`Q+2bbX h`�BMBM; i?2 M2m`�H M2i BM i?2
7Q`r�`/ /B`2+iBQM �M/ i?2M 7Q` i?2 2p2Mi ;2M2`�iBQM b�KTHBM; 7`QK i?2 H�i2Mi bT�+2
BM i?2 BMp2`b2 /B`2+iBQMX G2i s #2 i?2 G>* BMTmi /�i� BM i?2 T?�b2 bT�+2 �M/
w i?2 H�i2Mi bT�+2X .m`BM; i`�BMBM; s Bb K�TT2/ iQ wX h?2 B/2� #2?BM/ Bi Bb iQ
i�F2 � `�M/QK p�`B�#H2 z ⇠ pZ(z) 7`QK i?2 H�i2Mi bT�+2 �M/ T2`7Q`K BMp2`iB#H2
i`�Mb7Q`K�iBQMb QM BiX G2i x #2 � `�M/QK p�`B�#H2 Q7 Qm` i�`;2i /2MbBiv pX BM i?2
T?�b2 bT�+2 �M/ � fi #BD2+iBp2 i`�Mb7Q`K�iBQMX

x = f1 � f2 � ...fN(z) UjXjV

G2i 7 #2 f(z) = f1 � f2 � ...fN(z)X 7 Bb #BD2+iBp2 �b � +QKTQbBiBQM Q7 #BD2+iBp2 i`�Mb@
7Q`K�iBQMbX h?2`27Q`2 r2 +�M K�T f : Z �! X , z 7! x rBi? i?2 /2MbBiv

pX(x) = pZ(z) det

����
@f(z)

@z

����
�1

= pZ(f
�1(x)) det

����
@f

�1(x)

@x

���� UjX9V

AM Q`/2` iQ ?�p2 �M 2z2+iBp2 ;2M2`�iBQM- pZ b?QmH/ #2 bBKTH2X � bi�M/�`/ �TT`Q�+?

3



Bb iQ +?QQb2 � KmHiBp�`B�i2 ;�mbbB�M rBi? K2�M p�Hm2 x2`Q �M/ � +Qp�`B�M+2 �b i?2
B/2MiBiv K�i`BtX LQr 7 ?�b iQ #2 ~2tB#H2 iQ T2`7Q`K MQMi`BpB�H i`�Mb7Q`K�iBQMb #mi
rBi? � `�i?2` [mB+F +QKTmi�#H2 D�+Q#B�MX h?Bb Bb 7mH}HH2/ �b r2 +�M /2+QKTQb2 f

BM � b2i Q7 bBKTH2 #BD2+iBp2 K�Tb fi U1[ jXjVX h?2 D�+Q#B�M Bb i?2M ;Bp2M �b ,

det

�����
@f(z)

@z

�1

����� =
nY

i=1

det

�����
@fi(z)

@z

�1

����� UjX8V

�b fi �`2 bBKTH2 K�TTBM;b- 2�+? /2i2`KBM�Mi Bb 2�bBHv iQ +QKTmi2X �7i2` i`�BMBM; BM
i?2 7Q`r�`/ /B`2+iBQM- i?2 2p2Mib �`2 ;2M2`�i2/ #v b�KTHBM; 7`QK i?2 H�i2Mi bT�+2
�M/ T�bbBM; Bi i?`Qm;? i?2 BMp2`b2 /B`2+iBQM- �HHQrBM; 7Q` � HBKBiH2bb ;2M2`�iBQM Q7 i?2
2p2Mib- �b HQM; �b i?2 HQ+�H :Sl �HHQrb BiX �b Q7 iQ/�v- +QKTmi�iBQM�H #QmM/�`B2b
�`2 biBHH � ?m`/H2 HBKBiBM; i?2 �#BHBiB2b Q7 � M2m`�H M2iX

*QmTHBM; G�v2`b
�M ALL +QKTQb2b KmHiBTH2 i`�Mb7Q`K�iBQM K�Tb BMiQ +QmTHBM; H�v2`b (ke)X h?2
bi`m+im`2 Q7 � +QmTHBM; H�v2` Bb ;Bp2M BM i?2 7QHHQrBM;,

RX aTHBi i?2 BMTmi BMiQ irQ T�`ib x = [x1, x2], x1 = (x1, ..., xd), x2 = (xd+1, ..., xD)

kX +QKTmi2 i?2 r2B;?ib ✓ i?`Qm;? i?2 LL mbBM; x1

jX +QKTmi2 y2i = g✓i(x2i) �M/ b2i y1 = x1X 7 #2BM; �M �`#Bi`�`v BMp2`iB#H2 7mM+iBQM

9X `2im`M i?2 QmiTmi v �b v4 (y1, y2)

!

!!

!!
!"

"(!!)

$#(!")

!!
$#(!")

%

!!

!"

!!

$#(!")

"(!!)

6B;X e, ai`m+im`2 Q7 *QmTHBM; H�v2`b

h?Bb T`Q+2bb Bb BHHmbi`�i2/ BM 6B;m`2 e XLQi2 i?�i / Bb BM KQbi +�b2b +?Qb2M iQ #2 D
2

-
#mi i?�i /Q2b MQi ?�p2 iQ #2 i?2 +�b2 M2+2bb�`BHvX aBM+2 y1 = x1 �M/ y1 Bb ;Bp2M #v
i`�Mb7Q`KBM; x1 2H2K2Mi rBb2 i?2 /2i2`KBM�Mi C�+Q#B�M Q7 i?2 +QmTHBM; i`�Mb7Q`K
� #2+QK2b,

det

✓
@�

@x

◆
=

DY

i=d

@g✓i

@xi
UjXeV

N



� HQr2` i`B�M;mH�` K�i`BtX 6mH}HHBM; i?2 `2[mB`2K2Mib bi�i2/ #27Q`2- #2BM; 7�bi
iQ +QKTmi2 �M/ #2BM; BMp2`iB#H2 BM � bBM;H2 T�bbX hQ 2Mbm`2 i?�i 2p2`v TQBMi Q7
i?2 BMTmi /�i� Bb #2BM; mb2/- `Qi�iBQM K�i`B+2b 7`QK i?2 SO(d) �`2 BMi`Q/m+2/ BM
#2ir22M i?2 +QmTHBM; #HQ+FbX h?2b2 �`2 `�M/QKHv ;2M2`�i2/X

*m#B+ aTHBM2 "HQ+Fb
*?QQbBM; i?2 7Q`K Q7 g 7Q` i?2 +QmTHBM; #HQ+Fb Bb �M BKTQ`i�Mi T�`i Q7 i?2 i`�BMBM;X
h?2 �{M2 +QmTHBM; #HQ+Fb mb2 �//BiBp2 Q` �{M2 i`�Mb7Q`K�iBQMbX

g✓i(xi) = ↵i · xi + �i UjXdV

q?2`2 ✓i = {↵i, �i}X h?2v �`2 2�bv iQ BMp2`i ?Qr2p2` H�+F BM ~2tB#BHBivX JQpBM; iQ �
KQ`2 bQT?BbiB+�i2/ #HQ+F i?2 +m#B+ bTHBM2 #HQ+F(ke)X AM i?Bb +�b2 g✓i �`2 +QKTQb2/ Q7
KQMQiQMB+ BM+`2�bBM; +m#B+ TQHvMQKB�HbX h?2v �`2 biBHH 2�bBHv BMp2`iB#H2 #mi 2M?�M+2
i?2 ~2tB#BHBiv BM Qm` KQ/2HX g✓i K�T (y-R) 7!(y-R) (ke) 2Mbm`BM; i?2 }`bi T`QTQbBiBQM Q7
#2BM; BMp2`iB#H2X .m`BM; i`�BMBM; i?2 T�`�K2i2`b ✓i �`2 QTiBKBx2/ #v K�tBKBxBM; i?2
GQ; GBF2HB?QQ/ Xq?B+? Bb 2[mBp�H2Mi iQ KBMBKxBM; i?2 EmHH#2+F G2B#H2` .Bp2`;2M+2X
:Bp2M � /�i�b2i Q7 L b�KTH2b- i?2 HQbb 7mM+iBQM Bb ;Bp2M #v,

LML = �
NX

i=1

log(pX(xi; ✓)) UjX3V

G2i f /2MQi2 i?2 Qp2`�HH K�TTBM;X q2 /2`Bp2

LML = �
NX

i=1

log(pZ(f
�1(xi; ✓)) + log

����det
@f

�1(xi; ✓)

@xi

���� UjXNV

8ii

jX9X lM+2`i�BMiB2b pB� "�v2bB�M ALLb

0.3
0.5

1.2

0.4

Input layer hidden layer output layer

Basic NN

Input layer hidden layer output layer

Bayesian NN

0.4

6B;X d, *QKT�`BbQM #2ir22M � L2m`�H L2i �M/ � "�v2bB�M L2m`�H L2i

Ry



ALLb b?Qr2/ T`QKBbBM; `2bmHib QM p�`BQmb /Bz2`2Mi /�i� b2ibX >Qr2p2`- QM+2 i?2
M2irQ`F Bb 7mHHv i`�BM2/ r2 QMHv ;2i �++2bb iQ � bi�iBbiB+�H mM+2`i�BMiv ;Bp2M #v
i?2 b[m�`2 `QQi Q7 2p2Mib BM � ;Bp2M #BMX h?2 ALLb ;Bp2 mb �M mM/2`bi�M/BM; Q7
i?2 T`QT2`iB2b Q7 i?2 mM/2`HvBM; /�i� #mi /QMǶi T`QpB/2 � iQQH iQ +QKTmi2 2tT`2b@
bBp2 mM+2`i�BMiB2b +�mb2/ #v i?2 M2irQ`F Bib2H7X P7 +Qm`b2 QM2 +QmH/ i`�BM KmHiBTH2
ALLb �M/ +QKT�`2 i?2 `2bmHib iQ ;2i �M mM/2`bi�M/BM; Q7 i?2 mM+2`i�BMiB2b �M/
~m+im�iBQMb #2ir22M /Bz2`2Mi i`�BMBM;b- ?Qr2p2` i?Bb Bb iBK2 +QMbmKBM; �M/ +QK@
Tmi�iBQM�HHv 2tT2MbBp2X h?2`27Q`2- r2 T`QTQb2 � /Bz2`2Mi �TT`Q�+? mbBM; "�v2bB�M
ALLbX h?Bb +?�Ti2` ;Bp2b �M BMimBiBp2 �TT`Q�+? iQ "�v2bB�M L2m`�H L2irQ`Fb U"LLV
�M/ i?2M 2pQHp2b BMiQ i?2 "�v2bB�M AMp2`iB#H2 L2m`�H L2irQ`F b2i mTX

jX9XRX "�v2b L2m`�H L2irQ`F
hQ ;2i �M BMimBiBQM 7Q` r?�i � "�v2bB�M M2m`�H M2irQ`F (RN- kdĜkN) �+im�HHv Bb- H2i mb
+QMbB/2` � p2`v #�bB+ M2m`�H M2i 7Q` � HBM2�` H�v2` �b /2b+`B#2/ BM +?�Ti2` jXRX LQr ✓i

