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L1MONQPSR	TVU�MON�U�W�UYX[ZS\^]_R	U�`aX[W�MOR	ZbMO\�WcN�MdZfe3MOg�h�W�Mdi5Nj\k`aX[W�hSN�`aX[W�MO\�g�hSNj\ml&Mdno]_\�`"MdW�W�N�n�prqSX	\ts�N�MvuwX[hVndU�N�MOgYhSN�Z
xyU�R	sVnON�`zN�Z|{&Z�e}N�ZSq�TVZVi�~SZSqVN�W�pVu5���v�VMdZ�qVN�U1�.�VW�Md�cTVZSq�{&��TS\�W�Md���V�yMdZVMdi5N*�rN�MO\��VMON�nON��

• � gYh�X[ndnO��TSN�ndnON�ZKprq�MON���N�U�MOR�q�MO\Yg�h��5N�UY�[ZSqVN�U�ndMOgYhSN�ZfL1U�TSgY��X[T�]�qSX	\c�.hVU�X[TS\��Vs�N�ZK��L1MON�{.T�]�i�X[s�NhVMON�U�s�N�MKMO\�W�pVqSX	\ � Mdi�Z�X[nKZ�X	g�hmPVU�Nj��TSN�ZVu�N�ZmujT�u�N�U�nON�i5N�Z�e3MON*qSX	\ `zN�ZS\�g�hVndMOgYhSN��.hVU��
• � MdU1N�U�MdZVZSN�U�ZQTVZS\�p�qSX	\�\1q�MON��vUYX/]�W�X[T�]�N�MdZSN�ZQi5NjqS�[`"��]�W�N�ZKp�h�X[U�`zR	ZVMO\�gYhSN�Z��1\�ujMdndn�X[W�R	U*X[nO\.��NF�U�MOR�q�MO\�gYh�X[ZVi5N�ZSR	`"`zN�Z�e3TVU�qVN����QX[Z���X[ZVZ�Z�TVZ�N�MdZSN�s�N�ndMON�sVMdi5N�u�N�MdW�ndMOg�h��5N�UY�[ZSqVN�U�ndMOg�hSN��vUYX/]
W
Z�X	gYhk��N�U�MOR�q�MO\Yg�hSN�Zk�vUY�/]
W�N�Z

F (ω)eiωt u�N�U�nON�i5N�ZK�
• � MdU�s�N�W�UYX	g�h�W�N�Z��5R	UYX[s ��TVU�ucL1U�TSg���e}N�ndnON�ZKp�u5���v� � gYh�X[ndnde}N�ndnON�ZK� � ���[W�N�U�e¡N�U�qVN�Z¢e3MdU(TVZS\(`"MdW
� gYh�X[ndnde}N�ndnON�ZQi5N�Z�X[TSN�U.X[TS\�N�MdZ�X[ZSqVN�U�\YN�W�u�N�ZK��PI�VU&q�MONj\�Nvi�MdndW&q�MON � N�ndnON�ZVi�nON�MOg�h�TVZVi

∂2p(x, t)

∂t2
=

κ

ρ0

∂2p(x, t)

∂x2

�mMdW&qVN�` � N���X[UYX[W�MOR	ZS\YX[ZS\@X[W�u P (x, t) = f(x)g(t)
N�U�h��[ndW `aX[Z

f(x)
d2g

dt2
= v2 d

2f

dx2
g(t) =⇒

d2g
dt2

g
= v2

d2f
dx2

f
= C =

gjR	ZS\�W��
e¡R	s�N�M£]
�VU}q�MON&{.TS\�sVU�N�MdW�TVZVi5\�i5Nj\Yg�h�e3MdZSq�Mdi��5N�MdW

v
qVN�U � g�h�X[ndnde}N�ndnON�Zt]_R	ndi5N�ZSqVN.�rN�ujMON�h�TVZVi(`"MdW¡qVN�U�.R	`"�VU�Nj\�\�MdsVMdndMdWY�[W

κ
TVZSq�qVN�U.L1MOg�h�W�N

ρ0
qVNj\.�mNjq�MdTV`z\.i�MdndW��

v2 = κ
ρ0 ¤ qSX[`"MdW.MO\�W α2 = −C

v2

s�N�M
N�MdZSN�`¦¥K§�\�TVZVi5\YX[ZS\YX[W�u

f(x) = f+e
iαx + f−e−iαx �

� R	ndn1Z�TVZ f
��N�U�MOR�q�MO\Yg�h©¨�u5���v�

2π
����N�U�MOR�q�MO\�g�h£ª�\�N�MdZKp«]
R	U�qVN�U�Wt`aX[Z¬X[nO\�­1X[ZSq�s�Njq�MdZVi�TVZVi¢u5���v�

f(0) = f(2π) = 0
�5L�X[`"MdW}N�U�h��[ndW}`aX[Z

f(x) = f0 sin(αx)
`"MdW

α = 0,± 1
2 ,±1,±3

2 , · · · = ± 2π
λTVZSq

λ = 4π, 2π, 4
3π, . . .

L.MONj\&N�U�i�MdsVW.qSX[ZVZ
g(t) = g0 sin(αvt+ φ) = g0 sin(2π

λ vt+ φ)
�

��\ i�MdndW
ω = 2πν = 2π

λ v =⇒ λν = v
� � MdU N�U�h�X[ndW�N�ZmN�MdZSN*\�W�N�hSN�ZSqVN � N�ndnON®X[nO\ �yU�i5N�sVZVMO\��L�XtNj\1\�MOg�hQs�N�MIqVN�U � N�ndnON�ZVi�nON�MOg�h�TVZVikTV`¯N�MdZSN®ndMdZSN�X[U�N�L1Mo°CN�U�N�Z�W�M�X[ndi�nON�MOg�h�TVZVimh�X[ZSqVN�ndW�p�MO\�Wvq�MON

� TV��N�U���R�\�MdW�MOR	Z��5R	Zk¥K§�\�TVZVi5N�Zke3MONjqVN�U�TV`±N�MdZSN*¥²§�\�TVZViS�
p(x, t) =

∑

n

pn sin
(n

2
x
)

sin
(n

2
vt+ φn

)

L1MON
pn
TVZSq

φn
\�MdZSqcu5���v�Vq�TVU�g�hm{&Z�]�X[ZVi5\�s�Njq�MdZVi�TVZVi5N�Z�e3MON

p(x, 0)
TVZSq ∂

∂tp(x, t)
∣∣
t=0

]_Nj\�W�ujT��
nON�i5N�ZK�

³�´«µO¶�µ¸·3¹ HIº»A ¹½¼ G>H�J
¾ Nj\�TSgYh�W*e3MdU�qDN�MdZSN"�|§	i�ndMOg�hV�5N�MdW�N�MdZSN�s�N�ndMON�sVMdi5N"PVTVZV��W�MOR	Z

f(x)
Z�X	g�h�N�MdZSN�` � X[W�u"�5R	Z¸PVTVZV��W�MOR	ZSN�Z

fn(x)
ujTmN�Z�W�e3MOgY�5N�ndZKp£qC�^hK�£X[nO\ ¥CMdZSN�X[U��5R	`®sVMdZ�X[W�MOR	Z¸qSX[U�ujTS\�W�N�ndnON�ZS¿5�

f(x) =
∑
n
anfn(x)

ÀÁ`Â{.ndndi5N�`zN�MdZSN�Zke3MdU�q�Nj\3\�MOg�h�qSX[s�N�MCTV`ÃN�MdZSN�Z�TVZSN�ZSq�ndMOg�hSN�Z � X[W�u��5R	Z�PVTVZV��W�MOR	ZSN�Zkh�X[ZSqVN�ndZ ¤ q�MON fnsVMdnOqVN�ZkqSX[s�N�M²N�MdZSN�Ä«N���W�R	U�UYX[TV`®s�X	\�MO\w�
Å�ÆFÇ�È@ÉvÊ�È@ËwÌ�ÍÏÎ
Ì>ÆFÐ@Î_Ç^Ë[Ñ�Ò�Ê�È�Ó�ÐFÉ�ÔwÇ«Õ[ÐFÖwÓ�Í×Ç�Ó�Ø
Ù�Ú@Û@Ü�Ý[Ù�ÜFÞ@ß�à
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�¡L1MON��IX���nOR	U�N�Z�WÁe3MOg���ndTVZViD¨
RV� �v� qC� {(�Vs�N�M
x0 = 0

ª

f(x) =
∑

n=1

∞ 1

n!

dnf

dxn

∣∣∣∣∣
x=0

xn =⇒ fn = xn

xn MO\�W.�yMdi5N�Z�]�TVZV��W�MOR	ZQujTV`¦L1Mo°CN�U�N�Z�W�M�X[nOR	��N�UYX[W�R	U
x d

dx

TVZSq|N�MdZSqVN�TVW�Mdits�Nj\�W�Md`"`�W&]
�VU i�X[ZVu�N�ZVMOg�h�W�ZSNF�
i�X[W�Md�5N

n
�

³�´«µ�³²µ�� <«G>= ¹ AC=^ACH ¼���¹
� E�º�GIH�J����I=��²AC= ¹ <�� ¹�� �"! A � G>H�E ¼	¹ <«H�ACH$# � GIH�E ¼	¹ <yH�ACH ¹ B ACH%��º ¹&�"! ACH
'
H ¼ AC=)(+*Iº�º

