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question

is metric quantum gravity fundamental ?



introduction

• physics of classical gravity

Einstein’s theory GN = 6.7⇧ 10�11 m3

kg s2

• physics of quantum gravity

Planck length ⌃Pl =
��GN

c3

⇥1/2 ⌅ 10�33 cm

Planck mass MPl ⌅ 1019GeV

Planck time tPl ⌅ 10�44 s

Planck temperature TPl ⌅ 1032 K

expect quantum modifications at energy scales E ⌅MPl

• hierarchy problem

coupling of Higgs particle to gravity

one-loop level:

either no symmetry breaking

or Higgs particle mass of order MPl

or non-trivial cancelations at loop level (fine-tuning)

• low-scale quantum gravity

particle physics models

fundamental Planck scale = O(1TeV)⇤MPl
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Einstein’s theory GN = 6.7⌃ 10�11 m3

kg s2

classical action

SEH =
1

16�GN

� ⇥
det g(�R(gµ⌅) + 2⇤)

valid on length scales ⇤ 10�2 � 1028 cm
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long distances 
       gravity not tested beyond

short distances 
       gravity not tested below

1028cm

10�2cm

gravitation
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SYM =
1

4g2
s

�
F 2

renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory

running coupling

(taken from PDG)

trivial UV fixed point

�s � g2
s

4�
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α
s
(µ
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asymptotic freedom of the strong force

renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory
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s

4⇥

quantum fields
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renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory

coupling X = g2
s/(4�)

⇤X ⇥ dX
d ln µ

trivial UV fixed point

X� = 0

⇤X = �aX2

X0.0 0.2 0.4 0.6 0.8 1.0

�1.0

�0.5

0.0

0.5

1.0
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quantum fields

strong nuclear force (QCD)
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quantum fields

asymptotic freedom



renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• gravitation

coupling X = GN µ2

⌅X � dX
d ln µ

trivial IR fixed point

no Landau pole

⌅X = +2X
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quantum fields
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�X = (2 + ⇥N )X

quantum gravity 



renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory

Renormalisation group and gravitation – p.5/9

renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• gravitation

coupling X = GN µ2

⌅X � dX
d ln µ

trivial IR fixed point

no Landau pole

⌅X = +2X

X0.0 0.2 0.4 0.6 0.8 1.0

�1.0

�0.5

0.0

0.5

1.0

1.5

2.0

Renormalisation group and gravitation – p.8/9

renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• gravitation

coupling X = G(µ) µ2

⌅X ⇥ dX
d ln µ

non-trivial UV fixed point

X� ⇤= 0

⌅X = (2� aX) X

X0.0 0.2 0.4 0.6 0.8 1.0

�1.0

�0.5

0.0

0.5

1.0

Renormalisation group and gravitation – p.8/9

renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• gravitation

coupling X = G(µ) µ2

⌅X ⇥ dX
d ln µ

non-trivial UV fixed point

X� ⇤= 0

⌅X = (2� aX) X

X0.0 0.2 0.4 0.6 0.8 1.0

�1.0

�0.5

0.0

0.5

1.0

Renormalisation group and gravitation – p.8/9

�X = (2 + ⇥N )X

asymptotic safety (S Weinberg ’79)

quantum gravity 
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quantum gravity 
asymptotic safety