�`2 i?2 T�`�K2i2`b H2�`M2/ /m`BM; i`�BMBM;X AM Qm` MQ`K�H M2m`�H M2irQ`F r2 rQmH/
;2i /Bb+`2i2 p�Hm2b 7Q` ✓iX >Qr2p2`- ;QBM; iQ � "�v2bB�M b2imT r2 �bbmK2 i?�i 2�+?
T�`�K2i2` ✓ Bb MQi � /Bb+`2i2 p�Hm2 #mi `�i?2` ;Bp2M #v � T`Q#�#BHBiv /Bbi`B#miBQMX AM
;2M2`�H i?2 /Bbi`B#miBQM p✓ +QmH/ ?�p2 �Mv b?�T2X aBM+2 i?Bb b2imT +�HHb 7Q` Qp2` jy
KBHHBQM i`�BM�#H2 T�`�K2i2`b Bi Bb +HQb2 iQ BKTQbbB#H2 iQ H2�`M +QKTH2t /Bbi`B#miBQMb
7Q` �HH Q7 i?2KX h?Bb Bb r?v r2 T`QTQb2 i?�i 2�+? r2B;?i ✓ Bb KQ/2H2/ #v � ;�mbbB�M
/Bbi`B#miBQM ✓i ⇠ N (µi, �i)X 6Q` 2p2`v ✓i i?2 M2irQ`F H2�`Mb � K2�M p�Hm2 µi �M/
� bi�M/�`/ /2pB�iBQM �iX :QBM; #�+F iQ 2[m�iBQM jXR Qm` QmiTmi v Bb MQ HQM;2` �
/Bb+`2i2 p�Hm2 #mi �HbQ � ;Bp2M #v � T`Q#�#BHBiv /Bbi`B#miBQM v ⇠ f(~x, ~✓, b)X h?2 mM@
+2`i�BMiB2b T`QT�;�i2 i?`Qm;? i?2 M2m`�H M2irQ`F ;BpBM; mb � T`Q#�#BHBbiB+ QmiTmiX
�b 7Q` bBKTH2 T`Q#H2Kb HBF2 i?2 HBM2�` `2;`2bbBQM- "�v2bB�M M2m`�H M2ib T`QpB/2 �
/B`2+i 2biBK�iBQM BM i?2 QmiTmiX

G2i D #2 � /�i�b2i +QMbBbiBM; Q7 L T�B`b Q7 Q#b2`p�iBQMb (xi, yi)X
D = {(x1, y2), ..., (xN , yN)} �M/ f✓ i?2 K�TTBM; #2ir22M xi �M/ yiX SH�+BM; � ;�mb@
bB�M T`BQ` Qp2` i?2 r2B;?ib rBi? bQK2 Q#b2`p�iBQM MQBb2 ;Bp2b mb,

✓ ⇠ p(✓) UjXRyV
yi|✓, xi ⇠ p(yi|✓, xi) UjXRRV

AM KQbi +�b2b i?2 TQbi2`BQ` p(✓|D) Bb ?B;?Hv BMi`�+i�#H2X 6Q` � "LL � p�`B�iBQM�H
BM72`2M+2 (Rk) +�M �TT`QtBK�i2 i?2 TQbi2`BQ` rBi? � i`�+i�#H2 7�KBHv Q7 /Bbi`B#m@
iBQMb q�(✓). h?2 T�`�K2i2`b ✓ �`2 QTiBKBx2/ #v KBMBKBxBM; i?2 EmHH#�+F@G2B#H2`@
.Bp2`;2M+2,

min
�

KL(q�(✓), p(✓|D)) UjXRkV

aBM+2 i?2 TQbi2`BQ` Bb BMi`�+i�#H2- r2 mb2 "�v2b h?2Q`2K iQ `27Q`KmH�i2 2[m�iBQM
jXRk

RR



KL(q�(✓), p(✓|D)) = �
ˆ

d✓q�(✓) log
p(D|✓)p(✓)/p(D)

q�(✓)
UjXRjV

= �
ˆ

d✓q�(✓) log p(D|✓)�
ˆ

d✓q�(✓) log
p(✓)

q�(✓
+ log p(D)

UjXR9V

aQHpBM; 7Q` HQ;UpT V- r2 }M/ � HQr2` #QmM/,

log p(D) = KL(q�(✓), p(✓|D)) +

ˆ
d✓q�(✓) log p(D|✓)�KL(q�(✓), p(✓)) UjXR8V

�
ˆ

d✓q�(✓) log p(D|✓)�KL(q�(✓), p(✓)) UjXReV

J�tBKBxBM; i?Bb 2pB/2M+2 HQr2` #QmM/ U1G"PV i?2M Bb 2[mBp�H2Mi iQ KBMBKBxBM;
2[m�iBQM jXRk- ;BpBM; mb �b i?2 Q#D2+iBp2 rBi?Qmi i?2 BMi`�+i�#H2 TQbi2`BQ`,

LELBO =
NX

i=1

hlog p(yi|✓, xi)i✓⇠q�(✓) �KL(q�(✓), p✓) UjXRdV

hm`MBM; i?2 BM72`2M+2 T`Q#H2K BMiQ � QTiBKBx�iBQM T`Q#H2K- �HHQrBM; mb iQ mb2
;`�/B2Mi /2+2Mi i2+?MB[m2bX

jX9XkX "�v2bB�M ALL
AM+`2�bBM; i?2 +QKTH2tBiv iQ ?B;? /BK2MbBQM�H /�i� b2ib K�F2b Bi BKTQbbB#H2 iQ i`�+2
i?2 mM+2`i�BMiB2b T`QT�;�iBM; i?`Qm;? i?2 M2irQ`FX _2TH�+BM; 2p2`v /2i2`KBMBbiB+
7mM+iBQM g✓ �b /2b+`B#2/ BM bm#b2+iBQM jXj iQ � T`Q#�#BHBbiB+ 7mM+iBQM �M/ TH�+BM; �
T`BQ` Qp2` i?2 r2B;?ib rBi? bQK2 Q#b2`p�iBQM MQBb2

✓ ⇠ p(✓) UjXR3V

;Bp2b mb i?2 ;2M2`�iBp2 TBT2HBM2

x|✓ ⇠ pX(x|✓) = pZ(f
�1(x; ✓)) det

����
@f

�1(x; ✓)

@x

���� UjXRNV

*QK#BMBM; 2[m�iBQM jXN �M/ jXRd r2 +�M /2`Bp2 i?2 QTiBKBx�iBQM S`Q#H2K,

L =
NX

i=1

hlog pX(xi|✓)i✓⇠q�(✓) �KL(q�(✓), p(✓)) UjXkyV

=
NX

i=1

hlog(pZ(f�1(xi; ✓)) + log

����det
@f

�1(xi; ✓)

@xi

����i �KL(q�(✓), p✓) UjXkRV

1p2`v T�`i Q7 i?2 HQbb7mM+iBQM Bb #v /2bB;M 2�bv iQ +QKTmi2X

Rk



h`�MbH�iBM; 2[m�iBQM jXRN BMiQ T`�+iB+2 K2�Mb- r2 ;2M2`�i2 2p2Mib BM i?2 BMp2`b2
/B`2+iBQMX h?2 2p2Mib ;2M2`�i2/ /2T2M/ QM ✓X AM i?2 MQ`K�H ALL +�b2- r2 rQmH/
;2M2`�i2 2p2Mib FMQrBM; 2�+? r2B;?i ✓i �b � }t2/ p�Hm2X LQr 7Q` 2p2`v ✓i r2 /`�r
� MmK#2` 7`QK i?2 H2�`M2/ MQ`K�H /Bbi`B#miBQM N (µi, �i)X 1�+? ;BpBM; � bHB;?iHv
/Bz2`2Mi QmiTmiX 6B`bi r2 ;2M2`�i2 � ;Bp2M MmK#2` Q7 2p2Mib �M/ #BM i?2 2p2Mib
BMiQ � ?BbiQ;`�KX h?Bb T`Q+2bb Bb /QM2 KmHiBTH2 iBK2b- 7Q` 2t�KTH2 8y iBK2bX q2
i?�M #mBH/ i?2 K2�M p�Hm2 Q7 i?2b2 ?BbiQ;`�Kb �M/ +�H+mH�i2 i?2 bi�M/�`/ /2pB�iBQMX
>m;2 /2pB�iBQMb BM i?2 T�`�K2i2` bT�+2 H2�/ iQ #B;;2` mM+2`i�BMiB2bX Ai +QmH/ #2
b22M �b 2[mBp�H2Mi iQ i`�BMBM; 8y M2irQ`Fb �i i?2 b�K2 iBK2 �M/ +QKT�`BM; i?2
QmiTmiX