�rN�W�UYX	g�hSN�Z�e3MdU PSTVZV��W�MOR	ZSN�ZkX[T�]yqVN�`$N�ZSq�ndMOg�hSN�ZmÀÁZ�W�N�U���X[ndn [−L
2 ; +L

2

] p�ujTVZ��	gYhS\�W `"MdW3qVN�Z��rNjq�MdZVi�TVZ��
i5N�Z

f(−L
2 ) = f(L

2 )
TVZSq

f ′(−L
2 ) = f ′(L

2 )
��L1MONj\�N1PVTVZV��W�MOR	ZSN�Z�n�X	\�\�N�Zc\�MOgYh�`"MdW�W�N�nO\

f(L+ x) = f(x)X[T�]yq�MON�i5Nj\YX[`®W�N*U�NjN�ndnON®{3g�hS\YNv]
R	U�W�\YN�W�u�N�Z�TVZSq�\�MdZSq�qSX[ZVZ���N�U�MOR�q�MO\�g�hSN*PSTVZV��W�MOR	ZSN�ZK�
¾ Nj\�TSg�h�WIe3MdU�q*Z�TVZ(N�MdZ��5R	ndnO\�WY�[ZSq�Mdi5Nj\-,�. � ��\�W�N�` �5R	Z�PVTVZV��W�MOR	ZSN�ZKp/Z�X	g�h�qVN�ZSN�Z f N�Z�WÁe3MOg��5N�ndWye¡N�U�qVN�Z��X[ZVZ ¤ q�MONj\�N}\�R	ndndW�N�Z�qSX[hSN�UIN�s�N�Z�]�X[ndnO\K��N�U�MOR�q�MO\Yg�h�\�N�MdZK��L�X[ujT�\�TSgYh�WI`aX[Z��yMdi5N�Z�]
TVZV��W�MOR	ZSN�Z�qVNj\²ndMdZSN�X[U�N�ZL1Mo°�N�U�N�Z�W�M�X[nOR	��N�UYX[W�R	U�\ − ( ∂

∂x

)2 �
−
(
∂

∂x

)2

fλ(x) = λfλ(x)

L1MONa¥K§�\�TVZVi5N�Z q�MONj\YN�U ¾ nON�MOgYh�TVZVi¸\�MdZSq�s�N�U�N�MdW�\�X[TS\�qVN�` {.sS\�g�hVZVMdW�W(�Vs�N�U�¥CMdZSN�X[U�NtL1Mo°�N�U�N�Z�W�M�X[ndi�nON�Mo�
g�h�TVZVi5N�Zms�N���X[ZVZ�W�pSqVN�U {.ZS\YX[W�u*n�X[TVW�N�W��

fλ(x) = a cos(ωx) + b sin(ωx)

• ω2fλ(x) = λfλ(x) =⇒ λ = ω2

• f
(
−L

2

)
= f

(
+L

2

) sVuje*�
f(L) = f(0)

TVZSq
f ′
(
−L

2

)
= f ′

(
+L

2

)
=⇒ ωL = 2πn

�
ω = 2πn

L

p
n ∈ N

�
L�X[UYX[TS\ ��X[ZVZ�`aX[Z�Z�TVZ�]
R	ndi5N�U�ZK�
¨�M-ªc��\ i�MdsVW N�MdZSN�Z � X[W�u��5R	ZmPVTVZV��W�MOR	ZSN�Z|qVN�U ¾ Nj\�WYX[ndW

{
cos

(
2πnx

L

)}
,

{
sin

(
2πnx

L

)}
,

e¡N�nOg�hSN�Md`ÃPVTVZV��W�MOR	ZSN�ZVUYX[TV`¦sVuji�n��SqVNj\��0/1/2��34�-/657398;:=<?>A@B�

(f, g) =

∫ L
2

−L
2

dx f(x)g(x)

e¡Njg�hS\�N�nde¡N�MO\�N(\�N�ZV��U�NjgYh�WvX[T�]
N�MdZ�X[ZSqVN�U1\�W�N�hSN�ZK�
C£TV`¦�¡N�e¡N�MO\��

D := −
(

d
dx

)2 MO\�W.N�MdZ�\�N�ndsS\�WYX	qED^TVZVi�MON�U�W�N�U(¨
\4��`"`zN�W�U�MO\�g�hSN�U@ª1�.��N�UYX[W�R	U.X[T�]I��N�U�Mo�
R�q�MO\�gYhSN�Z�¨�TVZSq�q�Mo°�N�U�N�ZVujMON�U�s�X[U�N�Z£ªrPSTVZV��W�MOR	ZSN�Z�¨���i�n�� � �[W�u�N�� � W�TVU�`GFz¥KMOR	TV��MdndnONwªF�VL1TVU�g�h�uje¡N�Mo�
]�X	g�hSNt��X[U�W�MON�ndnON�ÀÁZ�W�N�i�UYX[W�MOR	Z TVZSq¢TVZ�W�N�U"�rN�X	g�h�W�TVZVi�qVN�U

L
��x>N�U�MOR�q�MdujMdWY�[Wz�5R	Z

f
TVZSq

g
N�U�h��[ndW

H�I Ê�Ç)J�Ç�ÍÏÎLKoÐNMPO@Ì>Î_Ë QYÌ�ÇÁÓ

R=S
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`aX[Zke}N�i5N�ZmqVN�U.x>N�U�MOR�q�MdujMdWY�[W&�5R	Z
f
TVZSq

g

(f,Dg) =

∫ L
2

−L
2

dx f(x)

(
−
(
d

dx

)2
)
g(x)

=

∫ L
2

−L
2

dx

(
d

dx
f(x)

)(
d

dx
g(x)

)
− f(x)

(
d

dx
g(x)

)∣∣∣∣

L
2

−L
2

=

∫ L
2

−L
2

dx

((
−
(
d

dx

)2
)
f(x)

)
g(x) +

d

dx
f(x)g(x)

∣∣∣∣
L
2

−L
2

= (Df, g)
¨�� á ���wª

L�X[`"MdW i�MdndW ]��VU N�MdZSN*�«Mdi5N�Z�]�TVZV��W�MOR	Z
fλ
pVqC� hK�

Dfλ = λfλ
p

(fλ′ , Dfλ) = λ(fλ′ , fλ), (Dfλ′ , fλ) = λ′(fλ′ , fλ) .

�vX	g�h¢¨�� á ���wªri�MdndW \�R	`"MdW
(λ− λ′)(fλ′ , fλ) = 0

p�X[nO\�R
(fλ′ , fλ) = 0

]
�VU
λ 6= λ′

�
¨�MdM-ªcLvN�UyLvNF~SZVMdW�MOR	ZS\�s�N�U�N�MOg�haqVN�U {f} TVZSq {g} MdZ�¨�M-ª²MO\�WIi�nON�MOg�h ¤ qSX[UYX[T�]£�5R	`"`zN�Z"e3MdUy\����[W�N�U�ujTVU��SgY���¨�MdMdM-ªc��\�ndMON�i�W¡N�MdZSN&�yZ�WYX[U�W�TVZVi(�5R	Z {

cos
(

2πnx
L

)
, sin

(
2πnx

L

)} �5R	U�� � MdU��5§	ZVZSN�Ztq�MdU�N���W}Z�X	g�hVU�Njg�hVZSN�Z¨���X[U�W�MON�ndnONkÀ�Z�W�N�i�UYX[W�MOR	Z£ªFp�qSX	\�\�`"MdWzR	sVMdi5N�UzLvNF~SZVMdW�MOR	Z X[TSgYh�q�MON�PVTVZV��W�MOR	ZSN�Z�`"MdW"i�nON�MOg�hSN�`
n\YN�ZV��U�NjgYh�W1X[T�]_N�MdZ�X[ZSqVN�U.\�W�N�hSN�Z ¤ e3MdU3e}N�U�qVN�Z|qSX	\3Md`ÃZ��	g�hS\�W�N�Zm{.sS\�g�hVZVMdW�W s�N�i�U��VZSqVN�ZK�

¨�Md�Vªt��\�sVnON�MdsVW�ZSR�gYh¸q�MON��.R	U�`"MON�U�TVZVik�5R	Z
sin
(

2πnx
L

) sVuje*�
cos
(

2πnx
L

) ujT|�Vs�N�U��VU���]_N�ZK�KL�X[ujTDs�NF�
U�NjgYhVZSN�Z�e3MdU>q�MON��1R	U�`"MON�U�TVZVi.]��VU²q�MON��.T�X	q�UYX[W�N}qVN�UIPVTVZV��W�MOR	ZSN�Z�TVZSq®�5N�U�e}N�ZSqVN�Z"qSX	\²s�N���X[ZVZ�W�N
�«U�i5N�sVZVMO\ ]
�VU q�MON*ÀÁZ�W�N�i�UYX[W�MOR	Zk�5R	Z

sin2(x)
sVuje*�

cos2(x)
�

∫ L
2

−L
2

dx sin2

(
2πnx

L

)
=
L

2

∫ 1

−1
dy sin2(πny) =

L

2

∫ 1

−1
dy

(
sin2 +cos2

)
(πny)