• RG scaling of gravitational coupling

dimensionless coupling g(µ) = ZN (µ)⇥1 · GN · µD⇥2

anomalous dimension �N = ⇥d ln ZN
d ln µ

RG running
dg

d ln µ = (D ⇥ 2 + �N ) g

• fixed points

Gaussian: g = 0 classical general relativity

non-Gaussian: �N = 2⇥D strong quantum effects

UV fixed point implies weakly coupled gravity at high energies

µ⇧⌅ : G(µ)⇧ g�µ
2⇥D � GN

• tools

discretisation: lattice technology

continuum: renormalisation group

Asymptotically safe gravity – p.6/19



asymptotic safety

�k =
X

i

�̄i

Z
d

4
x Oi

� ⇡
Z

d

4
x

p
g


⇤

8⇡G

� R

16⇡G

�

�k ! �⇤

effective action for gravity

low energy limit

high-energy limit
UV fixed point

classical GR



asymptotic safety
running couplings

vicinity of fixed point

scaling exponents

k@k �i =
X

j

Bij (�j � �⇤
j ) + subleading

�i(k) = �⇤
i +

X

n

cn V
n
i k#n + subleading

#n > 0

#n < 0

irrelevant

relevant{



power counting

d�i

d ln k
= �di �i+

⇤ = gµ⌫DµD⌫[Dµ] = 1[gµ⌫ ] = 0

⇤R, Rµ⌫R
µ⌫ , Rµ⌫⇢�R

µ⌫⇢�

Rµ⌫
⇢�R⇢�

�⌧R�⌧
µ⌫

�i

Z
d

4
x

p
det gµ⌫ Oi(D⇢, g�⌧ )invariants

RG flow quantum corrections

canonical dim.

n=2:

n=3:

di = 4� 2n



power counting

d�i

d ln k
= �di �i+

⇤ = gµ⌫DµD⌫[Dµ] = 1[gµ⌫ ] = 0

�i

Z
d

4
x

p
det gµ⌫ Oi(D⇢, g�⌧ )invariants

RG flow quantum corrections

canonical dim. di = 4� 2n

classical scaling #G,n = 2n� 4



knowns and unknowns
asymptotic freedom

g⇤ = 0

anomalous dimensions

⌘A = 0

canonical power counting

{#G,n} are known

F 256 irrelevant !



knowns and unknowns
asymptotic freedom

g⇤ = 0

anomalous dimensions

⌘A = 0

canonical power counting

{#G,n} are known

F 256 irrelevant !

go and climb Mount Everest



knowns and unknowns
asymptotic freedom asymptotic safety

g⇤ = 0 g⇤ 6= 0

anomalous dimensions

⌘N 6= 0⌘A = 0

anomalous dimensions

canonical power counting non-canonical power counting

{#G,n} {#n} are not knownare known

F 256 irrelevant ! R256
relevant
marginal
irrelevant?



bootstrap

Step 1
Step 2
Step 3

retain invariants up to mass dimension D
compute {#n}

enhance D, and iterate

(eg. RG, lattice, holography) 

hypothesis    ordering follows canonical dimension

strategy

convergence (no convergence) of the iteration:

hypothesis  supported (refuted)



bootstrap

Step 1
Step 2
Step 3

retain invariants up to mass dimension D
compute {#n}

enhance D, and iterate

(eg. RG, lattice, holography) 

hypothesis    ordering follows canonical dimension

strategy

testing ground

f(R) quantum gravity



f(R) quantum gravity

�k =
N�1X

n=0

�n k
dn

Z
d

4
x

p
g R

n

invariants up to D = 2(N � 1)

Step 1

Step 2
RG flow
fixed point
scaling exponents

Step 3
enhance
& iterate 

N ! N + 1



f(R) quantum gravity

�k =
N�1X

n=0

�n k
dn

Z
d

4
x

p
g R

n

invariants up to D = 2(N � 1)

Step 1

Step 2
RG flow
fixed point
scaling exponents

Step 3
enhance
& iterate 

N ! N + 1

iterate Step 1, 2 and 3 

here:
34 consecutive orders

how often is enough?

well, it depends...



f(R) quantum gravity
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f(R) quantum gravity

�k =
N�1X

n=0

�n k
dn

Z
d

4
x

p
g R

n

invariants up to D = 2(N � 1)

