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Functional RG within Keldysh formalism
Severin G. Jakobs, Mikhail Pletyukhov, Herbert Schoeller
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Matsubara and Keldysh formalism

Restrictions of Matsubara formalism

e analytic continuation to real frequencies re-
quired

e does not allow for nonequilibrium

typical nonequilibrium situation

_ coup-
infinite, ling  /Ffinite infinite,
noninteract.| «—» interac,t. <—( noninteract.

TR, UR

T, p

t=—00 finite ¢
po = (® ,Oa> ® Pdot H(t) = Ho + V€_|t|0; p(t) = p (stat. state)
[H07 100] =0
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Keldysh formalism

. Keldysh rotation

>

a —L(a Fay)
12 = sl Fay

w — € — LRet
G12 _ GAV _ (GRet)]L

G22 _ GK

(A(t)) = Tr po|Ui(=00, 1) Ai(t) |Ui(¢, —00)
) ) P0 A >
—e ———
__v uE
—
— » — » @ .
PG =G "Gt =G<
4 = . + - o/ o
—
— (= — > ~ .
TGt =G TGttt =G°
1 - \o ‘ + - o ’
G =0
1
G2l = GRet = — quasi-part. energies, lifetimes

— particle distribution:

g =271 [2f(w) — 1]6(w — €)
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n-particle Green Functions

Contour order:

. .1, ) = contour indices, i = F

(4
[or: a=(ag..

A (1) D7) (tq)
— p— o—-.,
h b ts t1
+ - @ O -°
B (ty C(H)(t3)

T. ABCD = ¢ BCDA

. ) = Keldysh indices, ap, = 1,2] o I R S
t=1(t1...t,) = times —1, fermions
i / (i) 1 (i) 1
G (tlt") = (—i)" < T. o (ty) ...l (t) al T(2) ... alP T (2)) >
G;'fq, (ww") = /dt1 .t etletmet) G;'fq, (t|t")
q=1(q1...q,) = states w-t=wits + -+ wply




Causality

L A — p——0 O—--,
G—,m...znh (t|t/) _ G—l—,12...zn|z (t|t/), .\ .
. tl l.
Ift1>t2...t/n - < ® S/_/

Keldysh rotation l a1z = 5 (a- Fay)

GlLoz--anla’ (31¢) = 0 if ¢ > tg...¢,

More general:
If Keldysh index associated with largest time equals 1, then G®¢ (t|t/) =0

Fourier transform l—. Special case: Gl--11..1 —

Time translational invariance:

wlw) =276(w1 + - Fwp —wy — - —w) Gt =0,ws ... wy|w
1 n

‘ no contribution from decay poles for to ...t,, — oo
! 4/
ool Lt =0,ws . .. wp|w) / dts .. (PuwtQuw'-t) G21”'1|1"'1(t|t’)

Is analytic in the of wy...

wn, and the (uhp)of wi ... w;
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Causality

For vertex functions exchange 1 « 2.

- Gl...1|1...1 = () o ’Y2"'2|2"'2 —
o GHl1(wy . wy|w') analyticin | |o 122122 (b w! |w) analytic in
{lhpofw2...wn lhp of wf ... w]
uhp of Wi ...wy, uhp of wy...w,

e 2n fully retarded GFs:

G2L--11...1

1...111...12 12...2(2...2
.., G |

Y

7y e

y

o 2n fully retarded VFs:

2...2|2...21

Example: n =1

Gl =
GRet (W) = G?L(t=0|w’) analytic in uhp of w’
G (w) = G2 (w|t' =0) analytic in lhp of w

22 =9
»Ret(w) = BH2(¢ =0|w) analytic in uhp of w
YAV (W) = 22 (W[t =0) analytic in lhp of W’




Kubo Martin Schwinger conditions
[ For real bosons: Chou et. al., Phys. Rep. 118, 1 (1985) |

Equilibrium: p =

Tre—FPH

=  A(t—iB) = HA(t)e PH

e PH

(n=0)

= p T A(t)p

T

G (t —iBy |t —iBy) = (—i)"¢P Trpp™! (

T

7,|z ~

=¢GN

+-operators, anti ) ( —-operators, )

time ordered time ordered

. . P —-operators, +-operators, anti
add —if to all times| = (—8)"¢C" Trp (time ordered ) ( )
on the +-branch

time ordered

21_3‘1

'Lk;+

QIq

GV @t = (—i)”<fca1...an a;g...aw
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L

Tilde order:
[Wang, Heinz, Phys. Rev. D 66, 025008 (2002)]
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T. ABCD = ( BCDA
T. ABCD = (CBAD




Kubo Martin Schwinger conditions
[ For real bosons: Chou et. al., Phys. Rep. 118, 1 (1985) |