Rj



9X h2biBM; i?2 "ALL QM G>* 1p2Mib
9XRX "�b2HBM2
h?Bb +?�Ti2` Bb �#Qmi ;2M2`�iBM; 2p2Mib Q7 � `2�HBbiB+ /�i� b2i �b /2b+`B#2/ BM +?�Ti2`
kX lbBM; "ALLb BMpQHp2b � HQi Q7 }M2 imMBM; `2;�`/BM; i?2 ?vT2`T�`�K2i2`bX h?2
"ALL Bb � HQi KQ`2 `2�+iBp2 iQ +?�M;2b BM i?2 ?vT2`T�`�K2i2`b +QKT�`2/ iQ i?2
ALLX �Hi?Qm;? A rBHH MQi /Bb+mbb 2p2`v ?vT2`T�`�K2i2`- � b?Q`i Qp2`pB2r Q7 i?2
?vT2`T�`�K2i2`b mb2/ 7Q` i?2 #�b2HBM2 Bb b?QrM BM i�#H2 RX h?2b2 �`2 i?2 T�`�K2i2`b
7Q` i?2 KmHiBD2i /�i� b2i �b Bi r�b i?2 K�BM 7Q+mb Q7 i?Bb i?2bBbX h?2 ?vT2`T�`�K2i2`b
7Q` i?2 wY KmHiBD2i /�i� b2i `2K�BM i?2 b�K2 2t+2Ti 7Q` i?2 MmK#2` Q7 i`�BM�#H2
T�`�K2i2`bX

>vT2`T�`�K2i2` o�Hm2
H2�`MBM; `�i2 k2 @8
QTiBKBx2` �.�J (k9)
#BM MmK#2` k9y
MmK#2` Q7 #HQ+Fb ky
BMi2`M�H bBx2 ke8
H�v2`b T2` #HQ+F e
H2�`MBM; `�i2 b+?2/mH2` QM2 +v+H2 (jy)
+QmTHBM; #HQ+F +m#B+(ke)
#�i+? bBx2 Ryk9
MmK#2` Q7 i`�BM�#H2 T�`�K2i2`b jy JBHHBQM

h�#X R, >vT2`T�`�K2i2`b 7Q` i?2 "ALL

GBF2 i?2 ALL i?2 "ALL ?�b MQ /B{+mHiB2b H2�`MBM; i?2 pT /Bbi`B#miBQMb 3 �M/ �HbQ
i?2 ⌘ /Bbi`B#miBQMb HQQF `2�bQM�#H2X "2+�mb2 i?2 "ALL KQ/2Hb i?2 /Bbi`B#miBQM bQ
2z2+iBp2Hv- i?2 mM+2`i�BMiB2b �`2 `�i?2` bK�HHX GQQFBM; �i i?2 4th `Qr 2�+? THQib BM
6B;m`2 \\ r2 +�M Q#b2`p2 i?�i i?2 `2H�iBp2 2``Q` Bb `�i?2` bK�HHX h?2 `2H�iBp2 2``Q`
Bb bK�HH 7Q` #BMb rBi? � H�`;2 MmK#2` Q7 2p2Mib- HBF2 BM i?2 #mHF Q7 i?2 pT Q` i?2 T2�F
BM i?2 ⌘ /Bbi`B#miBQMbX h?2 `2H�iBp2 2``Q` BM+`2�b2b- �b QM2 KQp2b iQ �`2�b r?2`2
i?2 bi�iBbiB+ #2+QK2b `�i?2` HQr HBF2 BM i?2 i�BHb Q7 i?2 /Bbi`B#miBQMbX h?2 /�i� b2i
~m+im�i2b KQ`2 BM i?2b2 `2;BQMb �M/ i?2`27Q`2 i?2 ;2M2`�i2/ 2p2Mib ~m+im�i2 KQ`2X
h?2 "ALL /Q2b 2t�+iHv r?�i Bi b?QmH/ /Q- BM+`2�bBM; i?2 mM+2`i�BMiB2bX >Qr2p2`-
i?2 "ALL ?�b /B{+mHiB2b BM Qi?2` /Bbi`B#miBQMb bm+? �b i?2 ��i,j, i, j 2&R-k-j' i 6= j

NX h?2 M2irQ`F ?�b i`Qm#H2 H2�`MBM; i?2 bK�HH2` T2�Fb �M/ Dmbi ~�ii2Mb i?2 +m`p2X
h?Bb +QmH/ MQi #2 BKT`Qp2/ 7m`i?2` rBi? ?vT2`T�`�K2i2` imMBM;X GQQFBM; �i i?2
`2H�iBp2 2``Q`b- i?2v /Q MQi b22K iQ #2 �z2+i2/ #v i?2 7�BHm`2 Q7 i?2 M2irQ`FX h?2
2``Q` /Q2b MQi BM+`2�b2- 2p2M i?Qm;? i?2 T2`7Q`K�M+2 H�+Fb BM KmHiBTH2 �`2�bX h?Bb
+QmH/ �HbQ #2 Q#b2`p2/ BM i?2 �⌘i,j /Bbi`B#miBQMbX h?2 M2irQ`F ?�b i`Qm#H2 H2�`MBM;
i?2 /BT BM i?2 KB//H2- #mi Bb bm`2 i?�i i?2 T�`�K2i2`b �`2 `B;?i- H2�/BM; iQ bK�HH
`2H�iBp2 mM+2`i�BMiB2bX q?B+? r�b i?2 2tT2+i2/ #2?�pBQm` bBM+2 i?2 KQ/2H Bb MQi
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6B;X 3, "ALL "�b2HBM2 7Q` j D2i 2p2MibX hQT `Qr b?Qrb i?2 >BbiQ;`�KK- +QKT�`BM; i?2
"ALL- i?2 i`m2 /�i� �M/ i?2 i2bi .�i�X "2HQr Bb i?2 `�iBQ #2ir22M i?2 i`m2 /�i� �M/
i?2 /�i� ;2M2`�i2/ #v i?2 "ALLX h?2 2``Q`#�`b 7Q` i?2 i`m2 /�i� �`2 ;Bp2M #v i?2
b[m�`2`QQi Q7 i?2 LmK#2` Q7 2p2Mib T2` #BMX h?2 7Qm`i? `Qr b?Qrb i?2 `2H�iBp2 2``Q`
�M/ i?2 H�bi `Qr � MQ`K2/ /2pB�iBQM #2ir22M i?2 i`m2 �M/ KQ/2H /Bbi`B#miBQM

�#H2 iQ H2�`M i?2b2 Q#b2`p�#H2b +Q``2+iHv BM i?2 }`bi TH�+2 mbBM; �M ALLX
GQQFBM; �i i?2 +Q``2H�iBQMb #2ir22M irQ Q#b2`p�#H2b b?Qrb i?�i i?2 "ALL ?�b � HQi
Q7 `QQK 7Q` BKT`Qp2K2Mi U6B;m`2 RyVX 1bT2+B�HHv i?2 iQTQHQ;B+�H T`Q#H2Kb HBF2 i?2
Ǵ?QH2Ǵ HBF2 /Bbi`B#miBQMb ?B;?HB;?i i?2 r2�FM2bb2b Q7 i?2 "ALLX aBM+2 i?2 7Q+mb Bb
QM i?2 T`QT2`iB2b Q7 i?2 mM+2`i�BMiB2b- r2 /2+H�`2/ i?2 #�b2HBM2 �b ;QQ/ 2MQm;? iQ
bim/v i?2 mM+2`i�BMiv [m�MiBiB2b 7m`i?2`X qQ`FBM; rBi? i?Bb /�i� b2i �HHQr2/ iQ ;2i
�M mM/2`bi�M/BM; Q7 i?2 ?vT2`T�`�K2i2`bX

aBKBH�` T`Q#H2Kb Q++m` BM i?2 b2+QM/ /�i�b2iX .m2 iQ Bi +QMbBbiBM; Q7 Q7 i?`22
/Bz2`2Mi ivT2b Q7 2p2Mib- i?2 �//BiBQM�H +?�HH2M;2 iQ /BbiBM;mBb? i?2 /Bz2`2Mi D2ib
�//b iQ i?2 /B{+mHiv �M/ +QKTH2tBiv Q7 i?2 KQ/2HX h?2 M2irQ`F �`+?Bi2+im`2 Bb
bHB;?iHv /Bz2`2Mi bBM+2 QM2 M2irQ`F Bb i`�BM2/ iQ ;2M2`�i2 µ1- µ2- j1 �M/ Bb ;Bp2M
i?2 MmK#2` Q7 D2ib �b � +QM/BiBQMX 6Q` 2�+? �//BiBQM�H D2i- �MQi?2` M2irQ`F Bb
i`�BM2/X Ai Bb +QM/BiBQM2/ QM i?2 i`�BMBM; Q#b2`p�#H2b Q7 i?2 T`2pBQmb M2irQ`Fb �M/
i?2 MmK#2` Q7 D2ibX 1bb2MiB�HHv Bi +QmH/ #2 b22M �b i`�BMBM; j M2irQ`Fb �i QM+2-
QM2 7Q` 2�+? TQbbB#H2 MmK#2` Q7 }M�H bi�i2 T�`iB+H2bX h?2 M2irQ`F H2�`Mb i?2 pT

