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Motivation

♦ One of the most important subjects in ERG:

How to realize gauge symmetries, naively not compatible with reg. scheme.

⇒ Symmetries enforced to undergo deformation

such that they become (more or less) compatible with given reg. scheme,

and reduce to the standard realization in cutoff removing limit.

Discuss cutoff-dependent realization of symmetries

• Prototype : chiral symmetry on the lattice

described by Ward-Takahashi (WT) identity ≡ Ginsparg-Wilson relation
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Is it possible to formulate cutoff-dependent gauge symmetries in ERG

in parallel with lattice chiral symmetry ?

“yes”

• Need a suitable machinery = Batalin-Vilkovisky (BV) antifield formalism

The presence of local (as well as global) symmetries

⇔ Quantum Master Equation (QME) Σ[φ, φ∗] = 0 in BV formalism

(applies not to Legendre average action Γ but to Wilson action S)

• Ginsparg-Wilson (GW) relation for lattice chiral symmetry (’83) ( Ukita-So-YI ’03)

• Becchi’s fine tuning eq. in ERG approach to Yang-Mills (YM) theory (’93)

can be identified with QME.
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♦ Summary: Results are complicated but simple

A key concept characterizing cutoff dependent symmetries

≡ composite objects (operators) (Becchi ’93, Sonoda ’07)

BRS tr. in the standard realization

δ̂ΦA = R
(1)A

BΦB +
1
2
R

(2)A
BCΦBΦC .

⇒
δΦA = R

(1)A
B[ΦB]com +

1
2
R

(2)A
BC[ΦBΦC]com .

in cutoff-dependent realization.

( δ2 6= 0 ⇒ δ2
Q = 0 if Σ = 0 : only possible in the BV formalism)

What we discuss here:

Express these composite objects in terms of Wilson action,

and see how they emerge in the BV formalism
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♣ Other approaches:

1) finding symmetry preserving reg. (Morris et al. ’00, Rosten ’06)

2) using modified Slavnov-Taylor identities = broken Zinn-Justin Eq.

for generator of 1PI cutoff vertex functions Γ : (Γ, Γ) ∝
(
Γ(2)

)−1

to control symmetry breaking effects ⇒ not algebraic

(Ellwanger, Bonini et al.. ’94, Litim et al.. ’99, Morris et al. ’00, Freire et al. ’01,

Pawlowski ’05, Gies ’06 · · ·)

“modified” or “broken” identities not exclude presence of exact symmetry
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♦ Outline

[1] BV formalism and the QME

[2] A toy model for global SU(2)

[3] Structure of Wilson master action for YM theory

([4] Existence of perturbative solutions of QME)

[5] Summary and outlook
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Batalin-Vilkovisky (BV) formalism and the QME

♦ For generic gauge fixed action S0[φ],

consider ”extended” action

S[φ, φ∗] = S0[φ] + φ∗AδφA ,

introducing antifields (AF) φ∗A for fields φA as sources for BRS tr. δφA:

For QED, φ∗AδφA ⇒ A∗µδAµ + ψ∗δψ + δψ̄ψ̄∗ = A∗µ∂µC + ie(ψ∗Cψ + ψ̄Cψ̄∗)

• φA and φ∗A have opposite Grassmann parity: e.g. ε(A∗µ) = 1 while ε(Aµ) = 0.

• “canonical structure” defined by the anti-bracket

(X, Y ) =
∂rX

∂φA

∂lY

∂φ∗A
− ∂rX

∂φ∗A

∂lY

∂φA
, r(l) : derivatives from right (left).
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Then, δφA = ∂lS/∂φ∗A = (φA, S) , so that (classical) BRS inv. of the action is

expressed by the classical master equation

(S, S) = 2
∂rS

∂φA

∂lS

∂φ∗A
= 0

♣ More generally, for partition function

∫
Dφ exp−S, the total change induced by

δS = (∂rS/∂φA) δφA and by δ lnDφ = ∂rδφA/∂φA is given by

Σ[φ, φ∗] ≡ ∂rS

∂φA

∂lS

∂φ∗A
− ∂r

∂φA
δφA =

1
2
(S, S)−∆S

(
∆ ≡ (−)ε(A)+1 ∂r

∂φA

∂r

∂φ∗A

)

Σ[φ, φ∗] : Quantum Master Operator

Σ[φ, φ∗] = 0 QME : (express quantum BRS inv.)

