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Motivation

{» One of the most important subjects in ERG:

How to realize gauge symmetries, naively not compatible with reg. scheme.

= Symmetries enforced to undergo deformation
such that they become (more or less) compatible with given reg. scheme,

and reduce to the standard realization in cutoff removing limit.

Discuss cutoff-dependent realization of symmetries

e Prototype : chiral symmetry on the lattice

described by Ward-Takahashi (WT) identity = Ginsparg-Wilson relation
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Is it possible to formulate cutoff-dependent gauge symmetries in ERG
in parallel with lattice chiral symmetry ?

yes

e Need a suitable machinery = Batalin-Vilkovisky (BV) antifield formalism

The presence of local (as well as global) symmetries

< Quantum Master Equation (QME)  X[¢, ¢*] =0 in BV formalism
(applies not to Legendre average action I' but to Wilson action S)

e Ginsparg-Wilson (GW) relation for lattice chiral symmetry ('83)  ( Ukita-So-YI '03)
e Becchi’'s fine tuning eq. in ERG approach to Yang-Mills (YM) theory ('93)

can be identified with QME.
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> Summary: Results are complicated but simple
A key concept characterizing cutoff dependent symmetries
= composite objects (operators) (Becchi '93, Sonoda '07)

BRS tr. in the standard realization

1
jo4 = RWMA 3B +§R(2)ABC<I>B<I>C .

4

1
R(l)AB[q)B]com 4 5R<2)A30[(I)B(I)C]com .

in cutoff-dependent realization.
(62#40= 522 =0 if X =0 : only possible in the BV formalism)

What we discuss here:
Express these composite objects in terms of Wilson action,

and see how they emerge in the BV formalism

— QME for YM theory in ERG at HD —

4/23



& Other approaches:
1) finding symmetry preserving reg.  (Morris et al. ‘00, Rosten '06)

2) using modified Slavnov-Taylor identities = broken Zinn-Justin Eq.

1
for generator of 1Pl cutoff vertex functions T': (I, I') x (F(2>)

to control symmetry breaking effects = not algebraic
(Ellwanger, Bonini et al.. '94, Litim et al.. '99, Morris et al. '00, Freire et al. '01,
Pawlowski '05, Gies '06 - - -)

“modified” or “broken” identities not exclude presence of exact symmetry
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> Outline
1] BV formalism and the QME

2] A toy model for global SU(2)

3] Structure of Wilson master action for YM theory
([4] Existence of perturbative solutions of QME)

[5] Summary and outlook
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Batalin-Vilkovisky (BV) formalism and the QME

{> For generic gauge fixed action Sy[¢],

consider "extended” action

Sp, ¢*1 = Sol¢] + ¢ade” |
introducing antifields (AF) ¢% for fields ¢ as sources for BRS tr. d¢*:

For QED,  ¢%6¢* = A%6A, + ¢*6¢ + 6yg* = A%9,C + ie(v*Cop + pCy*)
e ¢ and ¢* have opposite Grassmann parity: e.g. €(A}) =1 while e(A,) = 0.

e “canonical structure” defined by the anti-bracket

T ! T !
(X, Y)= g;j 2;2; — gqbij ggbi’ r(l) : derivatives from right (left).
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Then, §¢ = 0'S/0¢% = (¢, S) , so that (classical) BRS inv. of the action is
expressed by the classical master equation

ors 0'S

55 =2 g6a055 ~

0

& More generally, for partition function /D¢ exp —95, the total change induced by
6S = (0"S/0¢ 4) 6¢™ and by §In Do = 069" /0¢p” is given by

s oS o
004097 094

Zle ¢7] = 56" = (S, 8) ~ AS (A = () )

094 097,
Yo, 0%+ Quantum Master Operator
Yo, 0" =0 QME : (express quantum BRS inv.)

