
Renormalization group flow of f(R)-gravity

Frank Saueressig
Institut de Physique Theorique (IPhT), CEA Saclay, France

Institut des Hautes Études Scientifiques (IHES), Gif-Sur-Yvette, France

M. Reuter, F. S., arXiv:0708.1317 [hep-th]

P. Machado, F. S., Phys. Rev. D77 (2008) 124045, arXiv:0712.0445 [hep-th]

Heidelberg, July 5, 2008

– p. 1/25



Towards a quantum theory of gravity

Challenge: reconcile General Relativity with quantum mechanics

• classical General Relativity (Einstein-Hilbert action)

◦ phenomenologically very successful:

(laboratory scales, solar system tests, cosmology, . . .)
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◦ phenomenologically very successful:

(laboratory scales, solar system tests, cosmology, . . .)

• Quantizing General Relativity

◦ theory is perturbatively non-renormalizable:

need infinite number of counterterms ⇔ no predictive power

◦ belief: General Relativity is an effective theory

not valid at arbitrary small distances ⇔ not fundamental

New physics:

• UV: completion of theory at high energies

• IR: possibly: strong RG effects related to cosmological constant problem

phenomenology: modified GR at long distances
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Central element: Renormalization Group (RG) flow of theory

• fundamental action = fixed point of the RG flow

• Renormalizability = RG flow dragged into fixed point at high energies

Exciting possibility: Gravity is “non-perturbative renormalizable”:

Weinbergs asymptotic safety conjecture:

gravity has NGFP defining microscopic theory

Gravity: Primary tool for non-perturbative investigation

• flow equation for effective average action Γk

(C. Wetterich, Phys. Lett. B301 (1993) 90)

• adapted to gravity

(M. Reuter, Phys. Rev. D 57 (1998) 971, hep-th/9605030)
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Exact evolution equation for Γk

1. Starting point: diffeomorphism invariant gravitational action Sgrav[γµν ]

• background gauge fixing: γµν = ḡµν + hµν
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3. Effective average action Γk = (modified) Legendre transform of Wk:

• Classical fields: h̄µν =< hµν >, ξµ =< Cµ >, ξ̄µ =< C̄µ >

Γk =

Z √
ḡ

`
tµν h̄µν + σ̄µξµ + σµξ̄µ

´
− Wk − ∆Sk .

4. functional RG equation for Γk:

k∂kΓk = 1
2

Tr
»“

Γ
(2)
k + Rk(−D̄2)

”−1
k∂kRk(−D̄2)

–
+ ghost contribution
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Theory space underlying the Functional Renormalization Gr oup
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Truncating the theory space

• Caveat: FRGE cannot be solved exactly

• non-perturbative approximation scheme

truncate theory space to “physically most relevant” interactions

◦ ansatz for Γk

◦ =⇒ project flow onto truncation subspace

◦ =⇒ FRGE gives β-functions for couplings
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◦ =⇒ project flow onto truncation subspace

◦ =⇒ FRGE gives β-functions for couplings

• Einstein-Hilbert truncation (truncate at 2-derivative level):

Γgrav
k =

1

16πGk

Z
ddx

√
g (−R + 2Λk)

• β-function for dimensionless couplings gk ≡ Gkkd−2, λk ≡ Λkk−2

k∂kgk = βg(g, λ) , k∂kλk = βλ(g, λ)

• contain contributions from arbitrary powers g:

βg(g, λ) = (d − 2 + ηN )g , ηN =
gB1(λ)

1 − gB2(λ)
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RG flow of QEG in the Einstein-Hilbert-truncation
(M. Reuter, F. Saueressig, Phys. Rev. D 65 (2002) 065016 [hep-th/0110054])
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Questions raised by Einstein-Hilbert truncation

gravitational RG flow in the UV:

• Einstein-Hilbert: controlled by NGFP

◦ Robustness of NGFP under extension of truncation space

◦ dimension of UV critical surface ⇐⇒ relevant parameters of FP action
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Questions raised by Einstein-Hilbert truncation

gravitational RG flow in the UV:

• Einstein-Hilbert: controlled by NGFP

◦ Robustness of NGFP under extension of truncation space

◦ dimension of UV critical surface ⇐⇒ relevant parameters of FP action

gravitational RG flow in the IR:

• Boundary of truncated theory space at λ = 1/2:

◦ breakdown of Einstein-Hilbert truncation in this region?

◦ new gravitational physics in the deep IR?