/Bbi`B#miBQMb b?QrM BM 6B;m`2 RR p2`v r2HHX :QBM; iQ KQ`2 /B{+mHi /Bbi`B#miBQMb HBF2
i?2 ��i,j b?QrM BM 6B;m`2 Rk b?Qrb- i?�i i?2 M2irQ`F ?�b �;�BM /B{+mHiB2b ;2iiBM;
i?2 .Bbi`B#miBQMb `B;?iX 6B;m`2 Rk b?Qrb i?2 2z2+i Q7 HQr ;2M2`�i2/ bi�iBbiB+b r2HHX
q?2M i?2 2p2Mib �`2 ;2M2`�i2/- i?2 `�iBQ #2ir22M i?2 /Bz2`2Mi MmK#2` Q7 2p2Mib
7Q` 2�+? MmK#2` Q7 }M�H bi�i2 T�`iB+H2 b?QmH/ #2 2[mBp�H2Mi iQ i?2 `�iBQ ;Bp2M #v i?2
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6B;X N, "ALL "�b2HBM2 7Q` j D2ib QM2 /BK2MbBQM�H Q#b2`p�#H2b
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i?2 M2irQ`F ?�b 2MQm;? /�i�TQBMib iQ QmiHBM2 i?2 +Q``2+i /2MbBiv- i?2 2``Q`b BM+`2�b2
�b i?2v MQr ?�p2 � K2�MBM;X h?2M rBi? � BM+`2�b2 Q7 /�i� TQBMib- i?2 M2irQ`Fb
T2`7Q`K�M+2 BKT`Qp2b �M/ i?2 mM+2`i�BMiB2b /2+`2�b2 7m`i?2`X AM i?2 HBKBi Q7 �
2M/H2bb i`�BMBM; /m`�iBQM �M/ � K�bbBp2 /�i� b2i i?2 mM+2`i�BMiB2b b?QmH/ b?QmH/
`2bmHi BM � KBMBKBx2/ bi�iBbiB+�H mM+2`i�BMivX

kk



8X9X 1z2+i Q7 i?2 ;2M2`�i2/ bi�iBbiB+
:2iiBM; mM+2`i�BMiB2b #2vQM/ i?2 bi�iBbiB+�H 2``Q` Bb i?2 `2�bQM iQ BMi`Q/m+2 "ALL
BM i?2 }`bi TH�+2X SHQiiBM; i?2 K2�M p�Hm2 �;�BMbi i?2 mM+2`i�BMiv /BbTH�vb i?2
b+�H2 Q7 i?2 mM+2`i�BMivX A7 r2 r2`2 QMHv /2�HBM; rBi? bi�iBbiB+�H mM+2`i�BMiB2b 7`QK
#BMMBM;

� =
p
(µ) U8XRdV

2p2`v /�i� TQBMi rQmH/ #2 7QmM/ QM i?Bb +m`p2- �b b22M BM 6B;m`2 Ry `2T`2b2MiBM; i?2
#H�+F HBM2X 6Q` � #2ii2` pBbm�HBx�iBQM � /Qm#H2 HQ;�`Bi?KB+ b+�H2 r�b +?Qb2MX h?2
TQBMib �`2 +H2�`Hv �#Qp2 i?2 #H�+F HBM2 `2T`2b2MiBM; 2[m�iBQM 8XRdX AM �M �ii2KTi iQ
[m�MiB7v i?2 mM+2`i�BMiB2b- � TQr2` H�r }i r�b +?Qb2MX "mi �b i?2 K�DQ`Biv Q7 i?2
TQBMib �`2 MQi r2HH `2T`2b2Mi2/ #v i?2 }i- i?Bb T`QTQbBiBQM +�M #2 /Bb`2;�`/2/X h?2

6B;X Rd, 1z2+i Q7 i?2 MmK#2` Q7 ;2M2`�i2/ mM+2`i�BMiB2b QM i?2 mM+2`i�BMiB2bX H27i +QHmKM
RyF ;2M2`�i2/ 2p2Mib- KB//H2 +QHmKM RyyF- `B;?i +QHmKM R KBHHBQM

K2�M p�Hm2 Q7 2p2Mib T2` #BM �HbQ BM~m2M+2b i?2 mM+2`i�BMiB2bX :2M2`�iBM; RyF- RyyF
Q` R KBHHBQM 2p2Mib ?�b � bB;MB}+�Mi BM~m2M+2 QM i?2 mM+2`i�BMiB2bX ai�`iBM; �i RyF
;2M2`�i2/ 2p2Mib- KQbi Q7 i?2 mM+2`i�BMiB2b #2?�p2 HBF2 i?2 bi�iBbiB+�H SQBbbQM 2``Q`X
JQpBM; iQ ?B;?2` p�Hm2b Q7 ;2M2`�i2/ 2p2Mib b?Qrb i?�i i?2 mM+2`i�BMiB2b �`2 MQi
r2HH KQ/2H2/ #v i?2 SQBbbQM 2``Q` �M/ Kmbi ?�p2 �M �//BiBQM�H +QMi`B#miBQMX h?2
2``Q` BM+`2�b2b rBi? BM+`2�bBM; ;2M2`�i2/ bi�iBbiB+- bm;;2biBM; i?2`2 ?�b iQ #2 bQK2

kj



bQ`i Q7 +Q``2H�iBQM #2ir22M i?2 mM+2`i�BMiB2b ;Bp2M #v i?2 "ALL �M/ i?2 MmK#2` Q7
2p2Mib T2` #BM �b 2tT2+i2/ BM *?�Ti2` 8XRX

k9



eX avbi2K�iB+ lM+2`i�BMiB2b
h?2 K�BM ;Q�H Q7 bBKmH�iBQMb Bb iQ b?Qr i?2 �;`22K2Mi Q7 i?2Q`v �M/ M�im`2X :Q@
BM; #�+F iQ +?�Ti2` k- H2i mb �bbmK2 r2 r�Mi iQ T`Qp2 Q` /BbT`Qp2 i?2 2tT�MbBQM
i2`Kb i?�i r2 +�H+mH�i2/ 7Q` i?2 a K�i`Bt 2H2K2MibX P7 +Qm`b2- i?2 +QMi`B#miBQMb
�`2 QMHv `2H2p�Mi 7Q` ?B;? 2M2`;v T?vbB+b- HBF2 i?2 +`2�iBQM Q` /2+�v Q7 i?2 >B;;b
#QbQMX >Qr2p2`- i?Bb Bb Dmbi � b2KB `2�HBbiB+ iQv KQ/2H 2t�;;2`�iBM; i?2 i?2Q`v- �M/
+?QQbBM; �`#Bi`�`v T�`�K2i2`b �HQM; i?2 r�vX PMHv i?2 ;2M2`�H B/2� Bb KQiBp�i2/
#v `2�H �bbmKTiBQMb �M/ T`2/B+iBQMb ;Bp2M #v aJ16hX

JQiBp�i2/ #v 16h H2i mb �bbmK2 r2 ?�p2 � M2r i?2Q`v rBi? bQK2 FBM/ Q7 �/@
/BiBQM�H i2`K BM i?2 pT /Bbi`B#miBQMb 7Q` ?B;? 2M2`;B2bX pT old Bb i?2 /Bbi`B#miBQM MQr
FMQrMX h?2 M2r i?2Q`v T`QTQb2b pT = pT old + f(pT ) rBi? 7 #2BM; bQK2 bQ`i Q7
i`�Mb7Q`K�iBQMX AM i?2 7QHHQrBM; +?�Ti2` r2 r�Mi iQ i`2�i i?Bb �//BiBQM�H i2`K �b
� bvbi2K�iB+ mM+2`i�BMiv �M/ #mBH/ � iQQH iQ i`�BM � KQ/2H +QM/BiBQM�HHv QM i?2
7mM+iBQMX

q2B;?i2/ 1p2Mib
h?2 }`bi bi2T Bb iQ ;Q 7`QK mMr2B;?i2/ 2p2Mib iQ r2B;?i2/ 2p2Mib (jR)X 1p2`v 2p2Mi
?�b � ;Bp2M r2B;?i MQr �M/ 7Q` i?2 mM�Hi2`2/ /Bbi`B#miBQM b2i iQ QM2X h?Bb H2�/b iQ
�M �//BiBQM�H i2`K BM i?2 HQbb 7mM+iBQMX

L =
BX

i=1

ŵi · (
zi

2

2
� Ji) UeXRV

>2`2 zi �`2 i?2 H�i2Mi bT�+2 p2+iQ`b- Ji �`2 i?2 +Q``2bTQM/BM; HQ;�`Bi?Kb Q7 i?2
D�+Q#B�M /2i2`KBM�Mi �M/ " Bb i?2 #�i+? bBx2X h?2 r2B;?ib ŵi �`2 MQ`K2/,

ŵi = wi · (
BX

i=1

wi)
�1 · B UeXkV

q2 �bbmK2 i?�i i?2 r2B;?ib wi +�M p�`v rBi? log(pT ) 7Q` 2t�KTH2 Q7 i?2 }`bi D2iX
h?2 r2B;?ib �`2 i?2M,

w = 1 + a · log(pT , j1) UeXjV
h?2 p�`B�iBQM Bb ;Bp2M #v i?2 T�`�K2i2` �X A7 � rQmH/ #2 FMQrM 2t�+iHv r2 +QmH/
bBKTHv `2r2B;?i Qm` /Bbi`B#miBQM �M/ i?2`2 rQmH/ #2 MQ +QMi`B#miBQM iQ i?2 2``Q`
;Bp2M #v i?2 "ALLX h?2`27Q`2- r2 �bbmK2 i?�i � Bb mMFMQrM iQ bQK2 /2;`22X q2
b�KTH2 � 7`QK � MQ`K�H /Bbi`B#miBQM Q7 �M �`#Bi`�`v bi�M/�`/ /2pB�iBQM � �M/ i?2
K2�M p�Hm2 µ = aX

eXRX AKT`Qp2K2Mib i?`Qm;? J�MBTmH�i2/ q2B;?ib
AM i?2 #2;BMMBM; Q7 i?2 i`�BMBM; �- �M/ i?2`27Q`2 i?2 r2B;?ib- r2`2 +QKTmi2/ �M/
mb2/ �b i`�BM r2B;?ibX hQ ;2i �M BM+`2�b2 BM i?2 mM+2`i�BMiv- i?2 r2B;?ib r2`2

k8



+QKTmi2/ �M/ �;�BM /`�rM 7`QK Q7 � MQ`K�H /Bbi`B#miBQMX

w ⇠ N (µw, �w) UeX9V

µ = 1 + a · log(pT ) UeX8V
LQi2 i?�i i?Bb r�b MQi M2+2bb�`v �i �HH �M/ KQ`2 Q7 � #m; #mi Bi H2�/ iQ � ?�TTv
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6B;X R3, hQT, lMr2B;?i2/ /Bbi`B#miBQM 7Q` ��2,3 "QiiQK `Qr, BM+`2�bBM; i?2 T2`7Q`K�M+2
pB� BMi`Q/m+BM; MQBb2 QM r2B;?ib 7Q` i?2 i?`22 D2i /�i�b2iX G27i �4yXykc `B;?i �4R