2
=
L

2

L1MON*­.Njg�hVZ�TVZViz]
�VU
cos2

(
2πnx

L

) N�U�i�MdsVW.qSX	\�\�N�nds�N�­&Nj\�TVndWYX[W��
L�X[`"MdW sVMdnOqVN�ZmX[nO\�R { 1√

L
,
√

2
L sin

(
2πnx

L

)
,
√

2
L cos

(
2πnx

L

)} N�MdZ|�.U�W�hSR	ZSR	U�`aX[nO\ ��\�W�N�`��
L1MON(PSR	TVU�MON�U^���yZ�WÁe3MOg���ndTVZVi|N�U�h��[ndWv`aX[ZKp£MdZSqVN�` `aX[Z

f(x)
X[nO\ � TV`"`zN��Vs�N�Uvq�MON��3X	\�MO\^]
TVZV��W�MOR	ZSN�Z

sn
TVZSq

cn
TVZSq \YR	iS�¡x«U�RED^N���W�MOR	ZS\^]�X[��W�R	U�N�Z

an
TVZSq

bn
\�g�hVU�N�MdsVW�pre¡R	s�N�M*q�MONj\YN|P£X[��W�R	U�N�Z¬�5R	Z¬qVN�U

xyU�RED�N���W�MOR	Zk�5R	Z
f(x)

X[T�]�q�MON®�rX	\�MO\^]�TVZV��W�MOR	ZSN�Z�hSN�U�U��VhVU�N�ZK�

sn(x) =

√
2

L
sin

(
2πnx

L

)
, cn(x) =

√
2

L
cos

(
2πnx

L

)
, c0 =

1√
L

an = (f, cn) =

√
2

L

∫ L
2

−L
2

dx cos

(
2πnx

L

)
f(x)

bn = (f, sn) =

√
2

L

∫ L
2

−L
2

dx sin

(
2πnx

L

)
f(x)

a0√
2

= (f, c0) =
1√
L

∫ L
2

−L
2

dxf(x)

R �
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L�X[`"MdW&N�U�i�MdsVW&\�MOgYh�]_R	ndi5N�ZSqVN*L�X[U�\�W�N�ndndTVZVi"]
�VU
f(x)

�

f(x) = (c0, f)c0 +

∞∑

n=1

{(cn, f)cn(x) + (sn, f)sn(x)}

R�qVN�U
f(x) =

√
2

L

a0

2
+

√
2

L

∞∑

n=1

{
an cos

(
2πnx

L

)
+ bn sin

(
2πnx

L

)}

�.sVMdi5N ¾ nON�MOgYh�TVZVi5N�Z|i5N�ndW�N�Z�]
�VU3��N�U�MOR�q�MO\�g�hSN�p£\�W�N�W�Mdizq�Mo°CN�U�N�ZVujMON�U�s�X[U�N�PVTVZV��W�MOR	ZSN�ZK�
L1MONvPSR	TVU�MON�U^���yZ�W�e3MOg���ndTVZVit`"MdWrR	sVMdi5N�Z�P�R	TVU�MON�U��5R�N��zujMON�Z�W�N�Z

an
TVZSq

bn
s�Nj\�MdW�ujWrR	�VW�Md`aX[nON��&R	Z��5N�U^�

i5N�ZVu�TVZSq�MO\�W3N�MdZSqVN�TVW�MdiS���&`$q�MON*�rN�h�X[TV�VW�TVZVizujT�s�N�e}N�MO\�N�ZKpSs�N�W�UYX	gYh�W�N�Zke3MdU qSX	\&PSN�hVnON�U���T�X	q�UYX[W
Q
p

X[nO\�R*q�MON.��T�X	q�UYX[W�MO\Yg�hSN1{&s�e}N�MOg�h�TVZVizqVN�U}PSR	TVU�MON�U�N�Z�W�e3MOgY��ndTVZVik¨�e¡R	s�N�M�e3MdU
an
TVZSq

bn
qVN�U��«MdZ�]_X	gYhVhSN�MdW

h�X[nds�N�U ujT
an
ujTS\YX[`"`zN�Z�]�X	\�\�N�Z£ª¡�5R	Z�qVN�U.PVTVZV��W�MOR	Z

f(x)
\�N�ndsS\�W��

Q =

∫ L
2

−L
2

dx

(
f(x) −

N∑

n=0

anfn(x)

)2

=

(
f −

N∑

n=0

anfn, f −
N∑

n=0

anfn

)

= (f, f) +

N∑

n=0

a2
n(fn, fn) −

N∑

n=0

{an(f, fn) + an(fn, f)}

Q
MO\�W®qSX[ZVZ N���W�U�N�`aX[n�p>e}N�ZVZ dQ

dak
= 0 ⇔ 2ak − 2(f, fk) = 0 ⇔ ak = (f, fk)

pIX[nO\�R�e¡N�ZVZ q�MON
akPSR	TVU�MON�U��5R�N��zujMON�Z�W�N�ZD\�MdZSqC�

L�X	\�PSN�hVnON�U���T�X	q�UYX[WaN�U�i�MdsVW"\�MOg�h�qSX[ZVZ ujTK�
Q = (f, f) −

∑N
n=0 a

2
n ¤ ]_X[ndnO\ limN→∞Q = 0

\��VU�NF�
g�hSN�Z�e3MdU"�5R	Z�N�MdZSN�` �5R	ndnO\�WY�[ZSq�Mdi5N�Z PVTVZV��W�MOR	ZSN�ZS\ ��\�W�N�` {fn}

]��VU"q�MONc�vn�X	\�\�NcqVN�U"PVTVZV��W�MOR	ZSN�Z ¨�MdZ
q�MONj\�N�` P�X[ndn3��N�U�MOR�q�MO\�g�hSN�py\�W�N�W�Mdi¸q�Mo°CN�U�N�ZVujMON�U�s�X[U�N�PVTVZV��W�MOR	ZSN�Z£ªF�«L1MON

fn
\�MdZSq �3X	\�MO\��5N���W�R	U�N�Z�N�MdZSNj\

∞ ��q�Md`zN�ZS\�MOR	Z�X[nON�ZmÄ«N���W�R	U�UYX[TV`z\.`"MdW3MdZVZSN�U�N�`¦xyU�R�q�TV��W�¨
N�MdZ�\�R	iS�Sl.Mdnds�N�U�W�UYX[TV`�ªF�
P�X[ndnO\aR	sVMdi5N��¡Njq�MdZVi�TVZVi5N�Z©¨�M-ª�TVZSq ¨�MdM-ª®N�U^]
�VndndWz\�MdZSqCp�ndMONF]_N�U�WzqVN�U�ndMdZSN�X[U�N�L1Mo°�N�U�N�Z�W�M�X[nOR	��N�UYX[W�R	U

D\�W�N�W�\3N�MdZ��5R	ndnO\�WY�[ZSq�Mdi5Nj\.PVTVZV��W�MOR	ZSN�ZS\4��\�W�N�`��	C£TV` � g�hVndT��aq�MONj\YNj\ {&sS\Yg�hVZVMdW�W�\3�Vs�N�U�ZSN�hV`zN�Z�e3MdU3ZSR�g�huje}N�M � �[W�u�N�X[TS\ qVN�U �QX[W�hSN�`aX[W�Md���Vs�N�U qSX	\&�&R	Z��5N�U�i5N�ZVuj�5N�U�h�X[ndW�N�Z¸qVN�U.PSR	TVU�MON�U^��­&N�MdhSN�ZK�
¨ ∗ ªcPI�VU D�NjqVN�s�Nj\Yg�hVUY�[ZV��W�N"TVZSqDMd` ÀÁZ�W�N�U���X[ndn�\�W��SgY��e¡N�MO\�Nz\�W�N�W�Mdi5NzPSTVZV��W�MOR	Z¸�5R	Z��5N�U�i�MON�U�W(q�MONaPSR	T��

U�MON�U�U�N�MdhSN1Md`Â�kMdW�W�N�n�i5N�i5N�Zcq�MON&i5N�i5N�s�N�ZSNvPVTVZV��W�MOR	ZKp�qC�^hK��qVN�U3��T�X	q�UYX[W�MO\Yg�hSNvPSN�hVnON�Uri5N�h�Wri5N�i5N�Z
Z�TVndn�pSTVZSq�Nj\ i�MdndW q�MON*xIX[U�\YN��	X[nO\�gYhSN ¾ nON�MOgYh�TVZVi