Extension of theory space:

• Most sophisticated: flow equation for f(R)-gravity

Γgrav
k =

1

16πGk

Z
ddx

√
gfk(R)
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Flow equation for f(R)-gravity
(O. Lauscher, M. Reuter, hep-th/0108040;

A. Codello, R. Percacci, C. Rahmede, 0705.1769)

transverse-traceless decomposition of metric:

hµν = hT
µν + D̄µξν + D̄νξµ + D̄µD̄νσ − 1

d
ḡµνD̄2σ +

1

d
ḡµνφ

• hT
µν transverse-traceless tensor field

• ξν transverse vector

• σ, φ scalars
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Flow equation for f(R)-gravity
(O. Lauscher, M. Reuter, hep-th/0108040;

A. Codello, R. Percacci, C. Rahmede, 0705.1769)

transverse-traceless decomposition of metric:

hµν = hT
µν + D̄µξν + D̄νξµ + D̄µD̄νσ − 1

d
ḡµνD̄2σ +

1

d
ḡµνφ

• hT
µν transverse-traceless tensor field

• ξν transverse vector

• σ, φ scalars

decomposition induces Jacobians:

• exponentiate by introducing auxiliary fields (Fadeev-Popov trick)

Geometric gauge condition:

Sgf [h; ḡ] =
1

2α

Z
ddx

√
ḡḡµνFµFν , Fµ = (16πG)−1/2(D̄νhµν − 1

d
D̄µhν

ν)

• limit α → 0: physical degrees of freedom: hT
µν , φ

gauge degrees of freedom ξµ, σ
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Flow equation for f(R)-gravity

transverse-traceless decomposition of metric:

hµν = hT
µν + Dµξν + Dνξµ + DµDνσ − 1

d
gµνD2σ +

1

d
gµνφ

exponentiate resulting Jacobians

employ geometric gauge-condition

Flow equation for f(R)-gravity

∂tΓk = − 1
2
Tr′′0

»
∂tRk

Pk−
1

d−1
R

–
− 1

2
Tr′1T

»
∂tRk

Pk−
1
d

R

–
+ D1(d, 0) ∂tRk

Pk

˛̨
˛
−D2=Λ1(d,0)

+ 1
2
Tr2T

2
4 ∂t(ZNkf ′

kRk)

ZNk

„
f ′

k
Pk+fk−

2(d−2)
d(d−1)

R f ′

k

«

3
5 + 1

2
Tr0

»
∂t

`
ZNk

eRφφ
k

´

ZNk
eΓ(2)φφ

k

–

• Pk := −D2 + Rk,

• ZNk ⇔ running Newton’s constant

• eRφφ
k , eΓ(2)φφ

k known functions of d, R, fk

– p. 11/25



Flow equation for f(R)-gravity

transverse-traceless decomposition of metric:

hµν = hT
µν + Dµξν + Dνξµ + DµDνσ − 1

d
gµνD2σ +
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»
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R

–
− 1

2
Tr′1T

»
∂tRk

Pk−
1
d

R

–
+ D1(d, 0) ∂tRk

Pk

˛̨
˛
−D2=Λ1(d,0)

+ 1
2
Tr2T

2
4 ∂t(ZNkf ′

kRk)

ZNk

„
f ′

k
Pk+fk−

2(d−2)
d(d−1)

R f ′

k

«

3
5 + 1

2
Tr0

»
∂t

`
ZNk

eRφφ
k

´

ZNk
eΓ(2)φφ

k

–

Important properties:

• only last two terms depend on fk(R)
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Tr0
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`
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k
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ZNk
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k

–

Important properties:

• only last two terms depend on fk(R)

• equation is invariant under rescaling fk(R) −→ const × fk(R)
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General properties I: resolving the λ = 1/2 boundary

∂tΓk = − 1
2
Tr′′0

»
∂tRk

Pk−
1

d−1
R

–
− 1

2
Tr′1T

»
∂tRk

Pk−
1
d

R

–
+ D1(d, 0) ∂tRk

Pk

˛̨
˛
−D2=Λ1(d,0)

+ 1
2
Tr2T

»
∂t(ZNkf ′

kRk)

ZNk(f ′

k
Pk+fk−cd R f ′

k)

–
+ 1

2
Tr0

»
∂t

`
ZNk

eRφφ
k

´

ZNk
eΓ(2)φφ

k

–

1. first line independent of Λk ⇐⇒ singularity originates from second line

– p. 13/25



General properties I: resolving the λ = 1/2 boundary

∂tΓk = − 1
2
Tr′′0

»
∂tRk

Pk−
1

d−1
R

–
− 1

2
Tr′1T

»
∂tRk

Pk−
1
d

R

–
+ D1(d, 0) ∂tRk

Pk

˛̨
˛
−D2=Λ1(d,0)

+ 1
2
Tr2T

»
∂t(ZNkf ′

kRk)

ZNk(f ′

k
Pk+fk−cd R f ′

k)

–
+ 1

2
Tr0

»
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1. first line independent of Λk ⇐⇒ singularity originates from second line

2. Illustrate origin in E.H.-truncation fk(R) = −R + 2Λk:

Tr2T

"
Z−1

Nk∂t(ZNkRk)

(Pk − 2Λk + ĉd R)

#
= Tr2T

"
Z−1

Nk∂t(ZNkRk)

(Pk − 2Λk)
+ O(R)

#
∝ 1

1 − 2λk
+ O(R)
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2. Illustrate origin in E.H.-truncation fk(R) = −R + 2Λk:

Tr2T

"
Z−1

Nk∂t(ZNkRk)