Slo, ¢*| = Sa|o, ¢*|:  master action
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A toy model for global SU(2) symmetry

> Wilson RG approach introduces
UV fields : {94, ¢%} and IR fields : {®4, &%}

e Consider a UV theory described by generating functional
z, = [ Do [[8(63) Doexp(-Slo. 7
A

For “coarse graining”, &4 ~ K¢* (®* ~ K~ 1¢%), with momentum cutoff function

2 2 2
B P’y 1 for p© < A
K(p)_K<F> N{ 0 fOI’p2>A2 )

perform blocking (Wilson-Kogut '74, Ginsparg-Wilson '82, Wetterich, Bonini et al., Morris, - - -)
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z, = [ o []o@) Do [ Do [[o(@s~ K163) Do
A A
<oxp |S[o. 9]+ 5 (@~ Ko) oy (@~ Ko)”

— [ v [To(@2)pe* []6(®5 — K'63) DO exp 5[0,
A A
where the Wilson action is given by

exp —5[®, 8] = / D exp — [S[¢, 5+ 5 (@~ Ko) ok (@~ Ko)”

{»> Consider fermionic UV theory described by S|, 9]

which is invariant under global SU(2) tr.
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op(p) = ic"TY(p)

0Y(p) = —ic"P(p)T*
1 1
oc? = isabccbcc = 5(0 X ¢)®
T =og%/2 c* : constant “ghosts”

e extended action @ blocking term with IR fields {¥, ¥} is given by

S, v] + / [ (=p)icTP(p) — ic"P(—p)T*P" (p) + (¥ — K9p)(—p)a’ (¥ — Kv)(p)]

=S[00~ [ [Hp)atK (¥ = (0N T) + (8- 0T @) ) a K (p) +

p

e Wilson action expressed by effective sources for 1) and 1 proportional to :
U —j(a®) "t Tow™, U — U*coT ()1 (shift of variables)
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e free-field Wilson action takes the form

S[e, ¥ = /[(‘If — i T (@)™ (=p)(D — o®)(p) (¥ — i(a™) ™" T*T*) (p)
—I-\Tf(—p)ozA\If(p)] +c %(c X c)®

p) = ag(p)1 + a3 (p)os

e (classical) master equation X = (5, 5)/2 = 0 gives
T*D(p) — D(p)T%(p) =0 GW — like relation !
where

T%p) =T + [(&™) " (p), T D(p)
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New generator T satisfies SU(2) algebra ( ltoh-So-YI1 '01)

AN A

[1%(p), T°(p)] = icabcT(p)

Even if SU(2) symmetry broken explicitly in the standard realization

through blocking, it is realized in a cutoff dependent way !
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Structure of Wilson master action for YM theory

> For YM theory, we introduce UV cutoff Ay and IR cutoff A
via cutoff functions, Ko(p) = K(p?/A3) and K(p) = K(p*/A?).

e Consider UV theory and blocking procedure

z, = / Do T] 6(6%)Déexp (~S[é, & : Ad))
A

= [poT]s6p0 [ o T80 - Kok 63D
A A

D
coxp |S[o. 0] + 5 (Ko — Ko) - el

- (Ko® — K¢)

For UV action
1
Slo, o™ 1 Ao = §¢'K0_1D ¢+ Srlo, ¢ Ao,
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Silp, ¢*:Ao] = Si[¢: Ag] + ¢ RAS)

RA¢] = 00" = RV40P + R4 0656C

Decompose ¢4 as ¢ = &4 + v to obtain expression for the Wilson action

1
S[®, *] = 50 KT 'D-®+ S;[®, ®*: A]

exp —S7|®, ®*] = /Dxexp X (Ko—K) ™ 'D-x4+S/[®+x, ¢*: A])
To exract AF dependence (®* = (Ky) 1K ¢*), expand w.r.t
SRS = 4] = RRA®] + Tax* + 50 R XX

where effective sources for Y given by Ja = ¢F (R(l)BA + R(Q)BCACI)C) :
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PLRAD] — ¢4 RAL) / Dyexp| --- |

2 2
¢AR( 4 BC’X X — ¢CR( © ABaj ajB/DXeXp

e Rewrite the gaussian as complete square form

X (Ko—K)7'D-x+J-x

1(—)ﬁmj - (Ko— K)D™'J

1 / —1 /
— v (Ka— K) Dy —
%ﬁ(o ) X~ 5

where X' = x + J (Ko — K)D~ 1.
Introduce new variables according to  Higashi, Itou and Kugo

=0 J(Ky—K)D™!  forwhich Y +& =yx+,
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We find

exp —S7[®, O* : A

) 1, ot o
— eXp — (¢ARA [(I)]) exp <—§¢CR(2)C )