∫ L
2

−L
2

dxf2 = (f, f) =
∞∑

n=0

a2
n

¨ ∗∗ ªc¥²�	\Y\�W�\�MOgYh qSX	\�LvNF~SZVMdW�MOR	ZS\�MdZ�W�N�U���X[ndn*qVN�U�PVTVZV��W�MOR	Z MdZ N�ZSq�ndMOg�h ��MON�nONkÀÁZ�W�N�U���X[ndnONku�N�U�nON�i5N�ZKp}MdZqVN�ZSN�Z¬q�MONQPVTVZV��W�MOR	Z¬\�W�N�W�Mdi TVZSq�`zR	ZSR	W�R	Z¬MO\�W�p}TVZSq \�MdZSq¬X[Z qVN�Z��.ZS\�W�N�W�Mdi��5N�MdW�\�\�W�N�ndnON�Z¬qVN�U
R	s�N�U�N(TVZSqkTVZ�W�N�U�N ¾ U�N�ZVuje}N�U�W

f+
sVuje*�

f−
qVNF~SZVMON�U�W�pC\�Ra�5R	Z��5N�U�i�MON�U�W*q�MON�PSR	TVU�MON�U�U�N�MdhSN"q�MONj\�N�U

PSTVZV��W�MOR	ZSN�ZQX[Zk\�W�N�W�Mdi5N�Z � W�N�ndnON�Z�i5N�i5N�Z f(x)
TVZSqkX[Z�TVZS\�W�N�W�Mdi5N�Z � W�N�ndnON�Zki5N�i5N�Z f++f−

2

�
L1MON*�&R�N��zujMON�Z�W�N�Z {an, bn}

\�MdZSq�q�MON®PSR	TVU�MON�U^���KUYX[ZS\^]_R	U�`"MON�U�W�N�ZQ�5R	Z
f(x)

�

f(x) ⇐⇒ {an, bn}

R�á
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³�´«µ�´«µ�� <yB �Iº»A���A �²AC= ¹ <�� ¹�� �"! A � G>H�E ¼	¹ <«H�ACH
¾ Nj\�TSgYh�W&\�MdZSq�¥K§�\�TVZVi5N�Z��5R	Z

i d
dxfω(x) = ωfω(x)

¨
ω
U�NjN�ndn-ª�]��VU3�5R	`"�VnON���e}N�U�W�Mdi5N(PVTVZV��W�MOR	ZSN�Z

f
`"MdW

fω(0) = fω(L)
�

�|§	i�ndMOg�hSN}¥K§�\�TVZVi5N�Z®\�MdZSq
fωn(x) = ae−iωnx `"MdW ωn = 2πn

L

e3MON«MdZ®{&sS\Yg�hVZVMdW�W�� á ����p�qC�^hK� {
e

i2πn
L , n = 0,±1,±2, . . .

}

sVMdnOqVN�ZkN�MdZk�3X	\�MO\Y\4��\�W�N�`��
D = i d

dx

MO\�W ���-���N�-@�� :	��< /�
 � �-3�@���3��.��N�UYX[W�R	U«]
�VU�qSX	\�MdZVZSN�U�N&xyU�R�q�TV��W�Md` Ä«N���W�R	U�UYX[TV` qVN�U«�5R	`"�VnON����
e}N�U�W�Mdi5N�Z|PVTVZV��W�MOR	ZSN�ZKp

(f, g) =

∫ L
2

−L
2

dxf∗(x)g(x)

(f,Dg) =

∫ L
2

−L
2

dxf∗
(
i
d

dx

)
g(x) =

∫ L
2

−L
2

dx

(
i
d

dx
f

)∗
g(x)

� N�i5N�ZkqVN�U&xIN�U�MOR�q�MdujMdWY�[W ]��[ndndW hVMON�U e3MONjqVN�U&qVN�U&­1X[ZSq�W�N�U�`ÃhSN�UYX[TS\��
LvN�U*�rN�e}N�MO\®ujTVU(�.U�W�hSR	i5R	Z�X[ndMdWY�[W�n�� ��W�\�MOg�h�X[Z�X[nOR	imujT¸{&sS\�gYhVZVMdW�W � á ���(]
�VhVU�N�ZKpChVMON�U*ndMON�i�W D�NjqVR�g�h

> ���B/"�
� /+@��=3�@ < /�
t�5R	U��S�«\&N�U�i�MdsVW&\�MOg�h|X[s�N�U&X[TSgYhmq�MdU�N���W
∫ L

2

−L
2

dx
(
e

i2πn′x
L

)∗
e

i2πnx
L =

L

i2π(n− n′)
e

i2π(n−n′)x
L

∣∣∣∣

L
2

−L
2

=

{
0 n 6= n′

L n = n′
,

q�MON�ZSR	U�`"MON�U�W�N�Z|�rX	\�MO\��5N���W�R	U�N�Zm\�MdZSq
en = e

i2πnx
L√
L

�
�������������������� "!$#���!&%'!$(*),+&-.�/!0��(1%&#��2)43

f(x) =

∞∑

n=−∞
an

1√
L
e

i2πnx
L

an = (en, f) =

∫ L
2

−L
2

dx
1√
L
e

i2πnx
L f(x)

���������	�
���65�7�<�8$9�:�8<; �

f(x) =





1 0 < x <
1

2

0
1

2
< x < 1

L = 1

MO\�W3s�N�MO\��VMON�ndh�X/]
W3]��VU qVN�Z � g�h�X[ndnOq�U�TSg�� p(t) = p0 + f(t)
�VL1MON*PSR	TVU�MON�U�N�Z�WÁe3MOg���ndTVZVi�N�U�i�MdsVW

R=R
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f(x) =
√

2
a0

2
+

∞∑

n=1

{√
2an cos(2πnx) +

√
2bn sin(2πnx)

}

an =
√

2

∫ L

0
dx cos(2πnx)f(x) =

√
2

∫ 1
2

0
dx cos(2πnx)

=
√

2
sin(2πnx)

2πn

∣∣∣∣

1
2

0

=
√

2
sin(πn)

2πn
= 0 (n > 0)

a0 =
√

2

∫ 1
2

0
dx =

√
2

2

bn =
√

2

∫ 1
2

0
dx sin(2πnx) =

√
2

(
−cos(2πnx)

2πn

)∣∣∣∣

1
2

0

= −
√

2

(
cos(πn) − 1

2πn

)
=

√
2
(1 − (−1)n)

2πn
,

ujTS\YX[`"`zN�ZmX[nO\YR
f(x) =

1

2
+

∞∑

n=1

(1 − (−1)n)

πn
sin(2πnx)

`"MdW
f(0) = 1

2 = f
(

1
2

) pVqVN�`¦�kMdW�W�N�nde¡N�U�W&�5R	Z
0
TVZSq

1
�

³�´«µ��«µ�� <«G>= ¹ AC=^ACH ¼���¹
� E�º�GIH�J ¹ B GIH�ACH%��º ¹&�"! ACH '
H ¼ AC=)(+*Iº�º
�¡MO\�hSN�U�h�X[W�W�N�Z"e3MdUyPSR	TVU�MON�U�U�N�MdhSN�ZzZ�TVU�]
�VUyX[T�]�qVN�` N�ZSq�ndMOg�hSN�ZaÀÁZ�W�N�U���X[ndn

L
qVNF~SZVMON�U�W�N PVTVZV��W�MOR	ZSN�Z"TVZSq

N��5N�Z�W�TSN�ndn���N�U�MOR�q�MO\Yg�hSN.]
R	U�W�i5Nj\YN�W�ujW�N.PVTVZV��W�MOR	ZSN�Zcs�N�W�UYX	gYh�W�N�W����.ZS\�N�U7C£MON�n�MdZcq�MONj\�N�` {.sS\�gYhVZVMdW�W}MO\�WrNj\�p
q�MON�PSR	TVU�MON�U�N�Z�W�e3MOg���ndTVZVi�]��VUrs�N�ndMON�sVMdi5N�PVTVZV��W�MOR	ZSN�Z|X[T�]IN�MdZSN�`$TVZSN�ZSq�ndMOg�hSN�Z|À�Z�W�N�U��	X[ndnCujTcs�N�W�UYX	g�h�W�N�Z
¨
L→ ∞ ªF�
C£TVZ��	gYhS\�Wa\�N�M

x
q�MON C�N�MdW

t
¨
qSX[ZVZ�e¡�[U�NkNj\"s�Nj\Y\�N�U

L → T
TV`"ujTVWYX[T�]_N�Z£ªF��{.TS\"{.sS\�g�hVZVMdW�W � á ���

�5N�ZVZSN�Z¢e3MdU(q�MONt�rN�ujMON�h�TVZVi
ωn = 2π n

L = 2πν
�>PI�VU

L → ∞ ]_R	ndi�W
ν → 0

p>qC�^hK�>q�MONtPVU�Nj��TSN�ZVu�N�Z
e}N�U�qVN�Z���q�MOg�h�W��@��PI�VU

ε := 2π
L

i�MdndW Z�X[W��VU�ndMOgYhmN�s�N�ZS\�R
ε→ 0 (L→ ∞)

�
�rN�W�UYX	g�h�W�N�Zme3MdU

f(x) =
∞∑

n=−∞
(ωn+1 − ωn)︸ ︷︷ ︸

=ε

√
L

2π
ane

iωnx

TVZSq
g(ωn) =

√
L√
2π
an =

1√
2π

∫ L
2

−L
2

e−iωnxf(x)dx ,

\�R�i5N�h�W
f(x)

