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Functional RG within Keldysh formalism

Severin G. Jakobs, Mikhail Pletyukhov, Herbert Schoeller

Outline

• Introduction to Keldysh formalism

• Properties of Green functions:

– Causality

– Kubo-Martin-Schwinger relations

• The SIAM

• Γ-flow: Hybridisation as flow parameter

• Results

• Conclusion

Then: C. Karrasch – fRG approach to SIAM in equilibrium

eβ∆i|i′(ω|ω′)G
i|i′
q|q′(ω|ω′) = ζmi|i′

G
i′|ieq′|eq(ω′|ω)

˛̨̨
eH

gRet
Λ (ω) =

1

ω − ε + i
2
(Γ + Λ)

t

−

+
ρ0 A
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Matsubara and Keldysh formalism

Restrictions of Matsubara formalism

• analytic continuation to real frequencies re-
quired

• does not allow for nonequilibrium

H(t) = H0 + V e−|t|0
+

t = −∞

ρ0 =
(⊗

ρα

)
⊗ ρdot

[H0, ρ0] = 0

typical nonequilibrium situation

coup-
linginfinite,

noninteract.

TL, µL

infinite,

noninteract.

TR, µR

interact.
finite,

ρ(t) ≡ ρ (stat. state)

finite t
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Keldysh formalism

G11 = 0

G21 = GRet =
1

ω − ε− ΣRet
→ quasi-part. energies, lifetimes

G12 = GAv =
(
GRet

)†
G22 = GK → particle distribution:

gK = 2πi [2f(ω)− 1]δ(ω − ε)

a1,2 =
1√
2
(a− ∓ a+)

〈
A(t)

〉
= Tr ρ0 UI(−∞, t) AI(t) UI(t,−∞)

Keldysh rotation

G−+ = G<−
+

G−− = Gc−
+

a† a

G++ = Gec−
+

G+− = G>−
+

t

−

+

ρ0 A
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n-particle Green Functions

G
i|i′
q|q′(t|t′) = (−i)n

〈
Tc a(i1)

q1
(t1) . . . a(in)

qn
(tn) a

(i′n) †
q′

n
(t′n) . . . a

(i′1) †
q′
1

(t′1)
〉

G
i|i′
q|q′(ω|ω′) =

∫
dt1 . . . dt′n ei(ω·t−ω′·t′) G

i|i′
q|q′(t|t′)

i = (i1 . . . in) = contour indices, ik = ∓[
or: α = (α1 . . . αn) = Keldysh indices, αk = 1, 2

˜
t = (t1 . . . tn) = times

q = (q1 . . . qn) = states

Contour order:

Tc ABCD = ζ BCDA

ζ =

{
+1, bosons

−1, fermions

−

+

A(−)(t1) D(−)(t4)

C(+)(t3)B(+)(t2)

tt1 t2 t3 t4

ω · t = ω1t1 + · · ·+ ωntn
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Causality

G−,i2...in|i′(t|t′) = G+,i2...in|i′(t|t′),
if t1 > t2 . . . t′n t

t1

−

+

a1,2 = 1√
2
(a− ∓ a+)Keldysh rotation

Fourier transform Special case: G1...1|1...1 ≡ 0

Time translational invariance:

G(ω|ω′) = 2πδ(ω1 + · · ·+ ωn − ω′
1 − · · · − ω′

n) G(t1 =0, ω2 . . . ωn|ω′)

G21...1|1...1(t1 =0, ω2 . . . ωn|ω′) =
∫ t1=0

−∞
dt2 . . . dt′n ei( + ω·t − ω′·t′) G21...1|1...1(t|t′)

is analytic in the lhp of ω2 . . . ωn and the uhp of ω′
1 . . . ω′

n

no contribution from decay poles for t2 . . . t′n →∞

G1,α2...αn|α′
(t|t′) = 0 if t1 > t2 . . . t′n

More general:
If Keldysh index associated with largest time equals 1, then Gα|α′

(t|t′) = 0.
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Causality

Example: n = 1

G1|1 ≡ 0

GRet(ω′) = G2|1(t=0|ω′) analytic in uhp of ω′

GAv(ω) = G1|2(ω|t′=0) analytic in lhp of ω

Σ2|2 ≡ 0

ΣRet(ω) = Σ1|2(t′=0|ω) analytic in uhp of ω

ΣAv(ω′) = Σ2|1(ω′|t=0) analytic in lhp of ω′

For vertex functions exchange 1 ↔ 2.

