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When classical simulation fails for strongly coupled systems - - -
--- there’s usually a sign problem around the corner.
Various incarnations: Finite baryon density (QCD), fermions
(repulsive Hubbard model, doping), non-zero 6 angle, geometrically
frustrated anti-ferromagnets, Real-time evolution
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MC evaluation is not possible

» In it's most general form sign problem is exponentially hard toyer,
wiese (2005). General solution applicable to all problems unlikely.

» Use "quantum” degrees of freedom (atoms/molecules/ions) to
represent the field variables and design the Hamiltonian
dynamics to study the real time dynamics reynman (1982).

> (here) Abelian and Non-Abelian Gauge theories with fermionic
matter.
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Abelian Model Realization in optical lattices

Introduction

Quantum Simulation: Analog vs Digital
lons confined in ion-trap with interactions

Adjust parameters such that atoms in
between individual ions can be controlled.

optical traps act as d.o.f

4 2 ¢ physical operations on quantum hardware
&6 6 & (e.g. laser pulses)
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§ desired time evolution
2-qubit gate on a coarse-grained
multi-qubit gate time scale

array of qubits 3

single qubit gate

cold atoms in optical lattices realize
Bosonic and Fermionic Hubbard type Advantage: Much more control over

models. interactions; Challenge: Scalability.

Greiner et. al. (2002)
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What to see in real time?

Confinement in QCD is phenomenologically described by a “string”
String breaking from a study of the spectrum:
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G.S. Bali, K. Schilling (1992); Bali et. al. (2005).

Possibility of seeing string breaking in real time ...?
Chiral dynamics at finite density in U(N)/SU(N) gauge theories.
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Abelian Quantum Link model

2
H=—te 3 (hsty +he) + & B - 25 3 (Up +he).
(xy) (xy) O

> Anti-commuting fermions; Gauge fields: [Exy, Uy] = Uxy
> GX|w> =0,Gx= wid)x - Ei (Ex,x+7 - Ex—?,x>;
Gy generates Gauge transformations and [H, Gx] = 0

> Wilson: Uy, = exp(ipxy) € U(1), infinite dimensional Hilbert space at
each link — unsuitable for realization on optical lattices

> Generalized LGTs have discrete Hilbert spaces at each link, but
generate continuous gauge transformations
Horn (1981); Orland(1990); Chandrasekharan, Wiese (1996)

> Finite Hilbert space for each link field: 2S + 1 states of an integer or
half-integer quantum spin Sy, on each link
> Electric field: E,, = S, with eigenvalues —S,..., S,
Uy =S5 =85 iS5, UL =8y =S85 i

Debasish Banerjee

Quantum simulation of real-time dynamics in gauge theories



Introduction Abelian Model Realization in optical lattices Non-Abelian Conclusions

Schwinger model with staggered fermions

Stick to simple models in 1-d having the same qualitative features for
validating the quantum simulator. Schwinger model with QL in spin-1
representation and staggered fermions:

2
He = = 3 tr [dUccsrtonss + he ] 4m S (=0 o+ T S0 B2+ V'S ()

12 i T <<

1 2 3 4 5 6 7 8 9 10 >

Symmetries: Translation symmetry by even number of lattice spacings;
Gauss’ Law: [H, Gx] = 0; Parity; Charge Conjugation;
Discrete Chiral Symmetry: for m = 0

broken by Gauss law.
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The String and its breaking

Energeticsint — 0
limit easy to analyze:
Eo = 7/77%

Estring - EO = %(L - 1)
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meson vacuum meson
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Static Properties
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Static Properties
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String breaking
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Microscopic Model and effective gauge invariance
Schwinger model acts as an effective theory 7, induced at low-energies
by a microscopic Hubbard type model H.
Express dynamical gauge fields in terms of rishons ('schwinger” bosons for U(1)):

_ Qt ot . _ oz . o o . o o o o
Uox ox11 = 82x+1,2x b3, b3y Eaxoxi1 = Saxi1,ox = (Mox1—13x)/2; Nax+N3eiq =28 =N

R Sho >> Rishon for spin-1;
i T+1,2x B
r— o , — S=1,N=2
N Bygra = (nhyy —n3,)/2
- o—— A S‘Jtvl.zr _4.4_
iip 2z +1

Impose Gauss law by the Hamiltonian:

HM—UZ (G2 =u{ > [ 2poning + (=) (nf +ng }+2annx

Xx,0=1,2

U > all other scales in the system — ground states have Gx|¢) =0
Violating gauge invariance costs energy O(U4); limit 4 — oo Gauss law exact!
Gauss Law satisfied in the low-energy sector.
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Low energy physics
Low energy physics induced by Hperi:

2
{ ot o o o
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X X X0

X,o0
Fermion-gauge coupling generated in 2"-order perturbation theory
2z — 1 2z 2z —1 2z 2r—1 A
o(U)

tetpf Ty )
=52, Use1,208201

Four-fermi interaction is also generated (suppressed by O(tr/1g))!
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one-to-one correspondence between states in 7, and the
physical Hilbert space of Hs.
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Schematic representation
Each term of the Schwinger model can be implemented via a Bose-Fermi
Hubbard model and using superlattices (optical potential created by
superposition of different harmonics)

"
a) U g o~
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How good is the approximation?
Static properties: Agreement of the ground state spectra to per-cent level
for U ~ 10t
Gauss law: Probability of remaining in the gauge invariant subspace about
90% for U = 10t and about 98% for U = 20t even for r ~ 5000t~
Note: perturbative violation of gauge invariance is unimportant when taking
the continuum limit Foerster, Nielsen, Ninomiya (1980)