�++B/2MiX JQbi Q7 i?2 MQBb2 �p2`�;2b #2+�mb2 Q7 i?2 ?B;? bi�iBbiB+X h?2`27Q`2- i?2
mM+2`i�BMiB2b BM i?2 i�BHb Q7 i?2 pT /Bbi`B#miBQMb /Q MQi +?�M;2 �i �HHX lM2tT2+i2/Hv-
r2 Q#b2`p2/ bQK2i?BM; BMi2`2biBM;X �b b?QrM BM +?�Ti2` 9 i?2 "ALL ?�b i`Qm@
#H2 H2�`MBM; i?2 ��2,3 /Bbi`B#miBQM- �b Bi ~�ii2Mb i?2 T2�FbX A7 r2 BMi`Q/m+2/ i?2
MQBb2 /2b+`B#2/ BM 2[m�iBQM eX8 i?2 "ALL T2`7Q`K�M+2 BM ��2,3 BM+`2�b2/ bB;MB}@
+�MiHv rBi?Qmi /2bi`QvBM; i?2 Qi?2` Q#b2`p�#H2bXh?2 M2irQ`F b22Kb iQ H2�`M 2p2M
i?2 Ǵ?QH2bǴ BM i?2 +Q``2H�iBQMb U6B;m`2 RNVX 6Q`K2` `2b2�`+? BM BK�;2 T`Q+2bbBM; ?�b

ke
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6B;X RN, iQT `Qr b?QrBM; i?2 "�b2HBM2 +Q``2H�iBQMb �M/ i?2 #QiiQK `Qr i?2 +Q``2H�iBQMb �7i2`
BMi`Q/m+BM; MQBb2 QM i?2 r2B;?ib

b?QrM i?�i ALLb T`Q}i 7`QK MQBb2 Q7 i?2 BMTmi /�i�X >Qr2p2` i?Bb BKT`Qp2K2Mi
+QmH/ QMHv #2 Q#b2`p2/ BM i?Bb bT2+B}+ /�i� b2iX h`vBM; i?2 b�K2 b2imT BM i?2 w THmb
KmHiBD2i /�i� b2i b?Qr2/ MQ BKT`Qp2K2Mi �i �HHX LQiBM; i?�i i?Bb KB;?i #2 #2+�mb2
i?2 ��2,3 �`2 MQi H2�`M2/ r2HH �i �HH rBi?Qmi i?2 r2B;?ib U6B;m`2 RkX h?2`27Q`2-i?Bb
K�MBTmH�iBQM b?QmH/ #2 `2T2�i2/ QM+2 i?2 /�i� b2i Bb QTiBKBx2/X �MQi?2` `2�bQM
r?v r2 +QmH/MǶi Q#b2`p2 �M 2z2+i BM i?2 w Y KmHBiD2i .�i�b2i KB;?i #2 #2+�mb2 Q7
i?2 M2irQ`F /Bz2`2Mi �`+?Bi2+im`2X �b i?2 L2irQ`F +QMbBbib Q7 j bK�HH2` M2irQ`Fb-
QM2 7Q` 2�+? �//BiBQM�H D2iX Ai rQmH/ #2 BMi2`2biBM; iQ i`v i?2 b�K2 b2imT QM �
/Bz2`2Mi /�i�b2i- Q7 bBKBH�` +QKTH2tBiv- mbBM; i?2 b�K2 �`+?Bi2+im`2 �b 7Q` i?2 j D2i
/�i�b2iX .m2 iQ iBK2 HBKBi�iBQMb i?Bb `2K�BMb �M QT2M [m2biBQM QM ?Qr MQBb2 +�M
BKT`Qp2 i?2 M2irQ`F T2`7QK�M+2X AM ;2M2`�H Bi b?Qr2/ i?�i � bT2+B}+ K�MBTmH�iBQM
Q7 i?2 r2B;?ib +�M H2�/ iQ �M BM+`2�b2 BM i?2 T2`7Q`K�M+2X AMbi2�/ Q7 Dmbi � `�M@
/QK K�MBTmH�iBQM pB� BMi`Q/m+BM; MQBb2 i?2 T2`7Q`K�M+2 +�M #2 BM+`2�b2/ i?`Qm;?
+QM+`2i2 K�MBTmH�iBQM- Tmb?BM; i?2 r2B;?ib BM � /BbiBM+i /B`2+iBQM �b T`QTQb2/ #v
h?2Q >2BK2H (jk)X

eXkX AMi`Q/m+BM; avbi2K�iB+ lM+2`i�BMiB2b i?`Qm;? �
*QM/BiBQM�H "ALL

AM i?2 M2ti T�`i r2 r�Mi iQ +QMbi`m+i � iQQH iQ �HHQr 7Q` � p�`B�iBQM BM i?2 pT i�BHb
�7i2` i?2 i`�BMBM; Bb +QKTH2i2/X lbBM; � +QM/BiBQM�H M2m`�H M2irQ`F (jj) �HHQrb mb
iQ i`�BM /Bz2`2Mi /Bbi`B#miBQMb �i QM+2X �b �M BMTmi r2 /Q MQi QMHv ;Bp2 i?2 ALL
i?2 H�i2Mi bT�+2 p�`B�#H2b- #mi �HbQ �M 2ti2`M�H T�`�K2i2` X h?2 b2i mT Bb BHHmbi`�i2/
BM 6B;m`2 R9X 6Q` i?Bb T`Q+2bb r2 KQp2/ QM iQ i?2 b2+QM/ /�i� b2i +QMbBbiBM; Q7 �
/2+�vBM; w #QbQM �M/ � p�`B�#H2 D2i MmK#2`X h?2 r2B;?ib /Bz2` #v

w = 1 + a · f(pT ) UeXeV

kd



z

"!"

"
x

condition input: %

Latent space Phase spaceinvertible neural network

6B;X ky, *QM/BiBQM�H L2m`�H L2irQ`F

r?2`2 f Bb � KQ`2 Q` H2bb �`#Bi`�`v 7mM+iBQM KQiBp�i2/ #v 16h �M/ a � MmBb�M+2
T�`�K2i2` �M/ i?2 +QM/BiBQM BMTmiX .m`BM; i`�BMBM; r2 H2�`M /Bz2`2Mi /Bbi`B#miBQMb
#v p�`vBM; aX AM i?2 }`bi �TT`Q�+? r2 /`2r a 7`QK � mMB7Q`K /Bbi`B#miBQMX h?Bb
r�b mMbm++2bb7mH- bBM+2 i?2 ALL +QmH/ MQi /BbiBM;mBb? #2ir22M i?2 /Bz2`2Mi +m`p2b
T�`�K2i2`Bx2/ #v aX hQ K�F2 � /`�biB+ +?�M;2 a r�b +?Qb2M iQ #2 2Bi?2` R Q` yX
h?2 M2irQ`F ?�/ iQ H2�`M irQ /Bbi`B#miBQMbX h?2 Q`B;BM�H QM2 r?2`2 i?2 r2B;?ib �`2
Dmbi QM2 �M/ i?2 Qi?2`- r2`2 i?2 r2B;?ib �`2 ;Bp2M #v w = 1 + f(pT )X q?2M i?2
2p2Mib r2`2 ;2M2`�i2/ r2 /`2r � 7`QK � MQ`K�H /Bbi`B#miBQM Q7 K2�M p�Hm2 µ 2Bi?2`
#2BM; y Q` R 7Q` 2�+? ?BbiQ;`�KX h?Bb ;Bp2b mb bHB;?iHv /Bz2`2Mi Qmi+QK2 7Q` 2�+?
?BbiQ;`�K �M/ �//BM; � bvbi2K�iB+ 2``Q` iQ i?2 mM+2`i�BMivX .m`BM; i`�BMBM;- bQK2
7mM+iBQM�H Q7 f ?�b iQ #2 +?Qb2MX h?2 ;Q�H Bb iQ F22T i?2 #mHF Q7 i?2 pT mMp�`B2/
�M/ QMHv +?�M;2 i?2 r2B;?ib BM i?2 pT i�BHbX JQiBp�i2/ #v 16h- 2Bi?2` � i2`K rBi?
i?2 HQ;�`Bi?K Q7 pT Q` rBi? � [m�/`�iB+ 2tT�MbBQMX GQQFBM; 7Q` � 7mM+iBQM i?�i Bb
�TT`QtBK�i2Hv x2`Q 7Q` HQr p�Hm2b Q7 pT �M/ BM+`2�b2b r?2M ;QBM; iQ ?B;?2` p�Hm2b
Q7 pT X �//BiBQM�HHv- r2 r�Mi i?2 7mM+iBQM 7 iQ #2 +QMiBMmQmbX E22TBM; BM KBM/-
2p2M i?Qm;? 16h Bb i?2 KQiBp�iBQM #2?BM/ i?Bb iQQH- Bi Bb biBHH � iQv 2t�KTH2 rBi?
�`#Bi`�`v 7mM+iBQMb �M/ �`#Bi`�`v p�Hm2bX h?2 #2bi ;m2bb Bb � [m�/`�iB+ 7mM+iBQMX