• γ2...2|2...2 ≡ 0

• γ12...2|2...2(ω′
2 . . . ω′

n|ω) analytic in{
lhp of ω′

2 . . . ω′
n

uhp of ω1 . . . ωn

• 2n fully retarded VFs:

γ12...2|2...2, . . . , γ2...2|2...21

• G1...1|1...1 ≡ 0

• G21...1|1...1(ω2 . . . ωn|ω′) analytic in{
lhp of ω2 . . . ωn

uhp of ω′
1 . . . ω′

n

• 2n fully retarded GFs:

G21...1|1...1, . . . , G1...1|1...12
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Kubo Martin Schwinger conditions

Gi|i′(t− iβ+|t′ − iβ+) = (−i)nζP Tr ρρ−1
(

+-operators, anti

time ordered

)
ρ

( −-operators,

time ordered

)
= (−i)nζP Tr ρ

( −-operators,

time ordered

) (
+-operators, anti

time ordered

)
= ζmi|i′

G̃ī|̄i′(t|t′)

mi|i′ =
X

i′
k
=+

1−
X

ik=+

1

G̃
i|i′
q|q′(t|t′) = (−i)n

〈
T̃c a1 . . . an a†n . . . a†1

〉

Equilibrium: ρ =
e−βH

Tr e−βH
(µ = 0)

⇒ A(t− iβ) = eβHA(t)e−βH = ρ−1A(t)ρ

[ For real bosons: Chou et. al., Phys. Rep. 118, 1 (1985) ]

Tilde order:
[Wang, Heinz, Phys. Rev. D 66, 025008 (2002)]

Tc ABCD = ζ BCDA

T̃c ABCD = ζ CBAD

A D

CB

t+

−

add −iβ to all times
on the +-branch
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Fluctuation dissipation theorem

eβ∆i|i′(ω|ω′) Gi|i′(ω|ω′) = ζmi|i′

G̃ī|̄i′(ω|ω′) with ∆i|i′(ω|ω′) =
∑

i′k=+

ω′
k −

∑
ik=+

ωk

Special case n = 1: G̃ī|̄i′ = Gi′|i

⇒ eβ∆i|i′(ω|ω′) Gi|i′(ω|ω′) = ζmi|i′

Gi′|i(ω|ω′), n = 1

⇒ G<(ω) = ζe−βωG>(ω)

⇒ GK(ω) =
[
1 + 2 ζ nζ(ω)

][
GRet(ω)−GAv(ω)

]

Tc ↔ T̃c

−

+

−

+

−

+

−

+

nζ(ω) =
1

eβω − ζ
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Time reversal

eβ∆i|i′(ω|ω′) Gi|i′(ω|ω′) = ζmi|i′

G̃ī|̄i′(ω|ω′) (KMS)

R time reversal operator,
antiunitary

q̃ := Rq

Ã := RAR†

Transformation of creators
and annihilators:

ã†q := a†eq
ãq := aeq

Transformation of
density matrix

ρH = e−βH/ Tr e−βH :

ρ̃H = ρ eH

Papers claiming to do without time reversal (real boson fields):

• Carrington, Hou, Sowiak – Phys. Rev. D 62, 065003 (2000)

• Wang, Heinz – Phys. Rev. D 66, 025008 (2002)

→ not correct

Tr ρHA(t) =
[
TrR ρHA(t) R†

]∗
=

[
Tr ρ eHÃ(−t)

∣∣∣ eH
]∗

⇒ G
i|i′
q|q′(t|t′) = (−i)n Tr ρHTc a1 . . . ana†n . . . a†1 = . . . = G̃

ī′ |̄ieq′|eq(−t′| − t)
∣∣∣ eH

⇒ eβ∆i|i′(ω|ω′)G
i|i′
q|q′(ω|ω′) = ζmi|i′

G
i′|ieq′|eq(ω′|ω)

∣∣∣ eH
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KMS for time reversal invariant GFs

Example: Fermions, n = 1

∆−|−(ω|ω′) = 0, m−|− = 0

⇒ G−|−(ω|ω′) = −G+|+(ω|ω′)∗

∆+|−(ω|ω′) = −ω, m+|− = −1

⇒ e−βωG+|−(ω|ω′) = −ζG−|+(ω|ω′)∗

Compare:

Gc(ω) = −Gec(ω)†

e−βωG>(ω) = ζG<(ω) = −ζG<(ω)†

not ok:

H =

Z
d3xψ†x

ˆ
− i∇− eA(x)

˜2
2m

ψx

q = x

ok:

H =
X
σ

(ε0 + σB)a†σaσ +
X
σ

Z
d3p εpψ

†
σpψσp

+
X
σ

Z
d3p

ˆ
Vpa

†
σψσp + h.c.