'L|’L ~

eﬁAili (”|w/)Gi|i/(w\w’) :C Gz|z (w‘w/) i Az|z w‘w Z wk Z Wi

=1

? Fourier transform

+-operators, anti ) ( —-operators, )
time ordered

GV (t — iyt —iBy) = (=i)"¢P Trpp™! (

t

time ordered
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L P —-operators, +-operators, anti
add —if to all times| ( Z) 67 e (time ordered ) ( time ordered )
on the +-branch
7,|z N’L ;
=¢GN
Tilde order:
Z 1 — S‘ 1 [Wang, Heinz, Phys. Rev. D 66, 025008 (2002)]
=t A D
— b—@ @ ~
; =
Gl (tlt") = (—7;)”<Tca1...ana;...a1> + - °o—o ‘
L T. ABCD = ¢ BCDA
T. ABCD = (CBAD
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Fluctuation dissipation theorem

eﬁN’li’(ww) Gi”’(w\w’) ¢m

’L|’L ~

G

1 (wlw')  with AT (w]w) Z Wy, —

> o

k==

- == _./
Special case n = 1: Gl

— eﬁAml(ww’) Gz|z’ (w|w/)

Gi/|7§ -

_ szh/ G'Ll|7’(w|w/),
(e 7G> (w)

114+ 2¢ne(w)] [GRet(w) — GAV(w)}

n=1

J

= GS(w) =

= GK(w) =

1

nC(w) — eﬁw _C

— >
4 -
— >
4 -

;e




Time reversal

eﬁAi|i/(w|w’) Gz|z’ (w|w’) _ Cm“i/éﬂ? (w|w/) (KMS)

R time reversal operator, | Transformation of creators Transformation of
antiunitary and annihilators: density matrix
— _ ,—BH —BH.
- pg = e P/ Tre PH:
q == Rq a,:g = al
~ q ~
A = RART Ziq p— a/a PH — pﬁ

~

TrpgA(t) = [TerHA(t) RTT = [TrpﬁA(—t)‘ﬁ]*

= G;'f'q, (tlt) = (=)" TrpgTeay...anal ... al = ... = G?qv,”%(—t’\ — t)|ﬁ
A“i/ / )t ild! g
— eﬁ (w|w )G’;||Zq/ (w|w/) _ Cm G%/||’La(w/|w>‘ﬁ

Papers claiming to do without time reversal (real boson fields):

e Carrington, Hou, Sowiak — Phys. Rev. D 62, 065003 (2000)
e Wang, Heinz — Phys. Rev. D 66, 025008 (2002)

— not correct
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KMS for time reversal invariant GFs

Define time reversal invariant GF: Gq|q/ — Gcﬂa/

Az’|7;’ / . ./ i|i’ -
SATANG Wl = ¢ G|
H
> PTG ) = (1) @ (lw)”

4

not ok:
: 2
o /d?’:cw:{, | — iV ; eA(x)] e
m
q=x

Example: Fermions, n =1

AT (wlw)=0, mT=0
= G (ww) = =G (w]w)*
AT (W) = —w, mtl™=-1

= ¢ PG (W) = —¢cGT (w|w')*

R}
ok:

H = Z(eo +oB)alas + Z /dgp epphop

+ Z/d?’p [Vpa:r,wap + h.c.] + VaJ{aTaIal

qQ=x,00r p,o

Compare:

Gqlgr = G|q G(w) = _Gg(w)T
e EE—




The Single Impurity Anderson Model

Hmp = Y €ang +U(ny — 3)(n) — 3)
= Z(eJ — Dne + Ungny + ¢
Heats = > > /dk €kNako
a=R,L o
Heowp = Y / dk Vord! cors + h.c.

!

€A
ML

D =—0——

ET_E

GF are time reversal invariant: G, = G5

&

Hybridisation function
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!
Ty (w) :@wZ/dk Vor? 6(w —e;) = Tq
F:FL+FR RetAvw _ 1
9o () w— (e — D) £i0/2)
() = 3 =2 [2fa(w)-1] d5(0) = Pl ) = ()




Hybridisation as flow parameter

gt A (w)

Flow parameter: B :
' =Ty =T+A gh(w) = F(w)[ga"(w) — gat(w)]
o — '™ =T,+5eA :(A)
with A flowing co — 0 Pl = ZO; lgA 2falw@)=1] = F(w)
Single scale propagator:
St = R = (R S = 56 = (sh)]
sh = F(w) [sﬁ" — Siet], Sk = ... =k F(w) [Sﬁv — Ket]
Initial conditions for 1PI-VFs: o de
DREA(A =00) = U/2 Q = Ulns) = UL
SK(A=o0) = 0 o o H J |
v2(A = o00) = ¥ = bare vertex
Ym(A=00) =0, n>3

111



Flow equations and channels

»(1'[1) = Second order truncation scheme
1’ 1
212) = ICCH 20354 X@i’;
pp- channel dph- channel xph- channel

/ / / / /
Q=witw =wjtws, A=w]—wi=wr—ws, X =wh—wi=ws—wj
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Simplest freq. depend. approximation: Keep only one channel.