f = 0.0003 · (pT � 15)2 UeXdV

6Q` +QKT�`BbQM A �HbQ i`B2/ � 7mM+iBQM r?B+? Bb

f(x) =

⇢
pT pT  73.9
log(pT ) pT � 73.9

UeX3V

h?2 +QKT�`BbQM #2ir22M 2[m�iBQM eX3 �M/ 2[m�iBQM eXd Bb b?QrM BM 6B;m`2 kRX
1[m�iBQM eX3 BM+`2�b2b 7�bi2` i?�M 2[m�iBQM eXdX >Qr2p2` eX3 Bb MQi T?vbB+�H bBM+2
Bi Bb MQi /Bz2`2MiB�#H2 �i pT = 15X P7 +Qm`b2- r2 +QmH/ KQ/2H � KQ`2 +QKTH2t
7mM+iBQM r?2`2 i?2 r2B;?ib BM i?2 #mHF `2K�BM QM2 �M/ BM+`2�b2 BM i?2 i�BHb Q7 i?2

k3



6B;X kR, *QKT�`BbQM Q7 /Bz2`2Mi r2B;?i /Bbi`B#miBQMb

pT X >Qr2p2` r2 r�Mi iQ bi�v b2KB `2�HBbiB+ iQ 16h T`2/B+iBQMbX h?2 `2bmHib 7Q` i?2
+QM/BiBQM�H "ALL �`2 b?QrM BM 6B;m`2 kkX h?2 "ALL Bb i`�BM2/ QM+2 T2` 7mM+iBQM
�M/ i?2M 2p�Hm�i2/ k iBK2b- QM+2 7Q` a = 0 �M/ QM+2 7Q` a = 1X

q?2M i?2 2p2Mib r2`2 T`2/B+i2/- a r�b /`�rM 7`QK � MQ`K�H /Bbi`B#miBQMX �b
7Q` i?2 T�`�K2i2` r2B;?ib ✓ 2�+? b�KTHBM; H2�/b iQ � bHB;?iHv /Bz2`2Mi Qmi+QK2-
BM+`2�bBM; i?2 bi�M/�`/ /2pB�iBQMX AM 6B;m`2 kj b?Qrb i?2 +QKT�`BbQM #2ir22M i?2
`2H�iBp2 mM+2`i�BMiv +QKT�`BM; � i`�BMBM; rBi?Qmi � +QM/BiBQMBM; �M/ k i`�BMBM;b
mbBM; /Bz2`2Mi +QM/BiBQMBM;X q?BH2 i?2 2p2Mib r2`2 T`2/B+i2/- � r�b +?Qb2M iQ
#2 yX h?2 Qmi+QK2 b?QmH/ #2 i?2 MQ`K�H mMr2B;?i2/ /Bbi`B#miBQMX a?QrBM; i?�i
i?2 +QM/BiBQM�H i?2Q`v mM+2`i�BMiv H2�/b iQ � +QMi`B#miBQM iQ i?2 mM+2`i�BMiv ;Bp2M
#v i?2 "ALLX h?Bb Bb MQr � bm++2bb7mH iQQH iQ �Hi2` i?2 mM+2`i�BMiB2b �M/ �// �
bvbi2K�iB+ mM+2`i�BMivX �//BiBQM�HHv r2 #mBHi � K2+?�MBbK i?�i �HHQr2/ mb iQ i2bi
/Bz2`2Mi MmBb�M+2 T�`�K2i2`b 7Q` � M2r i?2Q`vX

kN
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6B;X kk, *QKT�`BbQM #2ir22M T`2/B+iBQMb 7Q` /Bz2`2Mi p�Hm2b Q7 �X H27i, �4yc `B;?i, �4R c
iQT w = 1 + a · log(pT ) - #QiiQK w = 1 + a · 0.0003 log(pT )

6B;X kj, *QKT�`BbQM Q7 `2H�iBp2 mM+2`i�BMiB2b #2ir22M � +QM/BiBQM�H "ALL �M/ i?2 bi�M/�`/
"ALL

jy



dX *QM+HmbBQM
h?Bb i?2bBb BMi`Q/m+2/ � b2imT iQ ;2M2`�i2 mM+2`i�BMiB2b 7Q` 2p2Mi ;2M2`�iBQM pB�
BMp2`iB#H2 M2m`�H M2irQ`FbX �M �ii2KTi �i /2KvbiB7vBM; i?2 mM+2`i�BMiB2b pB� [m�M@
iB7vBM; i?2 2``Q`b r�b K�/2X h?2 KQbi BKTQ`i�Mi TQBMib r2`2,

Ç h?2 mM+2`i�BMiB2b +�M #2 K�MBTmH�i2/ #v i?2 bBx2 Q7 i?2 i`�BMBM; /�i� b2i �M/
i?2 H2M;i? Q7 i?2 i`�BMBM;X

Ç h?2 mM+2`i�BMiB2b �`2 +Q``2H�i2/ rBi? i?2 MmK#2` Q7 ;2M2`�i2/ 2p2MibX

Ç h?2 mM+2`i�BMiB2b +�M #2 bTHBi BMiQ � bi�iBbiB+�H SQBbbQM 2``Q` �stoch �M/ �
b2+QM/ T�`i �predX q2 ?�p2 v2i iQ }M/ � r�v iQ +�H+mH�i2 �pred Qi?2` i?�M
pB� i�FBM; i?2 [m�/`�iB+ /Bz2`2M+2X h?Bb rQmH/ #2 ;`2�i iQ p2`B7v Qm` i?2Q`v-
?Qr2p2` Bi `2K�BMb /B{+mHiX

Ç h?2 bi�iBbiB+�H 2``Q` Bb MQi +Q``2H�i2/ rBi? i?2 H2M;i? Q7 i?2 i`�BMBM; /�i� b2i-
?Qr2p2` �pred �M/ �tot /2+`2�b2 rBi? �M BM+`2�bBM; MmK#2` Q7 i`�BMBM; 2p2MibX

Ç h?2 T2`7Q`K�M+2 Q7 i?2 "ALL +�M #2 2M?�M+2/ #v i`�BMBM; QM r2B;?i2/ 2p2Mib
�M/ � K�MBTmH�iBQM Q7 i?2 r2B;?ibX h?Bb Bb KQ`2 Q7 � i`B�H �M/ 2``Q` T`Q+2/m`2
�++Q`/BM; iQ i?2 bT2+B}+ .�i� b2iX AMi`Q/m+BM; MQBb2 iQ i?2 r2B;?ib rQ`F2/
;`2�i 7Q` � i?`22 D2i /�i� b2i- #mi /B/ MQi?BM; 7Q` i?2 wY KmHiBD2i /�i� b2iX
h2biBM; i?2 b�K2 b2imT QM � /Bz2`2Mi �`+?Bi2+im`2 rQmH/ #2 BMi2`2biBM; T`QD2+iX

Ç G�biHv- r2 #mBH/ � iQQH iQ �HHQr 7Q` � i?2Q`v mM+2`i�BMivX �HHQrBM; mb iQ
i2bi /Bz2`2Mi 16h i?2Q`B2b- �M/ �//BM; � bvbi2K�iB+ 2``Q` +QMi`B#miBQM iQ i?2
mM+2`i�BMiB2bX

"�v2bB�M M2m`�H M2irQ`Fb rBHH #2+QK2 QM2 Q7 i?2 KQbi BKTQ`i�Mi iQQHb BM G>*
/�i� �M�HvbBb BM i?2 7mim`2X AM+`2�bBM; i?2 Qp2`�HH T2`7Q`K�M+2 pB� BMi`Q/m+BM; �
/Bb+`BKBM�iQ`(j9) Q` �M �//BiBQM�H JJ.(j8) HQbb +QmH/ #mBH/ � TQr2`7mH �M�HvbBb
iQQHX S`Q;`2bbBM; BMiQ � T`2+BbBQM M2irQ`F rBi? 2tT`2bbBp2 mM+2`i�BMiB2b rBHH DmbiB7v
mbBM; K�+?BM2 H2�`MBM; 7Q` /�i� �M�HvbBb �M/ +QMpBM+2 b+2TiB+b Q7 i?2 b22KBM;Hv
2M/H2bb TQbbB#BHBiB2bX

:�BMBM; KQ`2 +QMi`QH Qp2` i?2 mM+2`i�BMiB2b rQmH/ #2 � ;`2�i r�v iQ ?�p2 bQK2
bQ`i Q7 722/#�+F B7 i?2 M2irQ`F Bb H2�`MBM; i?2 `B;?i /2MbBiB2bX 6Q` 7mim`2 T`QD2+ib Bi
rQmH/ #2 mb27mH- B7 i?2 mM+2`i�BMiB2b rQmH/ BM+`2�b2 r?2M i?2 KQ/2H Bb Qz 7`QK i?2
i�`;2i /2MbBiv- 7Q` 2t�KTH2 BM i?2 ��i,j /Bbi`B#miBQMbX >�pBM; � iQQH iQ +QMi`QH i?2
mM+2`i�BMiB2b #QmM/ iQ i?2 T2`7Q`K�M+2 rQmH/ #2 p2`v ?2HT7mHX lM7Q`imM�i2Hv- �b
Q7 iQ/�v i?Bb Bb MQi v2i TQbbB#H2X

hQ Tmi 2p2`vi?BM; BM � Mmib?2HH- "�v2bB�M ALLb �`2 �MQi?2` mb27mH i`B+F /�i� �M�Hvbib
+�M �// iQ i?2B` iQQH#Qt iQ BKT`Qp2 i?2 }M�H �M�HvbBb �M/ DmbiB7v M2r i?2Q`B2bX

jR



3X _272`2M+2b
RCX �Hr�HH 2i �HX- ǳh?2 �miQK�i2/ +QKTmi�iBQM Q7 i`22@H2p2H �M/ M2ti@iQ@H2�/BM;
Q`/2` /Bz2`2MiB�H +`Qbb b2+iBQMb- �M/ i?2B` K�i+?BM; iQ T�`iQM b?Qr2` bBKmH�iBQMbǴ-
C>1S yd- ydN UkyR9VX

k1X "Qi?K�MM 2i �HX- ǳ1p2Mi :2M2`�iBQM rBi? a?2`T� kXkǴ- a+BSQbi S?vbX d- yj9
UkyRNVX

jPX EM�TT- :X .Bbb2`iQ`B- PX *2``B- hX ZX L;mv2M- CX@_X oHBK�Mi- �M/ JX SB2`BMB-
ǳ�/p2`b�`B�HHv G2�`M2/ �MQK�Hv .2i2+iBQM QM *Ja PT2M .�i�, `2@/Bb+Qp2`BM;
i?2 iQT [m�`FǴ- UkykyVX