˜
+ V a†↑a↑a

†
↓a↓

q = x, σ or p, σ

eβ∆i|i′(ω|ω′)G
i|i′
q|q′(ω|ω′) = ζmi|i′

G
i′|ieq′|eq(ω′|ω)

∣∣∣ eH
Define time reversal invariant GF : Gq|q′ = Geq|eq′

∣∣ eH
⇒ eβ∆i|i′ (ω|ω′)Gi|i′(ω|ω′) = (−1)nζmi|i′

Gī|̄i′(ω|ω′)∗

Gq|q′ = Gq′|q
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The Single Impurity Anderson Model

B

ε↓ − U
2

ε↑ − U
2

Γ

Γ

eV

µR

U

µL

ε

Hybridisation function

Γα(ω) = 2 π
∑

σ

∫
dk |Vαk|2 δ(ω − εk) ≡ Γα

Γ = ΓL + ΓR

GF are time reversal invariant: Gσ = Geσ∣∣ eH

Himp =
∑

σ

εσnσ + U(n↑ − 1
2 )(n↓ − 1

2 )

=
∑

σ

(εσ − U
2 )nσ + Un↑n↓ + c

Hleads =
∑

α=R,L

∑
σ

∫
dk εknαkσ

Hcoup =
∑
α,σ

∫
dk Vαkd†σcαkσ + h.c.

gRet, Av
σ (ω) =

1
ω − (εσ − U

2 )± iΓ/ 2

gK
σ (ω) = F (ω)

[
gAv(ω)− gRet(ω)

]
F (ω) =

∑
α

Γα

Γ
[
2fα(ω)−1

]

!!
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Hybridisation as flow parameter

Flow parameter:

Γ −→ ΓΛ = Γ + Λ

Γα −→ Γ(Λ)
α = Γα + Γα

Γ Λ

with Λ flowing ∞ −→ 0

Single scale propagator:

sRet
Λ = − i

2
(
gRet
Λ

)2
=

(
sAv
Λ

)†
, SRet

Λ = − i

2
(
GRet

Λ

)2
=

(
SAv

Λ

)†
sK
Λ = F (ω)

[
sAv
Λ − sRet

Λ

]
, SK

Λ = . . .
equil.
= F (ω)

[
SAv

Λ − SRet
Λ

]
Initial conditions for 1PI-VFs:

ΣRet,Av(Λ = ∞) = U/2

ΣK(Λ = ∞) = 0

γ2(Λ = ∞) = v̄ = bare vertex

γn(Λ = ∞) = 0, n ≥ 3

gRet, Av
Λ (ω) =

1
ω − (ε− U

2 )± i
2ΓΛ

gK
Λ(ω) = F (ω)

[
gAv
Λ (ω)− gRet

Λ (ω)
]

FΛ(ω) =
X

α

Γ
(Λ)
α

ΓΛ

ˆ
2fα(ω)−1

˜
= F (ω)

Γ
µ

ε

σσ

σ̄

= U〈nσ̄〉 = U 1
2
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Flow equations and channels

Simplest freq. depend. approximation: Keep only one channel.

Example: only xph-channel γ̇(1′2′|12) =

→ yields RPA:

at Λ = 0 : γ
12|22
σσ̄|σσ̄(X) =

U

2
− i

U2

2π

1
X − i(Γ

2 −
U
π )︸ ︷︷ ︸

singularity for U=
π
2 Γ

+O
[(

X
Γ

)2]

γ̇(1′2′|12) = + +

xph-channel

X = ω′2−ω1 = ω2−ω′1

pp-channel

Ω = ω1 +ω2 = ω′1 +ω′2

11′

22′

Σ̇(1′|1) =
11′

dph-channel

∆ = ω′1−ω1 = ω2−ω′2

2′ 1

1′2

11′

2 2′

11′

2 2′

Second order truncation scheme

(T = 0, B = 0, ph-symm.)
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Minimal coupling of channels
• Each channel feeds back into own flow exactly

• Each channel feeds into flow of other channels as constant
(renormalising the interaction)