AB)TA0T5
1
X exp (5(—)607)7 (Ko — K)D—lj)

1
x/DX/ exp—(ix’ (1 — K)_lD X + S+ X AO])

= exp — (¢ARA[<I>]) P (_§¢0R(2)CABMA &73)

<ewp (59T - (Ko~ K)D™ ) exp-Sif0’: &

where

S[[(I)/ . A] = S][(I)/, (I)* =0: A]

— QME for YM theory in ERG at HD —

17/23



e [ he Wilson master action :

Sy[®, ©*:A] = %Q) K™D - ® + ¢ R[] — l(—)€<~7>j (Ko — K)D7YJ + S;[® : A

2
o o 0
ABOTA0TR

~log (exp(sz[@’ A = (2T - (Ko — K)DT7 /2) exp (—%cbéR(”
X exp — (SI[CD’ A~ (=) T (Ko - K)D—lj/2)> .

e Define BRS tr. by

o'S 1
e [(9@*[] B KO_IK(R(DAB 2] o + 5852 27 )
A d*—( com

AB0'S

2] = = (Eo—K) (D 1)AB<9cI>fé
_AC _BD O0'0'S
etef| = (et (2], (K- K) (D7) (K- K) (D7) et
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e O [CIDA] _and {@A @B} are composite op. satisfying RG flow eq.

co com

00 (o NABOSEorn) (o) AE 91070
O_ach (KD ) ach_(_) (KD ) HDPBHDA

& BRS tr. for YM theory obtained our general formula

0A,(p) = [[{(0((];)) (—ipuK(p) [C(P)]com + /{AM(Q) x C(p — Q)} Com)
56(}?) == Zfléf(z;)) [B(p)]com
0C(p) = ;(EZZ;) / [C (¢) x C(p — Q)} .

Ko(p) — K(p) pupv\  OSI
(5/,“/ o (1 o 5) pg ) 814#(—]?)
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[B(D)]eom = B(p) + 1 py KO(p)p; K (p) GA(i?i -

Ko(p) — K(p) 05

C(D)]lcom = C(p) +1

p? 3@( )
[A(0) X C(0 = D]om = [Au(D)] com X )]com
Ko(q) — K(q) )l p q) 0'S;
H e ( B ) 0A,(—q) " 9C(—p+q)
[C(q) X C(p — @)oo = (C(Q))com (Clp )com
L Fola) — K(g) Kolp—q) — K(p —q) _3l L9
q> (p—q)? 9C(—q) 0C(-p+q)

e The WT identity for YM theory

. 4= [ (GHomibAue) + 5505900 + 550500

- Tt Aup) — 5o 000 ) =0

aAu(p)
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Existence of perturbative solutions of QME (Becchi '93, Sonoda 07)

$ Introduce equality X =0 & X =0(1/A%).
In perturbative computation, we can take Ag — oo and A = Apyy.

Make loop expansion

szisl, z:izl.
(=0 (=0

So ~ the standard YM classical action: (So, So) =~ 0
Define the classical BRS tr. by oY =~ (Y, Sy) 62~ 0
Assume the QME satisfied up to (I — 1)-th loop
=
2i-1[@, 2] =5 > (Siy Sim1-i) — AS;_a =0

1=0
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Decompose the Quantum Master Operator at [-th loop >; as

1
Zl[q), (I)*] — (Sl, S()) —+ 5 Z(S“ Sl—i) — AS;_1 = 0.5+ Z; )
i 0

and fix unknown S; as follows.

The identity 0> = 0 gives at [-loop level

6.2 = 028+ 0.5 = 6.5 ~ 0.

7 : dimension 5, ghost number 1 and closed under 4.

e General cohomological argument on pure YM theory (Barnich, Brandt and Henneaux '93)
= Eg o 503(_Sl) & = 0.

= Existence of perturbative solutions to QME.
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Summary and outlook

{> General method to construct QME for gauge theories.

{> BRS tr. characterized by [®]2 ~and [®4®5].,,, expressed in terms of Wilson action.

com

d4 — [®]4 : shift of variables &4 — &4

com

498 — [@4®8],,,, : exponentiate ®5LLC, ;PAPE — exp(PLL 5 )

> Application to QCD and Super-YM

{» How to combine QME (WT) analysis with RG flow ?
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