9"X L�+?K�M �M/ .X a?B?- ǳ�MQK�Hv .2i2+iBQM rBi? .2MbBiv 1biBK�iBQMǴ- S?vbX
_2pX . RyR- yd8y9k UkykyVX

8AX CX :QQ/72HHQr- CX SQm;2i@�#�/B2- JX JB`x�- "X sm- .X q�`/2@6�`H2v- aX Px�B`-
�X *Qm`pBHH2- �M/ uX "2M;BQ- ǳ:2M2`�iBp2 �/p2`b�`B�H M2ibǴ- BM S`Q+22/BM;b Q7 i?2
kdi? BMi2`M�iBQM�H +QM72`2M+2 QM M2m`�H BM7Q`K�iBQM T`Q+2bbBM; bvbi2Kb @ pQHmK2
k- LASaǶR9 UkyR9V- TTX kedkĜke3yX

e�X *`2br2HH- hX q?Bi2- oX .mKQmHBM- EX �`mHFmK�`�M- "X a2M;mTi�- �M/ �X �X
"?�`�i?- ǳ:2M2`�iBp2 �/p2`b�`B�H M2irQ`Fb, �M Qp2`pB2rǴ- A111 aB;M�H S`Q+2bbBM;
J�;�xBM2 j8- 8jĜe8 UkyR3VX

d�X "mii2`- aX .B272M#�+?2`- :X E�bB2+xF�- "X L�+?K�M- �M/ hX SH2?M- ǳ:�LTHB@
7vBM; 1p2Mi a�KTH2bǴ- a+BSQbi S?vbX Ry- RjN UkykRVX

3.X SX EBM;K� �M/ JX q2HHBM;- ǳ�miQ@2M+Q/BM; p�`B�iBQM�H #�v2bǴ- UkyR9VX
N.X SX EBM;K� �M/ JX q2HHBM;- ǳ�M BMi`Q/m+iBQM iQ p�`B�iBQM�H �miQ2M+Q/2`bǴ-
6QmM/�iBQMb �M/ h`2M/bȉ BM J�+?BM2 G2�`MBM; Rk- jydĜjNk UkyRNVX

Ry.X CX _2x2M/2 �M/ aX JQ?�K2/- ǳo�`B�iBQM�H BM72`2M+2 rBi? MQ`K�HBxBM; ~QrbǴ-
BM S`Q+22/BM;b Q7 i?2 jkM/ BMi2`M�iBQM�H +QM72`2M+2 QM BMi2`M�iBQM�H +QM72`2M+2
QM K�+?BM2 H2�`MBM; @ pQHmK2 jd- A*JGǶR8 UkyR8V- TTX R8jyĜR8j3X

RRAX EQ#vx2p- aX S`BM+2- �M/ JX "`m#�F2`- ǳLQ`K�HBxBM; ~Qrb, �M BMi`Q/m+iBQM �M/
`2pB2r Q7 +m``2Mi K2i?Q/bǴ- A111 h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb �M/ J�+?BM2
AMi2HHB;2M+2- RĜR UkykyVX

Rk.X CX _2x2M/2 �M/ aX JQ?�K2/- ǳo�`B�iBQM�H BM72`2M+2 rBi? MQ`K�HBxBM; ~QrbǴ-
UkyR8VX

RjGX �`/BxxQM2- CX E`mb2- aX qB`F2`i- .X _�?M2`- 1X qX S2HH2;`BMB- _X aX EH2bb2M- GX
J�B2`@>2BM- *X _Qi?2`- �M/ lX Eƺi?2- ǳ�M�HvxBM; BMp2`b2 T`Q#H2Kb rBi? BMp2`iB#H2
M2m`�H M2irQ`FbǴ- UkyR3VX

R9GX .BM?- CX aQ?H@.B+Fbi2BM- �M/ aX "2M;BQ- ǳ.2MbBiv 2biBK�iBQM mbBM; `2�H MpTǴ-
UkyReVX

R8.X SX EBM;K� �M/ SX .?�`Br�H- ǳ:HQr, ;2M2`�iBp2 ~Qr rBi? BMp2`iB#H2 RtR +QMpQ@
HmiBQMbǴ- UkyR3VX

ReJX .X EHBK2F �M/ JX S2`2Hbi2BM- ǳL2m`�H L2irQ`F@"�b2/ �TT`Q�+? iQ S?�b2
aT�+2 AMi2;`�iBQMǴ- UkyR3VX

jk



RdCX "2M/�pB/- ǳ1{+B2Mi JQMi2 *�`HQ AMi2;`�iBQM lbBM; "QQbi2/ .2+BbBQM h`22b �M/
:2M2`�iBp2 .22T L2m`�H L2irQ`FbǴ- UkyRdVX

R3aX "QHHr2;- JX >�mĽK�MM- :X E�bB2+xF�- JX Gm+?K�MM- hX SH2?M- �M/ CX h?QKT@
bQM- ǳ.22T@G2�`MBM; C2ib rBi? lM+2`i�BMiB2b �M/ JQ`2Ǵ- a+BSQbi S?vbX 3- yye
UkykyVX

RNJX "2HH�;2Mi2- JX >�mĽK�MM- JX Gm+?K�MM- �M/ hX SH2?M- ǳlM/2`bi�M/BM;
1p2Mi@:2M2`�iBQM L2irQ`Fb pB� lM+2`i�BMiB2bǴ- UkykRVX

kyqBFBK2/B�- ai�M/�`/ KQ/2H- CmHv kyyeX
kRJX *�++B�`B- :X SX a�H�K- �M/ :X aQv2x- ǳh?2 �MiB@kt D2i +Hmbi2`BM; �H;Q`Bi?KǴ-

C>1S y9- yej Ukyy3VX
kkJX *�++B�`B- :X SX a�H�K- �M/ :X aQv2x- ǳh?2 �MiB@kt D2i +Hmbi2`BM; �H;Q`Bi?KǴ-

C>1S y9- yej Ukyy3VX
kjAX "`BpBQ �M/ JX h`Qii- ǳh?2 ai�M/�`/ JQ/2H �b �M 1z2+iBp2 6B2H/ h?2Q`vǴ- S?vbX

_2TiX dNj- RĜN3 UkyRNVX
k9.X SX EBM;K� �M/ CX "�- ǳ�/�K, � J2i?Q/ 7Q` aiQ+?�biB+ PTiBKBx�iBQMǴ- UkyR9VX
k8.X SX EBM;K� �M/ CX "�- ǳ�/�K, � K2i?Q/ 7Q` biQ+?�biB+ QTiBKBx�iBQMǴ- UkyRdVX
ke*X .m`F�M- �X "2F�bQp- AX Jm``�v- �M/ :X S�T�K�F�`BQb- ǳ*m#B+@bTHBM2 ~QrbǴ-

UkyRNVX
kd.X J�+E�v- ǳS`Q#�#H2 L2irQ`Fb �M/ SH�mbB#H2 S`2/B+iBQMb Ĝ � _2pB2r Q7 S`�+iB@

+�H "�v2bB�M J2i?Q/b 7Q` amT2`pBb2/ L2m`�H L2irQ`FbǴ- *QKTX BM L2m`�H avbi2Kb
e- 9edN URNN8VX

k3SX *X "?�i �M/ >X "X S`QbT2`- ǳ"�v2bB�M M2m`�H M2irQ`FbǴ- *QM7X S`Q+X * y8yNRk-
R8R Ukyy8VX

kNuX :�H- ǳlM+2`i�BMiv BM .22T G2�`MBM;Ǵ- S?. i?2bBb U*�K#`B/;2- kyReVX
jyGX LX aKBi? �M/ LX hQTBM- ǳamT2`@+QMp2`;2M+2, p2`v 7�bi i`�BMBM; Q7 M2m`�H M2i@

rQ`Fb mbBM; H�`;2 H2�`MBM; `�i2bǴ- BM �`iB}+B�H BMi2HHB;2M+2 �M/ K�+?BM2 H2�`MBM;
7Q` KmHiB@/QK�BM QT2`�iBQMb �TTHB+�iBQMb- oQHX RRyye UAMi2`M�iBQM�H aQ+B2iv 7Q`
PTiB+b �M/ S?QiQMB+b- kyRNV- TX RRyyeRkX

jRJX "�+F2b- �X "mii2`- hX SH2?M- �M/ _X qBMi2`?�H/2`- ǳ>Qr iQ :�L 1p2Mi lM@
r2B;?iBM;Ǵ- a+BSQbi S?vbX Ry- y3N UkykRVX

jk�X "mii2`- hX >2BK2H- aX >mKK2`B+?- hXE`2#b- hX SH2?M- �X _Qmbb2HQi- aX o2Mi-
*QMi`QHH2/ 2p2Mi ;2M2`�iBQM rBi? T`2+BbBQM M2irQ`Fb- P+iX kykRX

jjGX �`/BxxQM2- *X GɃi?- CX E`mb2- *X _Qi?2`- �M/ lX Eƺi?2- ǳ:mB/2/ BK�;2 ;2M2`@
�iBQM rBi? +QM/BiBQM�H BMp2`iB#H2 M2m`�H M2irQ`FbǴ- UkyRNVX

j9EX *`�MK2`- CX S�p2x- �M/ :X GQmTT2- ǳ�TT`QtBK�iBM; GBF2HB?QQ/ _�iBQb rBi?
*�HB#`�i2/ .Bb+`BKBM�iBp2 *H�bbB}2`bǴ- UkyR8VX

j8�X :`2iiQM- EX JX "Q`;r�`/i- JX CX _�b+?- "X a+?ƺHFQT7- �M/ �X CX aKQH�- ǳ�
F2`M2H K2i?Q/ 7Q` i?2 irQ@b�KTH2 T`Q#H2KǴ- *Q__ Ukyy3VX

jj



GBbi Q7 6B;m`2b
RX 6mM/�K2Mi�H S�`iB+H2b Q7 i?2 ai�M/�`/ JQ/2H i�F2M 7`QK (ky) X X X k
kX 62vMK�M .B�;`�KK 7Q` � j D2i }M�H bi�i2 X X X X X X X X X X X X X X j
jX 62vMK�M .B�;`�K 7Q` i?2 w S`Q/m+iBQM X X X X X X X X X X X X X X X j
9X 62vMK�M .B�;`�KK 7Q` i?2 S`Q/m+iBQM Q7 i?2 w "QbQM /2+�vBM; BM