S[φ, φ∗] = SM [φ, φ∗]: master action
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A toy model for global SU(2) symmetry

♦ Wilson RG approach introduces

UV fields : {φA, φ∗A} and IR fields : {ΦA, Φ∗A}

• Consider a UV theory described by generating functional

Zφ =
∫
Dφ∗

∏

A

δ(φ∗A) Dφ exp (−S[φ, φ∗])

For “coarse graining”, ΦA ≈ KφA (Φ∗A ≈ K−1φ∗A), with momentum cutoff function

K(p) = K

(
p2

Λ2

)
≈

{
1 for p2 < Λ2

0 for p2 > Λ2 ,

perform blocking (Wilson-Kogut ’74, Ginsparg-Wilson ’82, Wetterich, Bonini et al., Morris, · · ·)
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Zφ =
∫
Dφ∗

∏

A

δ(φ∗A) Dφ

∫
DΦ∗

∏

A

δ(Φ∗A −K−1φ∗A) DΦ

× exp−
[
S[φ, φ∗] +

1
2

(Φ−Kφ)A
αΛ

AB (Φ−Kφ)B

]

=
∫
Dφ∗

∏

A

δ(φ∗A)DΦ∗
∏

A

δ(Φ∗A −K−1φ∗A) DΦ exp−S[Φ, Φ∗]

where the Wilson action is given by

exp−S[Φ, Φ∗] =
∫
Dφ exp−

[
S[φ, φ∗] +

1
2

(Φ−Kφ)A
αΛ

AB (Φ−Kφ)B

]

♦ Consider fermionic UV theory described by S[ψ, ψ̄]

which is invariant under global SU(2) tr.
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δψ(p) = icaT aψ(p)

δψ̄(p) = −icaψ̄(p)T a

δca =
1
2
εabcc

bcc =
1
2
(c× c)a

T a = σa/2 ca : constant “ghosts”

• extended action ⊕ blocking term with IR fields {Ψ, Ψ̄} is given by

S[ψ, ψ̄] +
∫

p

[
ψ∗(−p)icaT aψ(p)− icaψ̄(−p)T aψ̄∗(p) + (Ψ̄−Kψ̄)(−p)αΛ(Ψ−Kψ)(p)

]

= S[ψ, ψ̄]−
∫

p

[
ψ̄(−p)αΛK

(
Ψ− i(αΛ)−1caT aΨ̄∗

)
+

(
Ψ̄− iΨ∗caT a(αΛ)−1

)
αΛKψ(p) + · · ·]

• Wilson action expressed by effective sources for ψ and ψ̄ proportional to :

Ψ− i(αΛ)−1caT aΨ̄∗, Ψ̄− iΨ∗caT a(αΛ)−1 (shift of variables)

— QME for YM theory in ERG at HD — 11/23



• free-field Wilson action takes the form

S[Φ, Φ∗] =
∫

p

[(
Ψ̄− iΨ∗caT a(αΛ)−1

)
(−p)(D − αΛ)(p)

(
Ψ− i(αΛ)−1caT aΨ̄∗

)
(p)

+Ψ̄(−p)αΛΨ(p)
]

+ c∗a
1
2
(c× c)a

• Take SU(2) non-invariant kernel

αΛ(p) = αΛ
0 (p)1 + αΛ

3 (p)σ3

• (classical) master equation Σ = (S, S)/2 = 0 gives

T aD(p)−D(p)T̂ a(p) = 0 GW − like relation !

where

T̂ a(p) = T a + [(αΛ)−1(p), T a]D(p)
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New generator T̂ a satisfies SU(2) algebra ( Itoh-So-YI ’01)

[T̂ a(p), T̂ b(p)] = iεabcT̂
c(p)

Even if SU(2) symmetry broken explicitly in the standard realization

through blocking, it is realized in a cutoff dependent way !
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Structure of Wilson master action for YM theory

♦ For YM theory, we introduce UV cutoff Λ0 and IR cutoff Λ

via cutoff functions, K0(p) = K(p2/Λ2
0) and K(p) = K(p2/Λ2).