γ(Ω,∆, X) = v̄ + φpp(Ω) + φdph(∆) + φxph(X)

γ̇(Ω,∆, X) = φ̇pp(Ω) + φ̇dph(∆) + φ̇xph(X)

For real constants:

Ω0 = µL + µR

∆0 = 0
X0 = 0

φ̇pp(Ω) =

φ̇dph(∆) = γ(Ω0,∆, X0)γ(Ω0,∆, X0)

1

1′2

2′

φ̇xph(X) = γ(Ω0,∆0, X)γ(Ω0,∆0, X)

11′

2 2′

11′

22′

γ(Ω,∆0, X0)γ(Ω,∆0, X0)



14-1

Minimal coupling scheme respects causality relations and KMS

Example: KMS for self energy

eβ∆i′|i(ω′|ω) Σ̇i′|i(ω′|ω) = eβ∆i′|i(ω′|ω)−i

2π

Z
dνdν′ γi′j′|ij(ω′ν′|ων)Sj|j′

(ν|ν′)

=
KMS for γ,S

− i

2π

Z
dνdν′ ζmi′j′|ij

γ ī′ j̄′ |̄ij̄(ω′ν′|ων)∗ζmj|j′

S j̄|j̄′
(ν|ν′)∗

= −ζmi′|i
Σ̇ī′ |̄i(ω′|ω)∗

∆i′|i(ω′|ω) = ∆i′j′|ij(ω′ν′|ων)+∆j|j′
(ν|ν′)

mi′|i = mi′j′|ij + mj|j′

Example: φ
12|22
pp (Ω) analyt. in uhp of Ω

φ̇
12|22
pp, σσ̄|σσ̄(Ω) =

= . . .

=
i

2π

h
γ

12|22
σσ̄|σσ̄(Ω, ∆0, X0)| {z }

an. for Ω ∈ uhp

i2
Z

dω
h
GRet

σ (Ω + ω)| {z }
an. for Ω ∈ uhp

SK
σ̄ (−ω) + SRet

σ (Ω + ω)| {z }
an. for Ω ∈ uhp

GK
σ̄(−ω)

+ (σ ↔ σ̄)
i

γ(Ω,∆0, X0)γ(Ω,∆0, X0)
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Results – spectrum and effective mass

Particle hole symmetry,
T = 0, B = 0, V = 0

solid: fRG

dashed: NRG (Theo Costi)

dotted: 2nd order PT

ˆ
1− Re Σ′

Ret(0)
˜2

− 1
2

Im Σ′′
Ret(0)

Im ΣRet(ω)
ω→0∼ ω2

T 2
K

TK(NRG) ∼ exp

„
−π

4

U

Γ

«

TK(fRG) ∼ exp

„
− 2

π

U

Γ

«fRG: no scaling of
effective mass
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Results – linear conductance

B = 0, V = 0, U = 3Γ

solid: fRG

dashed: NRG (Theo Costi)

dotted: 2nd order PT
(using restr. HF prop.)

T = 0, V = 0, U = 3Γ

solid: fRG

dashed: NRG (Theo Costi)

agreement already for static fRG,
compare Andergassen et. al.,

cond-mat/0612229
(Les Houches proceedings)
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Results – differential conductance

Particle hole symmetry
T = 0

U = 3Γ, fRG U = 4Γ, fRG

U = 4Γ,
Scattering states NRG,

F. Anders,
PRL 101, 066804 (2008)

× 1
2

2V/Γ
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Results – differential conductance

Particle hole symmetry
T = 0

U = 3Γ, fRG U = 4Γ, fRG

× 1
2

U = 4Γ,
Scattering states NRG,

F. Anders,
arXiv:0802:0371

2V/Γ
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Conclusion
• Approximations to frequency dependent

vertex functions should respect

− causal properties (analyticity)

− KMS-relations (in equilibrium)

• Γ-flow can be designed to do so

• SIAM can be treated by our Keldysh-
fRG for U . 3Γ

• Justification for truncation scheme un-
clear

Properties:

• Easy initial conditions

• Does not manipulate particle distribution
→ compatible with KMS, respects sum rule
(SIAM)

• for static fRG in equilibrium (flowing εΛ, UΛ):
identical flow equations as Matsubara fRG
(SIAM)

• In case of log-divergencies: regularisesX
k

f(εk)

εk − ω + iη
∼ log

max{T, |ω − µ| , η}
D

• Flow equation does not replace one summa-
tion/integration
→ higher numerical effort
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