]
�VU
L→ ∞, ε→ 0

MdZmN�MdZ�À�Z�W�N�i�UYX[n²�Vs�N�U3TVZSq�e3MdU&N�U�h�X[ndW�N�Z

f(x) =
1√
2π

∫ ∞

−∞
dω g(ω)eiωx

g(ω) =
1√
2π

∫ ∞

−∞
dx f(x)e−iωx

L1MONj\�N�PSR	TVU�MON�U�W�UYX[ZS\�]
R	U�`aX[W�MOR	ZfMO\�WaN�MdZSN¢¨�ndMdZSN�X[U�Nwª"ÀÁZ�W�N�i�UYX[ndW�UYX[ZS\^]_R	U�`aX[W�MOR	ZK� � MdUae}N�U�qVN�Z MdZ�q�MONj\�N�`{.sS\�g�hVZVMdW�W ZSR�g�hke}N�MdW�N�U�N �²UYX[ZS\^]_R	U�`aX[W�MOR	ZSN�Zm�5N�ZVZSN�ZVnON�U�ZSN�ZKp�u5���1��q�MON*¥²X[�Vn�X	gjNF���KUYX[ZS\�]
R	U�`aX[W�MOR	ZK�

R��
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� /�� ��3N> < /�
?��PI�VUmq�MON¢PSR	TVU�MON�U�W�UYX[ZS\^]_R	U�`aX[W�MOR	Z N���MO\�W�MON�U�N�Z �5N�U�\�g�hVMONjqVN�ZSN �1R	WYX[W�MOR	ZSN�ZK�.ÀÁZ qVN�U|\�R	iS�
� X[`®sVU�MOq�i5NF� �1R	WYX[W�MOR	Zfe3MdU�q�qVN�UaP�X[��W�R	U 1

2π

qVN�UaPVTVZV��W�MOR	Z
f(x)

ujTVi5NjR	U�q�ZSN�W�p�]��VU"i5N�e¡§	hVZVndMOg�h �5N�U^�
W�N�MdndW `aX[Z�MdhVZ D^NjqVR�g�h�\4��`"`zN�W�U�MO\�gYh|X[T�]

f(x)
TVZSq

g(ω)
�

� N�M f(x)
N�MdZSN*U�NjN�ndnde}N�U�W�Mdi5N®PSTVZV��W�MOR	ZK�£LvX[ZVZki�MdndW

f∗(x) =
1√
2π

∫ ∞

−∞
dω g∗(ω)e−iωx = − 1√

2π

∫ −∞

∞
dω̄ g∗(−ω̄)eiω̄x

= f(x) =
1√
2π

∫ ∞

−∞
dω g(ω)eiωx ,

X[nO\�R
g∗(−ω) = g(ω)

¨
R[]
W��
g(ω) → f̃(ω)

ªF�
P�X[ndnO\

x
\�MOgYh ZVMOgYh�WkX[T�]�q�MON C�N�MdW�pr\�R	ZSqVN�U�Z N�MdZSN|UY�[TV`"ndMOgYhSND�&R�R	U�q�MdZ�X[W�NQs�N�ujMON�h�W�p¡\Yg�hVU�N�MdsVWc`aX[Z

�VsVndMOg�hSN�U�e¡N�MO\�N
k
¨ � N�ndnON�ZVuwX[hVn-ª&\�WYX[W�W ω ��rN�MO\��VMON�nON�ujTVU&P�R	TVU�MON�U�W�UYX[ZS\^]
R	U�`aX[W�MOR	ZK�

¨�M-ª
f(x) =

{
1 −a ≤ x ≤ +a
0

\�R	ZS\�W �VL�X[ZVZ�i�MdndW

f̃(k) =
1√
2π

∫ ∞

−∞
dx f(x) e−ikx

=
1√
2π

∫ a

−a

dx e−ikx

=
1

−i
√

2π

(
e−ika − eika

)

=

√
2

π
a

sin ka

ka

-0.2

0

0.2

0.4

0.6

0.8

1

-6 -4 -2 2 4 6
x

sinka
ka

ka

L1MONj\�NvPVTVZV��W�MOR	Zcs�Nj\Yg�hVU�N�MdsVW3q�MONv�¡N�TVi�TVZVi��5R	Z � N�ndnON�Z�X[ZtN�MdZSN�` � ��X[ndW���PI�VU � N�ndnON�Zti�MdndW ω2 =
c2k2 = c2

(
2π
λ

)2 �V�rN�MC�rN�TVi�TVZVi�X[Z�N�MdZSN�` � ��X[ndW3e3MdU�q�q�MON � N�ndnON�ZVuwX[hVn²u�N�U�nON�i�W MdZ�N�MdZSN�Zk{.Z�W�N�Mdn��X[UYX[ndnON�n1ujTV` � ��X[ndWaTVZSq N�MdZSN�Z {.Z�W�N�Mdnv\�N�ZV��U�NjgYh�WtujTV` � ��X[ndW�� k2 = k2
|| + k2

⊥
�}À�Z TVZS\�N�U�N�`

R	sVMdi5N�ZQP�X[ndnIMO\�W
k
q�TVU�g�h

k|| = k sinα
ujT|N�U�\�N�W�u�N�ZK��P>�VU.��nON�MdZSN � MdZV�5N�nIi�MdndW.q�MON({.sS\�g�h��[W�ujTVZVi

sinα ≈ α
�SPI�VU q�MON*ÀÁZ�W�N�ZS\�MdWY�[W&N�U�h��[ndW&`aX[Z

f̃2(k||) ≈ 2
πa

2 sin2(kaα)
(kaα)2

�
¨�MdM-ª

f(x) = e−αx2

f̃(ω) =
1√
2π

∫ ∞

−∞
dx e−αx2

e−iωx (†)
=

1√
2π

∫ ∞

−∞
dx e−α(x2+ iω

2α
)2e−

ω2

4α

=
1√
2π
e−

ω2

4α

∫ ∞+ iω
2α

−∞+ iω
2α

du e−αu2 (‡)
=

1√
2π
e−

ω2

4α

∫ ∞

−∞
du e−αu2

=
1√
2π
e−

ω2

4α

√
π

α
=

1√
2α
e−

ω2

4α

�
† ���	��

�����������������
������ �!#"%$&
%"
 '�)(*�,+�-/.#"%�0"1���&"�
‡ ���32%

"%41���).#"%�0"����%�&.����)�#�%5�����$76�.#"98:��

���<;>=&=0= � �?�)�&�%�A@)����$����0��BDC3�����%"
�E�����

f̃(ω)
s�Nj\�g�hVU�N�MdsVW.e3MONjqVN�U&N�MdZSN ¾ X[T���F \�gYhSN ¾ nOR�g��5N�ZV��TVU��5N��

G5N�W�ujW e¡R	ndnON�Zke3MdU ZSR�g�hk��TVU�u�uje¡N�MKe}N�MdW�N�U�N �KUYX[ZS\^]_R	U�`aX[W�MOR	ZSN�ZQX[ZVi5N�s�N�ZK�

R�H
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� ���������
	���
��������
������������� �!�"� L1MONj\�N �²UYX[ZS\^]
R	U�`aX[W�MOR	Z�~SZSqVN�W3MdZ�qVN�Urx«h?��\�Md�ah��[T�~Si5N�{.Z�e¡N�ZSq�TVZViSpSujTV`
�rN�MO\��VMON�nKs�N�MK�yMdZS\�gYh�X[ndW��5R	U�i��[ZVi5N�ZK�

F (p) = L[f ] =

∫ ∞

0
dt e−ptf(t)

ÀÁhVU�N �&`"�5N�hVU�TVZVi�MO\�W
f(t) =

1

2π i

∫ C+i∞

C−i∞
dz F (z) ezt

�$# ���%�&�'��
��������
������������� �!�"�
F (p) = M [f ] =

∫ ∞

0
dt tp−1f(t)

�rN�MOqVN �KUYX[ZS\^]_R	U�`aX[W�MOR	ZSN�Z�\�MdZSq ���0/"� � 34�)(N/+@�� 
=3	� �&@ 3 � / �+*�8 3 � �=@ � 8=/"��/�p�e}N�nOgYhSNz\�MOgYh|ujTVU��rN�h�X[ZSq�ndTVZVi�ndMo�
ZSN�X[U�N�U&L1Mo°CN�U�N�Z�W�M�X[ndi�nON�MOg�h�TVZVi5N�Z¸N�Mdi�ZSN�ZK�SL�X�e3MdU3Md`±­1X[hV`zN�Zkq�MONj\�N�U3Ä«R	U�nONj\�TVZVizZVMOgYh�W.e}N�MdW�N�U.qSX[UYX[T�]
N�MdZVi5N�hSN�Zke¡R	ndnON�ZKpS�5N�U�e¡N�MO\�N�Z�e3MdU&qVN�Z�MdZ�W�N�U�Nj\�\�MON�U�W�N�Z|¥KNj\�N�U.X[T�]yq�MON�PVTVZV��W�MOR	ZSN�Z�W�hSNjR	U�MON��
³�´«µ',}µ�� <«G>= ¹ AC= ¼ =9*>H � �^<>=FB * ¼	¹ <yH (�<yH.-�?Iº»A ¹½¼ G>H�JKACH$#0/ � *>º ¼ G>H�JKACH21

• � MdU sVMdnOqVN�Zkq�MON�{.sVnON�MdW�TVZVi df
dx

`"MdW
f(x) = 1√

2π

∫∞
−∞ dk f̃(k)eikx �

df

dx
=

1√
2π

∫ ∞

−∞

(
ikf̃(k)eikx

)
dk =⇒

(̃
df

dx

)
(k) = ikf̃(k)

• 3 � ��@ < /�
 � MdU3sVMdnOqVN�Z
h(x) =

1√
2π

∫ ∞

−∞
dy f(y) g(x − y)

`"MdW
f(y) =

1√
2π

∫ ∞

−∞
dk′ f̃(k′)eik

′y

TVZSq
g(x− y) =

1√
2π

∫ ∞

−∞
dk′′ g̃(k′′)eik

′′(x−y) .