• Consider UV theory and blocking procedure

Zφ =
∫
Dφ∗

∏

A

δ(φ∗A)Dφ exp (−S[φ, φ∗ : Λ0])

=
∫
Dφ∗

∏

A

δ(φ∗A)Dφ

∫
DΦ∗

∏

A

δ(Φ∗A −K0K
−1φ∗A)DΦ

× exp−
[
S[φ, φ∗] +

1
2

(K0Φ−Kφ) · D

K0K(K0 −K)
· (K0Φ−Kφ)

]

For UV action

S[φ, φ∗ : Λ0] =
1
2
φ ·K−1

0 D · φ + SI[φ, φ∗ : Λ0] ,
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SI[φ, φ∗ : Λ0] = SI[φ : Λ0] + φ∗ARA[φ]

RA[φ] = δφA = R
(1)A

BφB +
1
2
R

(2)A
BCφBφC .

Decompose φA as φA = ΦA + χA to obtain expression for the Wilson action

S[Φ, Φ∗] =
1
2
Φ ·K−1D · Φ + SI[Φ, Φ∗ : Λ]

exp−SI[Φ, Φ∗] ≡
∫
Dχ exp−

(1
2
χ · (K0 −K)−1D · χ + SI[Φ + χ, φ∗ : Λ]

)

To exract AF dependence (Φ∗ = (K0)−1Kφ∗), expand w.r.t χ

φ∗ARA[φ = Φ + χ] = φ∗ARA[Φ] + JAχA +
1
2
φ∗AR

(2)A
BCχBχC

where effective sources for χA given by JA = φ∗B
(
R

(1)B
A + R

(2)B
CAΦC

)
.
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φ∗ARA[Φ] → φ∗ARA[Φ]
∫
Dχ exp[ · · · ]

φ∗AR
(2)A

BCχBχC → φ∗CR
(2)C

AB

∂l

∂JA

∂l

∂JB

∫
Dχ exp[ · · · ]

• Rewrite the gaussian as complete square form

1
2
χ · (K0 −K)−1D · χ + J · χ

=
1
2
χ′ · (K0 −K)−1D · χ′ − 1

2
(−)ε(J )J · (K0 −K)D−1J

where χ′ = χ + J (K0 −K)D−1.

Introduce new variables according to Higashi, Itou and Kugo

Φ′ = Φ− J (K0 −K)D−1 for which χ′ + Φ′ = χ + Φ,
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We find

exp−SI[Φ, Φ∗ : Λ]

= exp−
(
φ∗ARA[Φ]

)
exp

(
−1

2
φ∗CR

(2)C
AB

∂l

∂JA

∂l

∂JB

)

× exp
(

1
2
(−)ε(J )J · (K0 −K)D−1J

)

×
∫
Dχ′ exp−

(1
2
χ′ · (1−K)−1D · χ′ + SI[Φ′ + χ′ : Λ0]

)

= exp−
(
φ∗ARA[Φ]

)
exp

(
−1

2
φ∗CR

(2)C
AB

∂l

∂JA

∂l

∂JB

)

× exp
(

1
2
(−)ε(J )J · (K0 −K)D−1J

)
exp−SI[Φ′ : Λ]

where

SI[Φ′ : Λ] ≡ SI[Φ′, Φ∗ = 0 : Λ].
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• The Wilson master action :

SM [Φ, Φ∗ : Λ] =
1
2
Φ ·K−1D · Φ + φ∗ARA[Φ]− 1

2
(−)ε(J )J · (K0 −K)D−1J + SI[Φ′ : Λ]

− log
(

exp
(
SI[Φ′ : Λ]− (−)ε(J )J · (K0 −K)D−1J /2

)
exp

(
−1

2
φ∗CR

(2)C
AB

∂l

∂JA

∂l

∂JB

)

× exp−
(
SI[Φ′ : Λ]− (−)ε(J )J · (K0 −K)D−1J /2

))
.

• Define BRS tr. by

δΦA =
[
∂lSI

∂Φ∗A

]

Φ∗=0

= K−1
0 K

(
R

(1)A
B

[
ΦA

]
com

+
1
2
R

(2)A
BC

[
ΦA ΦB

]
com

)

[
ΦA

]
com

≡ ΦA − (K0 −K)
(
D−1

)AB ∂lSI

∂ΦB

[
ΦA ΦB

]
com

≡ [
ΦA

]
com

[
ΦB

]
com

− (K0 −K)
(
D−1

)AC
(K0 −K)

(
D−1

)BD ∂l∂lSI

∂ΦC∂ΦD
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• O :
[
ΦA

]
com

and
[
ΦA ΦB

]
com

are composite op. satisfying RG flow eq.

