
Universität Heidelberg WS 07/08Exer
ise Sheet 4, Theoreti
al Physi
s III (QuantumMe
hani
s)Solutions to be handed in and 
lass exer
ises dis
ussedin the tutorials of Week 5 (16.11.07)Class exer
ise P4: Spheri
al harmoni
s (3 points)Reminder: The spheri
al harmoni
s Y m
l are an orthonormal system of eigenfun
tionsof the Lapla
e operator on the 2-sphere. They are given in polar 
oordinates by

Y m
l (θ, φ) =

√
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4π

(l −m)!

(l +m)!
eimφ Pm

l (cos θ),where m and l are integers with l ≥ 0 und −l ≤ m ≤ l, and the asso
iated Legendrefun
tions Pm
l are given by

Pm
l (x) =

(−1)m

2l l!

(

1 − x2
)m/2 dl+m

dxl+m
(x2 − 1)l.a) Give expli
it forms of Y 0

0 , Y 0
1 , Y 1

1 , Y −1
1 and Y 0

2 .b) Make sure that your results are mutually orthogonal.
) Expand f(θ, φ) = sin θ sin φ in spheri
al harmoni
s.Exer
ise H6: Spe
trum of the H atom (8+2 points)In this exer
ise you determine the spe
trum of the hydrogen atom with the helpof the raising and loweing operators. Let ψElm(r, θ, φ) = fEl(r) Y
m
l (θ, φ) be thewavefun
tion of a bound state with energy E < 0, L2-eigenvalue ~

2l(l + 1) and
L3-eigenvalue ~m. We de�ne ǫ ≡ −2meE/~

2, β ≡ mee
2/~2 and gǫl(r) ≡ r fEl(r).a) Beginning with the S
hrödinger equation for the hydrogen atom
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ψElm = E ψElmshow that hl gǫl(r) = ǫ gǫl(r) with hl =
(

∂2

∂r2 −
l(l+1)

r2 + 2β
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)

.b) Show that the operators al ≡
∂
∂r

+ l
r
− β

l
and a†l ≡ − ∂

∂r
+ l

r
− β

l
are Hermitian
onjugate with respe
t to the s
alar produ
t

〈f g〉 ≡

∫ ∞

0

dr f(r)g(r) (for fun
tions f , g with f(0) = g(0) = 0).
) Show that: hl = −a†lal + β2

l2
= −al+1a

†
l+1 + β2

(l+1)2
.d) Show that: a†l+1gǫl is either 0 or an eigenfun
tion of hl+1 with eigenvalue ǫ.



e) From the positivity of the norm 〈

a†l+1 gǫl a
†
l+1 gǫl

〉

≥ 0, derive that there existsa maximum value of l for every possible ǫ (
onsider ǫ > 0). Call this value l̄,so that a†
l̄+1

gǫl̄ = 0. Thus show that the possible binding energies are of theform E = −mee
4/(2~

2n2) with positive integer n.f (2 Extrapoints) Solve the di�erential equation a†
l̄+1

gǫl̄(r) = 0 for arbitrary
l̄ ∈ N0, and dedu
e from the normalizability of the solution that every n ∈ N

∗yields a possible binding energy a

ording to the formula above.Exer
ise H7: Neutron in a gravitational �eld (8 points)A team in the Physi
al Institute in Heidelberg in the gravitational �eld of the Earthdrops 
old neutrons onto a horizontal mirror, and then measures the resulting energylevels (see e.g. http://www.physi.uni-heidelberg.de/~abele/nature.pdf). It isassumed that the mirror re�e
ts the neutrons perfe
tly and is at x = 0. The potentialis then V (x) = mgx for x ≥ 0 and ∞ for x < 0, su
h that the S
hrödinger equationin position spa
e for positive x is
−

~
2

2m
ψ′′(x) + (mgx−E)ψ(x) = 0.The general solution of this equation (a variant of the Airy equation) 
annot beexpressed via elementary fun
tions. However, it is possible to obtain an integralexpression.a) State the S
hrödinger equation in momentum spa
e.b) Find the general solution of the S
hrödinger equation in momentum spa
e.Write the wavefun
tion in position spa
e in the region x ≥ 0 as an integralover the Fourier modes thus determined. You 
an initially leave the normal-ization and energy inde�nite. The possible energies are then determined bythe boundary 
ondition at x = 0, see below.
) What boundary 
ondition must the wavefun
tion satisfy at x = 0? Thus,relate the energies En of the bound states to the zeros of the Airy fun
tion Ai.This is de�ned by Ai (z) =
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The zeros of the Airy fun
tion are negative real numbers. There is no known 
losedexpression for them, however they 
an easily be 
al
ulated with arbitrary a

ura
y.The �rst zero is at z0 = −2.338 . . .d) Cal
ulate the ground state energy in eV.