L1MON*qSX[UYX[T�]�X[ZVi5N�erX[ZSq�W�N®PSR	TVU�MON�U�W�UYX[ZS\^]_R	U�`aX[W�MOR	ZQN�U�i�MdsVW

h̃(k) =
1√
2π

∫ ∞

−∞
dxh(x)e−ikx =

1

2π

∫ ∞

−∞
dx

∫ ∞

−∞
dy f(y) g(x− y)e−ik(x−y)−iky

=
1

2π

∫ ∞

−∞
dy

∫ ∞

−∞
d(x− y)g(x− y)e−ik(x−y) f(y)e−iky = g̃(k) f̃(k) !

�«MdZSN�P�X[ndW�TVZVi1i5N�h�W>s�N�M�P�R	TVU�MON�U�W�UYX[ZS\^]
R	U�`aX[W�MOR	ZaX[nO\YR3MdZ®N�MdZ�x«U�R�q�TV��W>X[TS\IPSR	TVU�MON�U�W�UYX[ZS\^]_R	U�`aX[W�MOR[�
ZSN�Zk�Vs�N�U�� �.`"i5N��5N�hVU�W&��X[ZVZ�`aX[ZkN�s�N�ZS\�RaX[TS\ N�MdZSN�`¦xyU�R�q�TV��W �5R	ZkP�R	TVU�MON�U�W�UYX[ZS\^]
R	U�`aX[W�MOR	ZSN�Z
q�TVU�gYhm­&�Sg���W�UYX[ZS\^]
R	U�`aX[W�MOR	Z|N�MdZSN*P�X[ndW�TVZViaN�U�u�N�TVi5N�ZK�

R�4
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³�´«µ���µ�� *C= � A (	*>º�� � �"! A��zº»A ¹
�"! GIH�J ���I= � <«G>= ¹ AC= ¼ =9*>H � �^<>=FB * ¼	¹ <yH�AKH	� ¹ B GIH�ACH2��º ¹
�"! AKH

1AC=^A ¹&�"!��

ÀÁZ�{&sS\�gYhVZVMdW�W � á ����h�X[s�N�Z�e3MdU3]
�VU N�ZSq�ndMOg�hSN
L
i5N�u�N�Mdi�W��

(f, f) =

∫ +L
2

−L
2

f∗(x)f(x)dx 

Ó_Ì�Ñ[ÐNOFÐFÉ[ÈNM×Í Ì�QYÌ��

=

+∞∑

n=−∞
|an|2

� ���[W�N�U�¨
{&sS\�gYhVZVMdW�W � á � R ª*h�X[s�N�Z�e3MdU�qSX[ZVZ L i5N�i5N�Z¢TVZSN�ZSq�ndMOg�h \�W�U�N�s�N�Z�n�X	\�\�N�ZK�>L.MON � TV`"`zNz�Vs�N�Uq�MON
an
i5N�h�W&qSX[ZVZ��Vs�N�U MdZ�N�MdZkÀÁZ�W�N�i�UYX[n�� ∫ +∞

−∞ dω L
2π

�V�mMdW √
L√
2π
an = g(ωn)

]
R	ndi�W

(f, f) =

∫ +∞

−∞
f∗(x)f(x)dx =

∫ +∞

−∞
g∗(ω)g(ω)dω

L�X/]��VU \YR	ndndW�N�Z
f
TVZSq

g
����T�X	q�UYX[W�MdZ�W�N�i�UYX[s�N�n �(\�N�MdZK�

��� � ��3�>A< /�
 � � MdU3s�N�W�UYX	gYh�W�N�ZmqSX	\&MdZVZSN�U�N*xyU�R�q�TV��W&�5R	Z�uje}N�M>�«Mdi5N�Z�]�TVZV��W�MOR	ZSN�Z 1√
2π
eikx = fk(x)

�

(fk, fk′) =
1

2π

∫ +∞

−∞
dx e−ikxe+ik′x =

1

2π

∫ +∞

−∞
dx e−i(k−k′)x =?

¨�� á � á ª
PI�VUtq�MO\���U�N�W�N

k
�5R	ZVZ�W�N�Z¬e3MdUtR	sVMdi5N�Z¬{.TS\�q�U�TSg���\Yg�hVU�N�Mds�N�Z¬X[nO\

δk k′
p}e}R	s�N�MvhVMON�UtqSX	\c�vU�R	ZSNjgY�5N�U^�

� ��`®s�R	n²i5N�`zN�MdZ�W.MO\�W��SÀÁZ�¨�� á � á ªrh�X[ZSqVN�ndW1Nj\&\�MOgYhmX[s�N�U TV`¦N�MdZSN*PSTVZV��W�MOR	Z|�5R	Z
(k − k′)

�SL1MON®¥²§�\�TVZVi
q�MONj\�Nj\ x«U�R	sVnON�`z\ ]
�VhVU�W3TVZS\3ujTVU&L1MdUYX	g�F \�gYhSN�Z

δ
��PSTVZV��W�MOR	ZK�

R��
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���"!�� +�)��.7�����7�� ,
δ �
#®'*0*8�2C+-%�0���� + �£2C)�+�!�'32C+-%�0 ,10

³ �«µ�³²µ#"t¹ A "c¹ =9* � � �E�"! A
δ $ � GIHIE ¼	¹ <yH

� MdU3s�N�W�UYX	gYh�W�N�ZQN�MdZSN�ndMdZSN�X[U�N*ÀÁZ�W�N�i�UYX[ndW�UYX[ZS\^]_R	U�`aX[W�MOR	Z

F (p) =

∫ +∞

−∞
dx δ(p− x) f(x)

!
= f(p)

¨�� R ���wª

•......................................................................................................................................................................................................................................
.............

...

.................................................
...

................
....................................................

.............
...

p

a

1

a

L�X	\zÀÁZ�W�N�i�UYX[n&\�R	ndn&X[nO\YRQi5N�Z�X[T�qVN�Z � N�U�Wz�5R	Z f X[Z�qVN�U � W�N�ndnON p X[ZVZSN�hV`zN�ZKpe}R	s�N�M
f
N�MdZSNQs�N�ndMON�sVMdi5N�¨�MdZ�W�N�i�UYX[sVnONwª�PVTVZV��W�MOR	Z¬MO\�W�� C£TVZ��	gYhS\�W�MO\�Wc��n�X[U�p¡qSX �

δ(p−x) �5N�MdZSNri5N�e}§	hVZVndMOg�hSN1PVTVZV��W�MOR	Za\�N�MdZ"��X[ZVZK� � MdUyer�[hVnON�ZzujTVU«�rN�U�Njg�hVZ�TVZViujTVZ��	g�hS\�W.N�MdZSN*�*X	\�W�N�Z�]
TVZV��W�MOR	Z

δa(p− x) =





1

a

]
�VU |p− x| ≤ a

2

0
\�R	ZS\�W

�&°CN�ZS\�MOg�h�W�ndMOg�h|MO\�W ∫ +∞
−∞ dx δ(p− x) = 1

� �vX	g�hkqVN�`±�mMdW�W�N�nde}N�U�W�\@X[W�u*]_R	ndi�W3`"MdW
−a
2 ≤ (p− x̄) ≤ a

2

Fa(p) =

∫ +∞

−∞
dx δa(p− x) f(x) = f(x̄)