Ȯ =
∂rO
∂ΦA

(
K̇D−1

)AB ∂lSI

∂ΦB
− (−)εA(εO+1)

(
K̇D−1

)AB ∂l∂rO
∂ΦB∂ΦA

♦ BRS tr. for YM theory obtained our general formula

δAµ(p) =
K(p)
K0(p)

(
−ipµK(p)[C(p)]com +

∫

q

[
Aµ(q)× C(p− q)

]
com

)

δC̄(p) = i
K(p)
K0(p)

[B(p)]com

δC(p) =
K(p)

2K0(p)

∫

q

[
C(q)× C(p− q)

]
com

where

[Aµ(p)]com = Aµ(p)− K0(p)−K(p)
p2

(
δµν − (1− ξ)

pµpν

p2

)
∂SI

∂Aµ(−p)
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[B(p)]com = B(p) + i pµ
K0(p)−K(p)

p2

∂SI

∂Aµ(−p)

[C(p)]com = C(p) + i
K0(p)−K(p)

p2

∂SI

∂C̄(−p)

[Aµ(q)× C(p− q)]com = [Aµ(q)]com × [C(p− q)]com

+i
K0(q)−K(q)

q2

(
δµν − (1− ξ)

qµqν

q2

)
K0(p− q)−K(p− q)

(p− q)2
∂l

∂Aν(−q)
× ∂lSI

∂C̄(−p + q)

[C(q)× C(p− q)]com = (C(q))com × (C(p− q))com

+
K0(q)−K(q)

q2

K0(p− q)−K(p− q)
(p− q)2

∂l

∂C̄(−q)
× ∂lSI

∂C̄(−p + q)

• The WT identity for YM theory

Σ[Φ, Λ] ≡
∫

p

(
∂S

∂Aµ(p)
δAµ(p) +

∂rS

∂C̄(p)
δC̄(p) +

∂rS

∂C(p)
δC(p)

− ∂

∂Aµ(p)
δAµ(p)− ∂r

∂C(p)
δC(p)

)
= 0
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Existence of perturbative solutions of QME (Becchi ’93, Sonoda 07)

♦ Introduce equality X ≈ 0 ⇔ X = O(1/Λ2
UV ).

In perturbative computation, we can take Λ0 →∞ and Λ = ΛUV .

Make loop expansion

S =
∞∑

l=0

Sl , Σ =
∞∑

l=0

Σl .

S0 ≈ the standard YM classical action: (S0, S0) ≈ 0

Define the classical BRS tr. by δcY ≈ (Y, S0) δ2
c ≈ 0

Assume the QME satisfied up to (l − 1)-th loop

Σl−1[Φ, Φ∗] =
1
2

l−1∑

i=0

(Si, Sl−1−i)−∆Sl−2 ≈ 0
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Decompose the Quantum Master Operator at l-th loop Σl as

Σl[Φ, Φ∗] = (Sl, S0) +
1
2

∑

i 6=0

(Si, Sl−i)−∆Sl−1 = δcSl + Σ′l .

and fix unknown Sl as follows.

The identity δQΣ = 0 gives at l-loop level

δcΣl = δ2
cSl + δcΣ′l = δcΣ′l ≈ 0 .

Σ′l : dimension 5, ghost number 1 and closed under δc

• General cohomological argument on pure YM theory (Barnich, Brandt and Henneaux ’93)

⇔ Σ′l ≈ δc∃(−Sl) ⇔ Σl ≈ 0.

⇒ Existence of perturbative solutions to QME.
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Summary and outlook

♦ General method to construct QME for gauge theories.

♦ BRS tr. characterized by [Φ]Acom and [ΦAΦB]com expressed in terms of Wilson action.

ΦA → [Φ]Acom : shift of variables ΦA → Φ′A

ΦAΦB → [ΦAΦB]com : exponentiate Φ∗CLC
ABΦAΦB → exp(Φ∗CLC

AB · · ·)

♦ Application to QCD and Super-YM

♦ How to combine QME (WT) analysis with RG flow ?
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