Time evolution:

a) ° %—Ig~u"f ut ) +h? ¢
o = Pat1Yz,041 Ve . -
b)
< (VM’L - ’GJIHWH) Ew+l> (e — wl+]w:t+l><E1,:t+l>

0.1

Debasish Banerjee

Quantum simulation of real-time dynamics in gauge theories



Introduction Abelian Model Realization in optical lattices Non-Abelian Conclusions

Outline

Non-Abelian

Debasish Banerjee

Quantum simulation of real-time dynamics in gauge theories



Introduction Abelian Model Realization in optical lattices Non-Abelian

Conclusions

Non-Abelian Quantum Link Models

The Hamiltonian with staggered fermions are given by:

H=-t> (sxwauf W) +hc) +mzsxw'w 4 vZ(q/;

(xy)

where and , with
The non-Abelian Gauss law:

wQA d)ﬁ(JrZ( xx+k+R§ kx)7 Gx:wiTwifz(Exﬁx+R7Ex7f(x
k

)

: Gell-Mann matrices; : SU(N) electric fluxes, £y, : Abelian U(1) flux.

Other possible terms in the Hamiltonian:
. Not included in our study.
U(N) gauge invariance requires:

3

[L?, L°] = 2ifapcL®, [R?, R®] = 2ifapcR°, L%, R®] = [E, L%] = [E,R?] = O,

[Lav U] = _)‘auv [Hav U] = U)‘av [E7 U] =U

To study SU(N) theories, we must include the term
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Rishons: the magic of the QLMs

Non-Abelian link fields can be represented by a finite-dimensional fermionic
representation:

2 it e a _ it yad _ i it i At
LXY - CX,+)‘//'C£(,+’ RX,V - Cy,—’\/jci/,—7 EXY - E(Cy,—cy,—fcxﬁcxgr)» UxA,y = Cx1+C§/,_~

cf( e c)’jik with color index i € {1, 2, ..., N} are rishon operators. They anti-commute:
{C k0 Cy,i/} = GxyOk, 105, {Cx, 40 C) 1/} = {Cf,ikv Cﬂi/} =0.
By fixing the no of rishons on a link, the Hilbert space can be truncated in a completely

gauge-invariant manner: Ny = ¢ ¢ _ +¢jl.c} .

Action of the plaquette

| | and the determinant on a
o 2 Lz 1@ L 2%

O [ N ] O } SU(3) theory with
j"h_.‘r j*.,_% Ny = 3 rishons per link.
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Chiral Dynamics

[ dimension [ group [ M [ C [ flavor [ baryon [ phenomena |
(1+1)D U2) 1 no no no xSB, Tc =0
@+1)D | U@) | 2 | yes | Z(2) no xSB, 7. > 0

u(t) xSB, Tc >0

(2+1)D SU@R) | 2 | yes | Z(2) boson \SR.ng > 0
> u(1) xSB, Tc >0

@+1)D | SU@) | 3 | yes | Z(2P | i IR

Table: Symmetries and phenomena in some QLMs.

Top: Chiral symmetry breaking in a U(2) QLM
withm = 0and V = —6t.

Bottom: Real-time evolution of the order

log(AE)

parameter profile

@P)x(r) = sy wl — Ny forL =12,

()«

mimicking the expansion of a hot quark-gluon

plasma.
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Outlook

Although quantum simulating QCD is still far away, many of the
simpler models have similar physical phenomena. Very useful
for insight into the physics of QCD.

Necessiates analytical and numerical developments
understanding real-time dynamics in quantum systems to
complete the picture with data from quantum simulation

It is very important to validate quantum simulators. At present,
mostly exact-diagonalization and DMRG techniques are used in
1-d for this purpose. Interesting to consider developing classical
simulation algorithms to validate quantum simulators.

The way to QCD involves adding extra flavor degrees of
freedom, and multi-component Dirac fermions with appropriate
symmetries.
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Backup: Implementation of the non-Abelian models

Lattice with quark and rishon sites as a physical optical lattice for fermionic atoms.

r+1 T+1

‘“‘oomoee "oomee

Pleorclir Yot * det Uy,

oCHee O0O™Mee

- | 1)) -[1)]1)

> Force the rishon number constraint per link by the term: U3~ .,y (Naxy — n)2.
» Hopping is induced perturbatively with a Hubbard-type Hamiltonian.

» Color d.o.f are encoded in the internal states ( the 2/ + 1 Zeeman levels of
the electronic ground state ' Sp) of fermionic alkaline-earth atoms.

»> Remarkable property: scattering is almost exactly 2/ + 1 symmetric.

» Since the hopping process between quarks and rishon sites is gauge
invariant, the induced effective theory is also gauge invariant.
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Realization in optical lattices

Backup: An example of real-

Use the Trotter-Suzuki
decomposition

—iHt —iHqt 71")-(216[’)-[1,7-[2]@/2

e =~ 3 e

to study the real time evolution of
2-quantum spins

Time-dependent variation of
parameters possible

Trotter errors known and bounded;
gate errors under control;
Implementation with upto 6
ions/spins Lanyon et. al. 2011
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Backup: Classical vs Quantum Simulation
Example of a quantum quench in a strongly correlated Bose gas.
S. Trotzky et. al., Nature Physics (2012).

U K .
H= Z {—J(a;am +hc.)+ Enj(nf 1)+ Enjﬂ
j

Start the system in the state |(t =0)) =|---,1,0,1,0,1,---) and then study the

evolution by the Hamiltonian
Measured: no of bosons

c on odd lattices. Solid
)= curves are from DMRG
r results.
L 04
[ U/J=516(7)
02 K/J=17%1072
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