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4. 1. (Präsenzübung: Poisson’s equation, photon mass and complex function theory, 1+1 marks) The
Poisson’s equation was introduced in the lecture. In the following, you have to discuss a modified version of the
Poisson’s equation:

(

∆ −m2
)

φ(~x) = −4πδ(~x) ,

where m ∈ R.

(a) Prove that

φ(~x) = 4π

∫

d3p

(2π)3
ei~p·~x

p2 +m2

is a solution of the modified Poisson’s equation. Note that p2 = ~p · ~p . In order to solve this exercise, it is
convenient to use the representation of the Dirac delta distribution in Fourier space:

δ(~x) =

∫

d3p

(2π)3
ei~p·~x .

(b) Perform the integration for φ(~x) by means of the residue theorem! Discuss the result: What do you get for
φ(~x) in the limit m→ 0? What would be the consequences if the photons were massive?
Instructions: In order to calculate the integral, it is convenient to use spherical coordinates: Choose the
z-axis of the coordinate system to be in the direction of the vector ~x and then perform the integration over
the angles. Finally, you need the residue theorem to perform the integration in radial direction. The residue
theorem is given by

∮

dzf(z) = 2πi
∑

i

Resz=zi
f(z) with Resz=zi

f(z) = lim
z→zi

(z − zi)f(z) ,

where the integration is performed over a closed line (in the counterclockwise direction) in the complex
plane, and the sum is over the residues of f(z) inside that line. The formula for the calculation of the
residue is only valid if f(z) has a pole of first order (simple pole) at z = zi.

4. 2. (multipole expansion, 5 marks) Consider the charge density distribution

ρ(~r) =
q

64πa3

B

(

r

aB

)2

sin2(θ) e−r/aB .

The atomic length scale is given by the constant aB. Calculate the potential by means of a (spherical) multipole
expansion!
Remarks: You only have to use the formula for the multipole expansion which is valid outside of the charge
distribution, i. e. for r > r′. But note that you have to calculate all terms of the series!

4. 3. (Green’s law and Earnshaw’s theorem, 6 marks)

(a) (3 marks) Prove that the value of the electrostatic potential at a test point ~r is equal to the average of a
potential taken over any spherical surface with central point ~r. Instructions: Use Green’s law with ψ1 = φ

and ψ2 = 1

|~r′−~r|
.

(b) (3 marks) Prove Earnshaw’s theorem: There is no stable configuration of a finite number of point
charges. Hint: Consider one arbitrary point charge Qk (k ∈ {1, ..., N}) of a configuration of all point
charges and prove by means of the result of 4.3.(a) that the assumption that the point charge Qk is located
in a (local) minimum is wrong!

1



4. 4. (mirror charges I, 7 marks) Consider a charged grounded ball with radius R. The central point of this ball
is located at the origin of the coordinate system. A point charge q is located outside of the ball with distance a
(a > R) from the origin of the coordinate system.

(a) (3 marks) Calculate the electrostatic potential of this test arrangement! Hints: Which value does the
potential take on the surface of the ball? Put another point charge q′ on the symmetry axis of the test
arrangement with distance a′ < R from the origin of the coordinate system? Can you choose q′ and a′ such
that the boundary condition for potential on the surface of the ball is fulfilled?

(b) (2 marks) Calculate the charge density distribution of surface of the ball!

(c) (2 marks) Calculate the force between the point charge and the ball!