� KmQM@�MiBKmQM T�B`X k �//iBQM�H D2ib BM i?2 }M�H bi�i2XX X X X X X 9
8X "�bB+ .22T L2m`�H L2i X X X X X X X X X X X X X X X X X X X X X X X X X 3
eX ai`m+im`2 Q7 *QmTHBM; H�v2`b X X X X X X X X X X X X X X X X X X X X X X N
dX *QKT�`BbQM #2ir22M � L2m`�H L2i �M/ � "�v2bB�M L2m`�H L2i X X X Ry
3X "ALL "�b2HBM2 7Q` j D2i 2p2Mib X X X X X X X X X X X X X X X X X X X X X R8
NX "ALL "�b2HBM2 7Q` j D2ib QM2 /BK2MbBQM�H Q#b2`p�#H2b X X X X X X X X Re
RyX "ALL j D2ib #�b2HBM2 +Q``2H�iBQMb X X X X X X X X X X X X X X X X X X X Re
RRX w Y D2ib "�b2HBM2 pT .Bbi`B#imiBQMb X X X X X X X X X X X X X X X X X X Rd
RkX w Y D2ib "�b2HBM2 ��i,j /Bbi`B#miBQMb X X X X X X X X X X X X X X X X X Rd
RjX w Y D2ib #�b2HBM2 pT /Bbi`B#miBQMb rBi? Ryyy ;2M2`�i2/ 2p2Mib X X X X Rd
R9X 1``Q` /2+QKTQbBiBQM /2T2M/�Mi QM i?2 MmK#2` Q7 i`�BMBM; 2p2Mib 7Q`

�M �`#Bi`�`v #BM X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR
R8X lM+2`i�BMiB2b �M/ H2�`M2/ .Bbi`B#iBQMb /2T2M/2Mi QM i?2 i`�BMBM;

/m`�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR
ReX lM+2`i�BMiB2b �M/ H2�`M2/ .Bbi`B#iBQMb /2T2M/2Mi QM i?2 i`�BMBM;

bi�iBbiB+ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk
RdX 1z2+i Q7 i?2 MmK#2` Q7 ;2M2`�i2/ mM+2`i�BMiB2b QM i?2 mM+2`i�BMiB2bX

H27i +QHmKM RyF ;2M2`�i2/ 2p2Mib- KB//H2 +QHmKM RyyF- `B;?i +QHmKM
R KBHHBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj

R3X hQT, lMr2B;?i2/ /Bbi`B#miBQM 7Q` ��2,3 "QiiQK `Qr, BM+`2�bBM;
i?2 T2`7Q`K�M+2 pB� BMi`Q/m+BM; MQBb2 QM r2B;?ib 7Q` i?2 i?`22 D2i
/�i�b2iX G27i �4yXykc `B;?i �4R X X X X X X X X X X X X X X X X X X X X ke

RNX AKT`Qp2/ +Q``2H�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X kd
kyX *QM/BiBQM�H L2m`�H L2irQ`F X X X X X X X X X X X X X X X X X X X X X X k3
kRX *QKT�`BbQM Q7 /Bz2`2Mi r2B;?i /Bbi`B#miBQMb X X X X X X X X X X X X X kN
kkX *QKT�`BbQM #2ir22M T`2/B+iBQMb 7Q` /Bz2`2Mi p�Hm2b Q7 �X H27i, �4yc

`B;?i, �4R c iQT w = 1+ a · log(pT ) - #QiiQK w = 1+ a · 0.0003 log(pT ) jy
kjX *QKT�`BbQM Q7 `2H�iBp2 mM+2`i�BMiB2b #2ir22M � +QM/BiBQM�H "ALL

�M/ i?2 bi�M/�`/ "ALL X X X X X X X X X X X X X X X X X X X X X X X X jy

GBbi Q7 h�#H2b
RX >vT2`T�`�K2i2`b 7Q` i?2 "ALL X X X X X X X X X X X X X X X X X X X X R9

j9



NX �+FMQrH2/;K2Mib
A rQmH/ HBF2 iQ i?�MF hBHK�M �M/ �MD� 7Q` ;BpBM; K2 i?2 QTTQ`imMBiv iQ rQ`F QM
bm+? �M BMi2`2biBM; �M/ 7mim`2 Q`B2Mi2/ iQTB+X h?�MF vQm 7Q` vQm` BMMQp�iBp2 B/2�b
�M/ p2`v ?2HT7mH ;mB/�M+2 /m`BM; i?Bb iBK2X �HbQ AǶ/ HBF2 iQ i?�MF i?2 r?QH2 ;`QmT
7Q` i?2 BMi2`2biBM; /Bb+mbbBQMb �M/ i?2 MB+2 �iKQbT?2`2 BM i?2 ;�`/2M K22iBM;bX
L�K2Hv B �K ;`�i27mH 7Q` h?2Q- r?Q T`QpB/2/ i?2 +Q/2 #�bBb �M/ 7QmM/ 2p2`v "m;
�M/ "mii2`~v i?�i B KB;?i ?�/- �Mbr2`BM; 2p2`v [m2biBQM �HQM; i?2 r�v �M/ ?2HTBM;
K2 Qmi r?2M2p2` ?2 +QmH/X G�bi #mi MQi H2�bi B rQmH/ HBF2 iQ i?�MF "�``v- �MD�
�M/ h?2Q 7Q` T`QQ7 `2�/BM; i?Bb i?2bBbX

j8



�X >Qr iQ "ALL
� ;mB/2 iQ }M/ i?2 #2bi >vT2`T�`�K2i2`b

h?2 b2�`+? 7Q` i?2 QTiBK�H ?vT2`T�`�K2i2`b +�M #2 � 7`mbi`�iBM; �M/ iBK2 +QMbmK@
BM; T`Q+2bbX h?Bb Bb � [mB+F ;mB/�M+2 iQ }M/ QTiBK�H >vT2`T�`�K2i2` �M/ bT�`2
7`mbi`�iBQM 7Q` 7mim`2 T`QD2+ibX A7 i`�BM2/ QM i?2 b�K2 /�i�b2i- i?2 mbm�H ALL Bb MQi
�b `2�+iBp2 iQ +?�M;2b BM i?2 ?vT2`T�`2Ki2`b �b i?2 "ALLX *2`i�BM ?vT2`T�`�K2i2`b
H2�/ iQ BMbi�#BHBiv �M/ 7�BHm`2 Q7 i?2 "ALLX

*m#B+ bTHBM2 #HQ+Fb
�b /Bb+mbb2/ BM i?2 h?2bBb- +m#B+ bTHBM2 #HQ+Fb �HHQr ~2tB#BHBiv �M/ � 7�bi +QKTmi�#H2
C�+Q#B�MX >Qr2p2` i?2v BM+`2�b2 i?2 BMbi�#BHBiv +QKT�`2/ iQ i?2 ALLX _2/m+BM;
i?2 MmK#2` Q7 #HQ+Fb bQHp2b i?Bb T`Q#H2KX A 7QmM/ i?�i kk #HQ+Fb Bb i?2 K�tBK�H
LmK#2` Q7 #HQ+Fb #27Q`2 i?2 M2irQ`F +`�b?2bX LQi2 i?�i i?2 "ALL r�b bi�#H2 r?2M
i?2 �{M2 #HQ+Fb r2`2 mb2/- BM/2T2M/2Mi Q7 i?2 LmK#2` Q7 "HQ+Fb

LmK#2` Q7 H�v2`b
A 7QmM/ i?�i iQ `2T`Q/m+2 � bBKBH�` #�b2HBM2 `2bmHi �b 7Q` i?2 ALL B ?�/ iQ /Qm#H2
i?2 MmK#2` Q7 H�v2`bX lbBM; � bK�HH �`+?Bi2+im`2 ?�b i?2 �/p�Mi�;2 Q7 � b?Q`i2`
h`�BMBM; /m`�iBQM #mi i?2 "ALL `2�HHv T`Q}ib 7`QK mbBM; H�`;2` �`+?Bi2+im`2bX 6Q`
2t�TKH2 mbBM; i?2 ALL- B +QmH/ ;2i �r�v rBi? j H�v2`b ?Qr2p2` 7Q` i?2 "ALL B ?�/
iQ mb2 eX aQK2?Qr e b22K2/ iQ #2 i?2 K�;B+ LmK#2` Q7 H�v2`b- bBM+2 i?2 M2irQ`Fb
T2`7Q`K�M+2 ;Qi rQ`b2 r?2M KQ`2 H�v2`b r2`2 �//2/ Q` i�F2M �r�vX

"X

je



1`FH `mM;
A+? p2`bB+?2`2- /�bb B+? /B2b2 �`#2Bi b2H#bibi M/B; p2`7�bbi mM/ F2BM2 �M/2`2M �Hb /B2
�M;2;2#2M2M Zm2HH2M mM/ >BH7bKBii2H #2Mmixi ?�#2X

>2B/2H#2`;- /2M 3X a2Ti2K#2` kykR-

jd

sind