Step 1

Step 2
RG flow
fixed point
scaling exponents

Step 3
enhance
& iterate 

N ! N + 1

UV fixed point

fixed point coordinates 
become independent of the 
approximation order

h�0i = 0.25574 ± 0.015%
h�1i = �1.02747 ± 0.026%
h�2i = 0.01557 ± 0.9%
h�3i = �0.4454 ± 0.70%
h�4i = �0.3668 ± 0.51%
h�5i = �0.2342 ± 2.5%



f(R) quantum gravity

f HrL

r
-2 -1 0 1 2-30

-20

-10

0

10

20

30

⇢c ⇡ 0.82± 5%radius of convergence

UV scaling solution



f(R) quantum gravity
evaluate sets of eigenvalues

{#n(N), 0  n  N � 1}

ÊÊ‡‡ÏÏÚÚÙÙÁÁ··ÌÌÛÛııÊÊ‡‡ÏÏÚÚÙÙÁÁ··ÌÌÛÛııÊÊ‡‡ÏÏÚÚÙÙÁÁ··ÌÌÛÛııÊÊ‡‡ÏÏÚÚ

ÊÊÊ

Ê
ÊÊ

Ê

ÊÊ
Ê

Ê
Ê

Ê

ÊÊÊ
Ê

Ê

Ê
Ê

Ê

Ê
Ê

Ê

ÊÊÊ
Ê

Ê

Ê
Ê
Ê

Ê

ÊÊ

‡‡‡

‡‡‡

‡

‡‡

‡

‡

‡

‡‡‡
‡

‡

‡
‡

‡

‡
‡

‡

‡‡‡
‡

‡

‡
‡
‡

‡

‡‡

ÏÏÏ

ÏÏÏ

Ï

ÏÏ
Ï

Ï

Ï
ÏÏÏ

Ï

Ï
Ï
Ï

Ï
Ï
Ï

Ï
ÏÏÏ

Ï

Ï
Ï
Ï

Ï

ÏÏ

ÚÚÚ

Ú
ÚÚ

Ú

ÚÚ
Ú

Ú
Ú
Ú
ÚÚ
Ú
Ú
Ú

Ú
Ú
Ú

Ú
Ú
Ú
ÚÚ
Ú
Ú
Ú

Ú

ÚÚ

ÙÙÙ

Ù
ÙÙ

Ù

ÙÙ
Ù

Ù
Ù

Ù
ÙÙÙ

Ù

Ù
Ù
Ù

Ù
Ù
Ù

Ù
Ù
ÙÙÙ

ÙÙÙ

ÁÁÁ

ÁÁÁ

Á

ÁÁ

Á
Á

Á
ÁÁÁ

Á

Á
Á
Á

Á
Á
Á

Á
Á
ÁÁÁ

Á
ÁÁ

···

·