1’ 1
Example: only xph-channel  (1'2'|12) = m

2 2
— yields RPA:
U U2 1 2
tA=0: ~2220xy = 2 _ X

7

N~

(T'=0,B = 0, ph-symm.) singularity for U——F
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Minimal coupling of channels

e Each channel feeds back into own flow exactly

e Each channel feeds into flow of other channels as
(renormalising the interaction)

(e

Pph (D)

Dyoh (X)

W(Q,A,X) = U T ¢pp(Q) T deph(A) T ¢><ph(X)
f'y(Q,A,X) — qup(Q) T quph<A) T quph<X)
1’ 1 For real constants:
= ~
Qo = pL+pr
2’ 2 Ay = 0
N . Xo 0
2 1’
1’ 1
2 2/




Minimal coupling scheme respects causality relations and KMS

Example: (/53,?22(9) analyt. in uhp of (2

AU D D)

) 2
= 22 [0 @80 X0 [ o[G0+ ) 850 + S0 + ) GE(-0)
an. for?;e uhp an. for};e uhp an. fOI’?;E uhp
+ (0 < 5)}

Example: KMS for self energy

eﬁAi |i(w/|w) 21/|z(w/|w) — eﬁAi |i(w/|w)2—_’6 /dydy/ fyi/j,|ij(w,1/,|w1/)sj|j,(V|V/>
T

A'L/|’L(w/|w) — A’L/]/|’LJ (w/]/,|w]/)_|_Aj|j/ (]/lyl)

/ - =

1 m? 314 315155 il Sj|j/(y|yl)>k

— —— [ dvdy Y3 (W ) T
KMS for v, 27 ¢ ! ( | ) ¢

. Y N e
mt 1t = i Il dld ;

AR B

— _Cm % |z(w/|w)*
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Results — spectrum and effective mass

2 [
Particle hole symmetry,
T=0, B=0, V=0 15
[Q\
solid:  fRG P
dashed: NRG (Theo Costi) -
dotted: 2nd order PT 0.5

1000 ¢

100 E

10 |

fRG: no scaling of |
effective mass | { \_




Results — linear conductance

B=0, V=0 U=3l

solid: fRG

dashed: NRG (Theo Costi)

dotted: 2nd order PT
(using restr. HF prop.)

Gy, (€°/h)

Vv

16-1

gate /T

Vgate /T

T=0, V=0 U=3C

<4+ solid: fRG
dashed: NRG (Theo Costi)

agreement already for static fRG,
compare Andergassen et. al.,
cond-mat /0612229
(Les Houches proceedings)




Results — differential conductance

2 | | 2 | |
B=0 — B=0 —
U =3I, fRG B=0.02T — - U=4I',fRG | [\ B=0.02T —
<
Q)
0.5
0 | ! | 0
-1 -0.5 0 0.5 1 -1
V/T
2 [T [T RRRRRRRAN RRARRARRR RRARERRRRS
U = 4F, A —a H=( N
. i 11 iy = . ].
Particle hole symmetry | 5|4 Scattering states NRG, 9! Hﬂzgé X5
— F. Anders, o Ho04
T =0 S [|PRL 101, 066804 (2008) | M - :
F g Al
@)
0.5
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Results — differential conductance

2 | | 2 | |
B=0 — B=0 —
U = 3", fRG B=0.02 — U =4T", fRG | | B=0.02T —
=
N“"H..
Q
Q)
2IIII|IIII|IIII|IIIIIIII|IIII|IIII|IIII|IIIIIIII
i U = 4F, | =—a H=0. N
5 i o—o H=0.1 1
Particle hole symmetry L5 || Scattering states NRG, —oH=02| X5 7
= F. Anders, o 04 |
I'=0 o arXiv:0802:0371
s
@)
0.5¢
0IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII

-5 -4 -3 -2 -1 0 1 2 3 4 5
oV/T
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Conclusion

Approximations to frequency dependent
vertex functions should respect

— causal properties (analyticity)

— KMS-relations (in equilibrium)
['-flow can be designed tO dO SO m—fps

SIAM can be treated by our Keldysh-
fRG for U < 3I'

Justification for truncation scheme un-
clear

Collaborators
Mikhail Pletyukhov, Herbert Schoeller

Thanks for discussions:

Volker Meden, Christoph Karrasch,
Frank Reininghaus, Sabine Andergassen,
Tilman Enss, Enke Wang, Ulrich Heinz

Thanks for data:

Properties:

e Easy initial conditions

e Does not manipulate particle distribution
— compatible with KMS, respects sum rule

(SIAM)

e for static fRG in equilibrium (flowing ea, Un):
identical flow equations as Matsubara fRG
(SIAM)

e In case of log-divergencies: regularises

f(er) | max{T, |w — p|,n}
) — ~ log
€ — W + 11 D

k

e Flow equation does not replace one summa-
tion /integration
— higher numerical effort

Theo Costi, Frithjof Anders
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