C£e¡X[U�MO\�W
lima→0 Fa(p) = f(p)

p	e3MdUy�5§	ZVZSN�Z�qVN�Zz¥CMd`zNj\}X[s�N�UyZVMOg�h�W«TVZ�W�N�U�qSX	\�À�Z�W�N�i�UYX[nSujMON�hSN�ZK�
Fa(p)MO\�W�N�MdZSN(ndMdZSN�X[U�N"À�Z�W�N�i�UYX[ndW�UYX[ZS\^]_R	U�`aX[W�MOR	ZKp

lima→0 Fa(p)
X[s�N�UvZVMOg�h�W&% G5NjqVR�gYh¸N�U�i5N�s�N�ZDq�MON

Fa(p)
]
�VU

a→ 0
N�MdZSN 3 8 � 
 ��'A8 / ���0/2� � 3 ��/ 3 < / >A@ � 8 /�� � ��/�p�q�MON MdZaN�MdZSN�` �5R	ndnO\�WY�[ZSq�Mdi5N�Zt`zN�W�U�MO\�g�hSN�Zc­.X[TV` i5N�i5N�Z

qSX	\
δ
��PVTVZV��W�MOR	Z�X[nI�5R	Z��5N�U�i�MON�U�N�ZK�

¾ nON�MOgYh�TVZVif¨�� R ���wª(MO\�WaX[nO\�R¸\ ��`�s�R	ndMO\�gYh�ujT��5N�U�\�W�N�hSN�ZK� � R	nOgYhSNkPVTVZV��W�MOR	Z�X[nON�s�N�u�N�MOg�hVZSN�W�`aX[Z X[nO\(����-@ 3N����< @ � 8 /2��/ ¨
PSTVZV��W�MOR	ZSN�ZKp£q�MON�Z�TVU TVZ�W�N�U.qVN�`ÃÀÁZ�W�N�i�UYX[nIN���MO\�W�MON�U�N�Z£ªF�
� /�� ��3N> < /�
?�3ÀÁZDqVN�U��|X[W�hSN�`aX[W�Md�|MO\�WvN�MdZDndMdZSN�X[U�Nj\�PVTVZV��W�MOR	Z�X[n}N�MdZSN�ndMdZSN�X[U�N"{.sVsVMdnOq�TVZVi��5R	Z¸N�MdZSN�`
Ä«N���W�R	U�UYX[TV` sVuje*�>PVTVZV��W�MOR	ZSN�ZVUYX[TV` ¨
L.T�X[ndUYX[TV`�ª(X[T�]&N�MdZSN�Z�C�X[hVnON�ZVUYX[TV`���¥CMdZSN�X[U�NcÀ�Z�W�N�i�UYX[ndW�UYX[ZS\^�
]_R	U�`aX[W�MOR	ZSN�ZQ\�MdZSqm\���N�ujMON�ndnON�PVTVZV��W�MOR	Z�X[nON�p£e¡N�nOg�hSN�MdZQqVN�UvndMdZSN�X[U�N�ZQ{.ndi5N�sVUYXtX[TSg�hDq�TVU�g�h¸N�MdZ|MdZVZSN�U�Nj\
xyU�R�q�TV��W.qSX[U�i5Nj\�W�N�ndndW e}N�U�qVN�ZK�£{&TSgYh ¾ nON�MOgYh�TVZViD¨�� R ���wª¡MO\�W N�MdZk\�R	nOgYhSNj\ MdZVZSN�U�Nj\ x«U�R�q�TV��W��
³ �«µ�´«µ�� <«G>= ¹ AC= ¼ =9*>H � �^<>=FB * ¼	¹ <yHfG>H%�

δ $ � G>H�E ¼	¹ <yH
� MdU \�N�W�u�N�Z an = 1√

L

∫ +L
2

−L
2

dx̄ f(x̄)e−2πin x̄
L
MdZ
f(x) = 1√

L

∑+∞
n=−∞ ane

2πin x
L
N�MdZ�TVZSq�N�U�h�X[ndW�N�Z

f(x) =
1

L

+∞∑

n=−∞

∫ +L
2

−L
2

dx̄ f(x̄)e2πin x−x̄
L

L1MONj\�N�U}{.TS\�q�U�TSgY�"s�Nj\�gYhVU�N�MdsVW}N�MdZ
δ
��PVTVZV��W�MOR	Z�X[n

f(·) → f(x)
��L.TVU�gYh�Ä«N�U�WYX[TS\Yg�h�TVZVi��5R	ZtÀ�Z�W�N�i�UYX[W�MOR	Z

TVZSq � TV`"`aX[W�MOR	Z|N�U�i�MdsVW&\�MOg�h�]
R	U�`aX[n

f(x)
�

=
� ∫ +L

2

−L
2

dx̄

{
1

L

+∞∑

n=−∞
e2πin x−x̄

L

}
f(x̄)

=⇒ 1

L

+∞∑

n=−∞
e2πin x−x̄

L = δ(x − x̄)
( hVMON�U.X[T�] [−L

2 ; L
2

])

R*)
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PI�VU&qVN�Z ¾ U�N�ZVu�]�X[ndn
L→ ∞ N�U�h�X[ndW�N�Z�e3MdU `"MdW

∆ω = 2π
L

¨
\��V{&sS\Yg�hVZVMdW�W � á ���wª

1

2π

∫ +∞

−∞
dω eiω(x−x̄) = δ(x− x̄) .

L�X[`"MdW �5N�U�N�MdZ�]�X	g�h�Wv\�MOgYhkX[TSg�hmq�MON®�.U�W�hSR	i5R	Z�X[ndMdWY�[W�\�s�N�ujMON�h�TVZVi�¨
\�MON�hSN � � R �wªF�

1

2π

∫ +∞

−∞
dx e−i(k−k′)x =

1

2π

∫ +∞

−∞
dx̄ e−i(k−k′)x̄

\���RV�
= δ(k − k′) ,

qC�^hK�
δik

MO\�W q�TVU�g�h
δ(k − k′)

ujTkN�U�\YN�W�u�N�ZK�
³ �«µ��«µ�� A �"! H�ACHfB ¹»¼

δ $ � G>H�E ¼	¹ <«H�ACH
� /�� ��3N> < /�
?� � N�ZVZ � MON�\�MOgYh�TVZS\�MOg�hSN�U(]��VhVnON�ZKp�qSX[ZVZ \�N�W�u�N�Z � MONaujTVZ��	gYhS\�W"N�MdZ P�R	ndi5N {δn(x)} �5R	ZZSR	U�`aX[nON�ZmPSTVZV��W�MOR	ZSN�Z|N�MdZ�TVZSq�sVMdnOqVN�ZkqSX[ZVZkqVN�Z ¾ U�N�ZVuje}N�U�W ]
�VU

n→ ∞ pVqC�^hK�
a→ 0

�
� N�MKs�N�MO\��VMON�nO\�e¡N�MO\�N δn(x) = n e−πn2x2 �VLvX[ZVZkMO\�W

∫ +∞

−∞
dxn e−πn2x2

=

∫ +∞

−∞
dy e−πy2

= 1

TVZSq
δn(x)

N�MdZSN ¾ X[T���F \�g�hSN ¾ nOR�gY�5N�ZV��TVU��5N�p�e}N�nOgYhSN®`"MdW erX	g�hS\�N�ZSqVN�`
n
N�MdZ�Md`"`zN�U1\�g�h��[U^]_N�U�Nj\�pS\�W�N�Mo�

nON�U�Nj\&�QX ��Md`®TV`±N�U�U�N�MOgYh�W��
PI�VU q�MON

δ
��PVTVZV��W�MOR	Z|i5N�ndW�N�Z�]_R	ndi5N�ZSqVN*­&NjgYhSN�ZVU�N�i5N�ndZ

¨�M-ª ∫ +∞
−∞ dx′ δ(x′ − x)f(x′) = f(x)

¨�MdM-ª � TVsS\�W�MdW�TVW�MOR	ZK� x′′ = −x′ =⇒ δ(x′) = δ(−x′) p�qVN�ZVZ
∫ +∞

−∞
dx′ δ(x′)f(x′) = −

∫ −∞

+∞
dx′′ δ(−x′′)f(−x′′)

=

∫ +∞

−∞
dx′′ δ(−x′′)f(−x′′) = f(0) .

¨�MdMdM-ª
δ(ax′) = 1

|a|δ(x
′)
pVqVN�ZVZ

∫ +∞

−∞
dx′ δ(ax′)f(x′)

a>0
=

∫ +∞

−∞

d(ax′)
a

δ(ax′)f(
ax′

a
) =

1

a
f(0) .

L1MON*­&NjgYhVZ�TVZVia]��VU
a < 0

n��[T�]�W&X[Z�X[nOR	iS�
¨�Md�Sª � MdUms�N�U�Njg�hVZSN�Z δ(f(x))

]��VU|N�MdZ�]_X	gYhSN �.TVndnO\�W�N�ndnON�Z©�5R	Z
f(x)

s�N�M
x1, . . . , xn

p.qVR	U�Wmi�MdndWQX[nO\�R
df
dx

∣∣∣
x=xi

6= 0
�«ÀÁZ¢��nON�MdZSN�Z �.`"i5N�sVTVZVi5N�Z�qVN�U �.TVndnO\�W�N�ndnON�Z�MO\�W

f(x) = ∂f
∂x

∣∣∣
x=xi

(x − xi)
¨ �IX����

nOR	U�N�Z�WÁe3MOg���ndTVZVicsVMO\3ujTVU&N�U�\�W�N�Z|�.U�q�Z�TVZVi�ªrTVZSq�qSX[`"MdW&Z�X	g�h�¨�MdMdM-ª

δ(f(x)) =

n∑

i=1

1∣∣∣∂f
∂x

∣∣∣
x=xi

δ(x− xi)

R�â
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¨��SªtL1MON�{&sVnON�MdW�TVZVi�N�MdZSN�U
δ
��PVTVZV��W�MOR	Z¸N�U�h�X[ndW�N�ZDe3MdUvq�TVU�g�hD��X[U�W�MON�ndnON�À�Z�W�N�i�UYX[W�MOR	ZKpCe}R	s�N�MyqVN�U1­1X[ZSq��

W�N�U�`Ãe¡N�i5N�ZmqVN�U&{.TS\�e}N�U�W�TVZVias�N�M −∞ TVZSq
+∞ �5N�U�\�g�h�e3MdZSqVN�W��

∫ +∞

−∞
dx δ′(x)f(x) = −

∫ +∞

−∞
dx δ(x)f ′(x) = −f ′(0)

L1MONj\�N3ujTVZ��	gYhS\�W�]
UYX[i�ndMOg�htN�U�\�g�hSN�MdZSN�ZSqVN.��X[U�W�MON�ndnON&ÀÁZ�W�N�i�UYX[W�MOR	ZcN�MdZSN�U�L1MO\�W�U�MdsVTVW�MOR	Ztn�� ��W�\�MOgYhaU�Njg�h�W^�
]_N�U�W�Mdi5N�ZKp²MdZSqVN�` e3MdU®e3MONjqVN�U(ujTSN�U�\�W�q�MON�P�R	U�`zN�n�]
�VU�N�MdZSNtPSR	ndi5N��5R	Z¢PVTVZV��W�MOR	ZSN�Z q�TVU�g�h�]
�VhVU�N�Z
TVZSq�qSX[ZVZkqVN�Z ¾ U�N�ZVuje}N�U�W.sVMdnOqVN�ZK�

³ �«µ',}µ�� A ! =4� ¹ BDACH �5¹ <yH"*Iº½A
δ $ � G>H�E ¼	¹ <yH�ACH

� MdU3e}R	ndnON�Zmq�MON®q�U�N�MOq�Md`zN�ZS\�MOR	Z�X[nON δ ��PVTVZV��W�MOR	Z δ3(~x− ~x0)
s�N�U�Njg�hVZSN�ZKpV]
�VU q�MON�i5N�ndW�N�Zk\YR	ndn��

∫ +∞

−∞
dx1

∫ +∞

−∞
dx2

∫ +∞

−∞
dx3δ3(~x− ~x0)f(~x) = f(~x0) .

� MdU}�5§	ZVZSN�Z�qSX[hSN�U X[TSg�ht]_R	U�`aX[n δ3(~x− ~x0) = δ(x1 −x01)δ(x2 −x02)δ(x3 −x03)
\�g�hVU�N�Mds�N�ZKp�e}R	s�N�M

q�MON®q�U�N�M�N�MdZSq�Md`zN�ZS\�MOR	Z�X[nON�Z
δ
��PSTVZV��W�MOR	ZSN�ZQi5N�W�U�N�ZVZ�WvTVZ�W�N�U1qVN�Z D^N�e¡N�MdndMdi5N�Z|ÀÁZ�W�N�i�UYX[nON�ZQujTms�N�U�NjgYhVZSN�Z

\�MdZSqC��� 8=3�������� @��KL�X	\ xyU�R�q�TV��W �5R	Z�L1MO\�W�U�MdsVTVW�MOR	ZSN�ZKpSu5���v�
δ2(x)

MO\�W3ZVMOgYh�W&e¡R	hVnOqVNF~SZVMON�U�W&%
�&R	`"`zN�Zme3MdU ujTVU��Sg��cujTVU&�«nON���W�U�R�\�WYX[W�Md���SLvR	U�W h�X[W�W�N�Z�e3MdU ]
R	ndi5N�ZSqVN ¾ Nj\�N�W�uj`a� ��Mdi��5N�MdW�N�Zki5NF]
TVZSqVN�ZK�

• q�Md� ~E(~r) = ρ(~r)
ε0

•
∫
A
d~a · ~E =

∫
V
d3r ρ(~r)

ε0
= Q

ε0

¨ ¾ X[T���F \�gYhSNj\ ¾ Nj\YN�W�u/ª

• ~E(~r) = 1
4πε0

∫
d3r′ ρ(~r)

|~r−~r′|3 (~r − ~r′)
¨ � R	TVnOR	`®sVi5Nj\YN�W�u®]
�VU3�5R	Z�W�MdZ�TVMON�U�ndMOg�hSN�¥²X	q�TVZVi5\��5N�U�W�N�MdndTVZVi�ª

PI�VU¡N�MdZSN1xyTVZV��W�n�X	q�TVZVi"s�N�M
~r = 0

i�MdndWrqSX[ZVZ ~E(~r) = 1
4πε0

Q(~r)
|~r|3

TVZSq�qSX[`"MdWrq�Md� ~E = 0
]
�VU

~r 6= 0
p�e}N�Mdn

qVR	U�W
ρ(~r) ≡ 0

�
PI�VU N�MdZSN*xyTVZV��W�n�X	q�TVZVi�N�U�h�X[ndW�N�Zme3MdU&\�R	`"MdW

ρ(~r) = δ3(~r)

� N�W�u�N�Z"e3MdUyq�MONj\�MdZ"R	sVMdi5N ¾ nON�MOg�h�TVZVi5N�ZtN�MdZ�¨
qVN�UIi5N�ZSN�Mdi�W�N3¥²Nj\�N�Uy`z§	i5Nrq�MONj\�ujTVU	�.sVTVZVi�W�TVZ£ªFp	N�U�h�X[ndW�N�Ze3MdU&qSX	\3�5R	U�U�N���W�N*­.Nj\�TVndWYX[W��
�rN�W�UYX	g�h�W�N�Zme3MdU3Z�TVZ

∆ϕ =
q�Md�¡i�UYX	q

ϕ = −ρ(~r)
ε0

pSe}R	s�N�M

ϕ(~r) =
1

4πε0

∫
d3r′

ρ(~r′)
|~r′ − ~r| .�mMdW

ρ(~r) = −δ3(~r)ε0
MO\�W

∆ϕ = δ3(~r)
TVZSq

ϕ(~r) =
−ε0
4πε0

∫
d3r′

d3(~r
′)

|~r′ − ~r| = − 1

4π

1

|~r| =
¾

(~r)

L1MONj\�NkPSTVZV��W�MOR	ZfMO\�WtqSX	\ (N/ ' ��3��;�|qVNj\�¥>X[�Vn�X	gjNF���.��N�UYX[W�R	U�\�TVZSq�e3MdU�q�]
�VUai5N�e¡§	hVZVndMOg�hbX[nO\�
734����/ �
�

3 < / >A@ � 8 /cs�N�u�N�MOg�hVZSN�W�� � MdU�\�N�W�u�N�Z�q�MON ¾ U�NjN�ZS\^��PSTVZV��W�MOR	Z�MdZaq�MON&X[ndndi5N�`zN�MdZSN1PSR	U�`zN�nS]
�VU ϕ(~r)
N�MdZzTVZSq

N�U�h�X[ndW�N�Z
ϕ(~r) =

1

4πε0

∫
d3r′

ρ(~r ′)
|~r ′ − ~r| = − 1

ε0

∫
d3r′

¾
(~r − ~r ′) ρ(~r ′) .

LvN�U&\�R"N�Z�W�\�WYX[ZSqVN�ZSN®{.TS\�q�U�TSg��ch�X[W q�MON*P�R	U�`±N�MdZSN�U&�QX[W�U�M ��`�TVndW�Md�VndMd�	X[W�MOR	Z ∑
r′
¾

r r′ρr′
%
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³ �«µ���µ -�G�� H2�>ACH��>AC= �z=�A�ACH � ��G>H�E ¼	¹ <«H B ¹½¼ � <yGI= ¹ AC= ¼ =)*IH � ��<>=@B * ¼	¹ <«H�ACH
� MdU3s�N�W�UYX	gYh�W�N�Z

∆G(~r) = −δ3(~r)
TVZSqc]
�VhVU�N�Zkq�MON�PSR	TVU�MON�U�W�UYX[ZS\^]_R	U�`aX[W�MOR	Z|�5R	Z

G(~r)
N�MdZK�

G̃(~k) =
1

(2π)
3
2

∫
d3r e−i~k·~rG(~r)

G(~r) =
1

(2π)
3
2

∫
d3k ei

~k·~rG̃(~k)

∆G(~r) =
1

(2π)
3
2

∫
d3k (i~k)2ei

~k·~rG̃(~k) = −δ3(~r)
(
~∇ · ~∇ ei

~k·~r = ~∇ ·
(
(i~k)ei

~k·~r
)

= (i~k)2ei
~k·~r
)

�.`"�5N�hVU�TVZViS�
(−~k2) G̃(~k) =

1

(2π)
3
2

∫
d3r e−i~k·~r ∆G(~r)︸ ︷︷ ︸

δ3(~r)

=
−1

(2π)
3
2

L1MONj\3s�NjqVN�TVW�N�W
G̃(~k) =

1

(2π)
3
2

1

~k2

L1MON �.`"�5N�hVU�TVZVize3MONjqVN�U�TV`¦N�U�i�MdsVW

G(~r) =
1

(2π)3

∫
d3k ei

|~k|r cos ϑ︷︸︸︷
~k·~r 1

~k2

=
1

(2π)3

∫ ∞

0
k2dk

∫ +1

−1
d cos ϑ

∫ 2π

0
dϕ

1

k2
eikr cos ϑ

=
1

(2π)2

∫ ∞

0
dk

e
ikr cos ϑ

∣∣+1

−1

ikr
=

1

(2π)2

∫ ∞

0
dk

2i sin kr

ikr

x:=kr
=

2

(2π)2r

∫ ∞

0
dx

sinx

x︸ ︷︷ ︸
=π

2
, �������	��

���������������������	���������

=
1
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