··
·

·
··

·

···
·

·
·
·

·
·
·

·
·
···

·
··

ÌÌÌ

Ì
ÌÌ
Ì

ÌÌ
Ì

Ì
Ì
ÌÌ
Ì

Ì
Ì

Ì

Ì
Ì

Ì
Ì
ÌÌÌ

Ì

ÌÌ

ÛÛÛ

ÛÛÛ

Û

ÛÛ
Û

Û
Û
Û
ÛÛÛ

Û
Û

Û
Û
Û

Û
Û
Û

Û

ÛÛ

ııı

ııı

ı

ıı

ı
ı
ı
ııı

ı
ı

ı
ı
ı

ı
ı
ı

ı

ıı

ÊÊÊ

ÊÊÊ

Ê

ÊÊ
Ê

Ê

Ê
ÊÊÊ

Ê

Ê
Ê

Ê

Ê
Ê
Ê

Ê

ÊÊ

‡‡‡

‡
‡‡

‡

‡‡
‡

‡
‡

‡‡‡

‡
‡

‡

‡
‡
‡

‡

‡‡

ÏÏÏ

Ï
ÏÏ
Ï

ÏÏ

Ï
Ï
Ï

ÏÏÏ
Ï
Ï

Ï
Ï
Ï

Ï

ÏÏ

ÚÚÚ

ÚÚÚ

Ú

ÚÚ

Ú
Ú

ÚÚÚ
Ú
Ú

Ú
Ú
Ú

Ú

ÚÚ

ÙÙÙ

Ù
ÙÙ
Ù

Ù
Ù
Ù

Ù
ÙÙÙ

Ù

Ù
Ù
Ù

Ù

ÙÙ

ÁÁÁ

Á

ÁÁ
Á

Á
Á

Á

Á
ÁÁÁ

Á

Á
Á

Á

ÁÁ

···

···

·

··

·

·
·

·

·
···

·

·

ÌÌÌ

ÌÌÌ

Ì

ÌÌ

Ì
Ì
Ì

Ì
ÌÌÌ

Ì

Ì

ÛÛÛ

ÛÛÛ

Û

ÛÛ
Û
Û
Û
Û
ÛÛÛ

Û

ııı

ı
ıı
ı

ıı
ı

ı
ı
ı

ııı

ÊÊÊ

Ê
ÊÊ

Ê

ÊÊ

Ê

Ê
Ê

Ê

ÊÊ

‡‡‡

‡‡‡

‡

‡
‡

‡
‡

‡

‡‡

ÏÏÏ

Ï
ÏÏ
Ï

Ï
Ï
Ï

Ï

ÏÏ

ÚÚÚ

Ú

ÚÚ
Ú

Ú
Ú

Ú

ÚÚ

ÙÙ
Ù

ÙÙÙ

Ù

ÙÙ

Ù
Ù

ÁÁÁ

ÁÁ
Á

Á
Á
Á

Á

···

···

·

·
·

ÌÌ
Ì

ÌÌÌ

Ì

Ì

ÛÛÛ

ÛÛÛ

Û

ııı

ııı

ÊÊ
Ê

Ê
Ê

‡‡‡

‡

ÏÏÚÚ

0 5 10 15 20 25 30 35

0

20

40

60

353025151052 N

data sets
critical exponents at order N:

UV irrelevant

UV relevant

#n(N)

n



ÊÊ‡‡ÏÏÚÚÙÙÁÁ··ÌÌÛÛııÊÊ‡‡ÏÏÚÚÙÙÁÁ··ÌÌÛÛııÊÊ‡‡ÏÏÚÚÙÙÁÁ··ÌÌÛÛııÊÊ‡‡ÏÏÚÚ

ÊÊÊ

Ê
ÊÊ

Ê

ÊÊ
Ê

Ê
Ê

Ê

ÊÊÊ
Ê

Ê

Ê
Ê

Ê

Ê
Ê

Ê

ÊÊÊ
Ê

Ê

Ê
Ê
Ê

Ê

ÊÊ

‡‡‡

‡‡‡

‡

‡‡

‡

‡

‡

‡‡‡
‡

‡

‡
‡

‡

‡
‡

‡

‡‡‡
‡

‡

‡
‡
‡

‡

‡‡

ÏÏÏ

ÏÏÏ

Ï

ÏÏ
Ï

Ï

Ï
ÏÏÏ

Ï

Ï
Ï
Ï

Ï
Ï
Ï

Ï
ÏÏÏ

Ï

Ï
Ï
Ï

Ï

ÏÏ

ÚÚÚ

Ú
ÚÚ

Ú

ÚÚ
Ú

Ú
Ú
Ú
ÚÚ
Ú
Ú
Ú

Ú
Ú
Ú

Ú
Ú
Ú
ÚÚ
Ú
Ú
Ú

Ú

ÚÚ

ÙÙÙ

Ù
ÙÙ

Ù

ÙÙ
Ù

Ù
Ù

Ù
ÙÙÙ

Ù

Ù
Ù
Ù

Ù
Ù
Ù

Ù
Ù
ÙÙÙ

ÙÙÙ

ÁÁÁ

ÁÁÁ

Á

ÁÁ

Á
Á

Á
ÁÁÁ

Á

Á
Á
Á

Á
Á
Á

Á
Á
ÁÁÁ

Á
ÁÁ

···

·
··
·

·
··

·

···
·

·
·
·

·
·
·

·
·
···

·
··

ÌÌÌ

Ì
ÌÌ
Ì

ÌÌ
Ì

Ì
Ì
ÌÌ
Ì

Ì
Ì

Ì

Ì
Ì

Ì
Ì
ÌÌÌ

Ì

ÌÌ

ÛÛÛ

ÛÛÛ

Û

ÛÛ
Û

Û
Û
Û
ÛÛÛ

Û
Û

Û
Û
Û

Û
Û
Û

Û

ÛÛ

ııı

ııı

ı

ıı

ı
ı
ı
ııı

ı
ı

ı
ı
ı

ı
ı
ı

ı

ıı

ÊÊÊ

ÊÊÊ

Ê

ÊÊ
Ê

Ê

Ê
ÊÊÊ

Ê

Ê
Ê

Ê

Ê
Ê
Ê

Ê

ÊÊ

‡‡‡

‡
‡‡

‡

‡‡
‡

‡
‡

‡‡‡

‡
‡

‡

‡
‡
‡

‡

‡‡

ÏÏÏ

Ï
ÏÏ
Ï

ÏÏ

Ï
Ï
Ï

ÏÏÏ
Ï
Ï

Ï
Ï
Ï

Ï

ÏÏ

ÚÚÚ

ÚÚÚ

Ú

ÚÚ

Ú
Ú

ÚÚÚ
Ú
Ú

Ú
Ú
Ú

Ú

ÚÚ

ÙÙÙ

Ù
ÙÙ
Ù

Ù
Ù
Ù

Ù
ÙÙÙ

Ù

Ù
Ù
Ù

Ù

ÙÙ

ÁÁÁ

Á

ÁÁ
Á

Á
Á

Á

Á
ÁÁÁ

Á

Á
Á

Á

ÁÁ

···

···

·

··

·

·
·

·

·
···

·

·

ÌÌÌ

ÌÌÌ

Ì

ÌÌ

Ì
Ì
Ì

Ì
ÌÌÌ

Ì

Ì

ÛÛÛ

ÛÛÛ

Û

ÛÛ
Û
Û
Û
Û
ÛÛÛ

Û

ııı

ı
ıı
ı

ıı
ı

ı
ı
ı

ııı

ÊÊÊ

Ê
ÊÊ

Ê

ÊÊ

Ê

Ê
Ê

Ê

ÊÊ

‡‡‡

‡‡‡

‡

‡
‡

‡
‡

‡

‡‡

ÏÏÏ

Ï
ÏÏ
Ï

Ï
Ï
Ï

Ï

ÏÏ

ÚÚÚ

Ú

ÚÚ
Ú

Ú
Ú

Ú

ÚÚ

ÙÙ
Ù

ÙÙÙ

Ù

ÙÙ

Ù
Ù

ÁÁÁ

ÁÁ
Á

Á
Á
Á

Á

···

···

·

·
·

ÌÌ
Ì

ÌÌÌ

Ì

Ì

ÛÛÛ

ÛÛÛ

Û

ııı

ııı

ÊÊ
Ê

Ê
Ê

‡‡‡

‡

ÏÏÚÚ

0 5 10 15 20 25 30 35

0

20

40

60

353025151052f(R) quantum gravity
evaluate sets of eigenvalues

N

data sets
critical exponents at order N:

{#n(N), 0  n  N � 1}

UV irrelevant

UV relevant

#n(N)

n

linear least-square fit

#n ⇡ a · n� b

aUV = 2.17± 5%
bUV = 4.06± 10%

with



f(R) quantum gravity

n

ÊÊ‡

‡

Ï

Ï

Ï

Ú

Ú

Ú

Ú

Ù

Ù
Ù

Ù

Ù

Á

Á

Á

Á

ÁÁ
·

·
·

··
·

·

Ì

Ì
Ì

Ì
Ì
Ì

Ì

Ì

Û
Û

ÛÛ
ÛÛ
Û

Û
Û

ı

ı

ı

ı

ııı
ı
ı
ı

Ê

Ê

Ê

Ê

Ê Ê
Ê Ê
Ê
Ê
Ê

‡

‡

‡
‡

‡

‡

‡ ‡ ‡
‡ ‡
‡

Ï

Ï

Ï

Ï

Ï

Ï

Ï
ÏÏÏ

Ï
Ï

Ï

Ú

Ú

Ú

Ú

Ú

Ú
Ú
Ú Ú Ú

Ú

Ú

Ú

Ù

Ù
Ù

Ù

Ù Ù
Ù
Ù
Ù
Ù Ù
Ù

Ù

Ù

Ù

Á

ÁÁ

Á

ÁÁ

Á

ÁÁ
Á
ÁÁ
Á

Á

Á

Á

·
·

·
·

·
··
··

·

·

·
··
·

·
·

Ì

Ì

Ì

Ì

Ì Ì
Ì
Ì Ì

Ì

Ì

Ì

Ì Ì Ì
Ì

Ì Ì

Û

Û

Û

Û

Û

Û
ÛÛ
Û

Û

Û
Û

Û

ÛÛÛ
Û

ÛÛ

ı

ı

ıı

ı

ı

ıı
ıı

ı

ı
ı

ı

ııı
ı

ıı

Ê

Ê

Ê

Ê

Ê

Ê Ê

Ê Ê Ê

Ê

Ê

Ê
Ê

Ê

Ê Ê Ê
Ê

Ê
Ê

‡

‡

‡

‡

‡

‡ ‡

‡
‡ ‡

‡

‡
‡
‡ ‡
‡
‡ ‡ ‡

‡

‡
‡

Ï

Ï

Ï

Ï

Ï

ÏÏ
Ï
ÏÏÏ

Ï

Ï

Ï

ÏÏ
Ï
ÏÏÏ

Ï

ÏÏ

Ú

ÚÚ

Ú

Ú

Ú

Ú

Ú Ú
Ú Ú
Ú

Ú

Ú

Ú

Ú Ú
Ú
Ú Ú Ú

Ú

Ú Ú

Ù
Ù

Ù Ù

Ù

Ù Ù
Ù Ù Ù

Ù

Ù
Ù Ù
Ù Ù Ù

Ù Ù Ù
Ù

Ù
Ù
Ù
Ù

Á

Á

Á

Á

ÁÁ

Á

ÁÁ
Á

Á

Á

ÁÁ
Á
ÁÁÁ

ÁÁÁÁ
ÁÁ
Á

Á

·

·
·

·

·

·
··
··

·

·

·

···
···

···
·
···

·

Ì

Ì

Ì Ì

Ì

Ì
Ì
Ì Ì
Ì
Ì

Ì

Ì

Ì

Ì Ì Ì
Ì Ì Ì

Ì Ì Ì
Ì
Ì
Ì
Ì

Ì

Û

Û

Û
Û

Û

Û

Û

ÛÛÛÛ

Û

ÛÛ

Û
ÛÛÛ

ÛÛÛÛ
ÛÛÛÛ

Û
Û
Û

ı

ıı

ı

ı

ı

ı

ııı
ı

ı
ı

ıı
ı
ııı

ıı
ı

ı
ı
ııı

ı
ı
ı

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê Ê
Ê

Ê

Ê

Ê

Ê Ê
Ê
Ê Ê Ê

Ê

Ê

Ê Ê

Ê
Ê Ê Ê

Ê

Ê
Ê

‡

‡
‡

‡

‡

‡

‡

‡ ‡
‡ ‡
‡

‡

‡

‡

‡ ‡
‡
‡ ‡ ‡

‡
‡

‡
‡

‡
‡ ‡ ‡

‡

‡
‡

5 10 15 20 25 30

0.001

0.005
0.010

0.050
0.100

0.500
1.000

distance from Gaussianity

����
#n(N)

#G,n
� 1

����



question

is metric quantum gravity fundamental ?
answer

systematic search strategy available
very encouraging results from model studies

perhaps.



conclusions
systematic bootstrap strategy

       stability of asymptotic safety
       near-Gaussian scaling dimensions 

justifies canonical dimension as guiding principle

extendable to other asymptotically safe theories

relevant
marginal
irrelevant? irrelevant at 

self-consistent fixed point

f(R) quantum gravity

!R256