(Pk − 2Λk + ĉd R)

#
= Tr2T

"
Z−1

Nk∂t(ZNkRk)

(Pk − 2Λk)
+ O(R)

#
∝ 1

1 − 2λk
+ O(R)

3. General resolution: fk(R) = −R + 2Λk + µ̄kR1−ε , ε > 0

Tr2T

2
4

Z−1
Nk∂t

“
ZNk f̃k Rk

”

f̃k(Pk − cdR) − R1+ε + 2ΛkRε + µ̄k R

3
5 = Tr2T

»
∂t (ZNkµ̄k Rk)

ZNk µ̄k Pk
+ O(Rε, R)

–

• Denominators (1 − 2λk)−1 disappear from expansion!
– p. 13/25



General properties I: resolving the λ = 1/2 boundary

∂tΓk = − 1
2
Tr′′0

»
∂tRk

Pk−
1

d−1
R

–
− 1

2
Tr′1T

»
∂tRk

Pk−
1
d

R

–
+ D1(d, 0) ∂tRk

Pk

˛̨
˛
−D2=Λ1(d,0)

+ 1
2
Tr2T

»
∂t(ZNkf ′

kRk)

ZNk(f ′

k
Pk+fk−cd R f ′

k)

–
+ 1

2
Tr0

»
∂t

`
ZNk

eRφφ
k

´

ZNk
eΓ(2)φφ

k

–

1. first line independent of Λk ⇐⇒ singularity originates from second line

2. Illustrate origin in E.H.-truncation fk(R) = −R + 2Λk:

3. General resolution: fk(R) = −R + 2Λk + µ̄kR1−ε

• Denominators (1 − 2λk)−1 disappear from expansion!

λ = 1/2-boundary of truncated theory space

Resolved by including non-local operators ∝ R1−ε, ε > 0 in truncation
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Capturing the RG flow in the IR

Toy model truncations:

• including interactions which become important for small curvature R:

Γgrav
k =

1

16πGk

Z
ddx

√
g

˘
−R + 2Λk + 16πGkῡkR−n

¯

Γgrav
k =

1

16πGk

Z
ddx

√
g {−R + 2Λk + 16πGkῡk ln(R/R0)}

◦ phenomenology: new terms drive late-time acceleration in cosmology
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√
g

˘
−R + 2Λk + 16πGkῡkR−n

¯

Γgrav
k =

1

16πGk

Z
ddx

√
g {−R + 2Λk + 16πGkῡk ln(R/R0)}

◦ phenomenology: new terms drive late-time acceleration in cosmology

substitute R−n ansatz in flow equation:

• β-functions for gk, λk, υk

◦ removes singularities at λ = 1/2

◦ generically gives rise to NGFP

for n ≥ ncrit “classical” trajectories are well-defined on all RG scales
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RG flow of the R−n-truncation
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Capturing the RG flow in the IR: the ln(R)-truncation

Non-generic case “ε = 1”: the ln(R)-truncation

Γgrav
k =

1

16πGk

Z
ddx

√
g {−R + 2Λk + 16πGkῡk ln(R/R0)}

Projection of RG flow to truncation subspace:

k ∂kgk = βg(gk, λk, υk) , k ∂kλk = βλ(gk, λk, υk) , k ∂kυk = βυ(gk, λk, υk)

• Resolve IR singularity of Einstein-Hilbert truncation

• RG flow has IR-fixed point:

IR-attractive for Newton’s constant and positive cosmological constant

Λk = c k2 , c ≈ O(1)

For RG trajectories attracted to IRFP:

◦ positive cosmological constant is dynamically driven to zero as k → 0

◦ independent of initial value (at, e.g., Planck scale)
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RG flow of the ln(R)-truncation
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RG flow of the ln(R)-truncation
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g

including non-local curvature terms:

• improved description of RG flow in IR

However:

• truncations are inferior to Einstein-Hilbert in UV

• non-local coupling constants ῡk are constant along RG trajectory

non-local interactions are not generated dynamically
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General properties II: decoupling of non-local interactio ns

∂tΓk = − 1
2
Tr′′0

»
∂tRk

Pk−
1

d−1
R

–
− 1

2
Tr′1T

»
∂tRk

Pk−
1
d

R

–
+ D1(d, 0) ∂tRk

Pk

˛̨
˛
−D2=Λ1(d,0)

+ 1
2
Tr2T

»
∂t(ZNkf ′

kRk)

ZNk(f ′

k
Pk+fk−cd R f ′

k)

–
+ 1

2
Tr0

»
∂t

`
ZNk

eRφφ
k

´

ZNk
eΓ(2)φφ

k

–

1. Homogeneity of trace arguments:

• Expanding trace-arguments in curvature =⇒ only positive powers!

2. Evaluation of traces =⇒ (early time) heat-kernel expansion

• gives positive powers of curvature only
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1. Homogeneity of trace arguments:

• Expanding trace-arguments in curvature =⇒ only positive powers!

2. Evaluation of traces =⇒ (early time) heat-kernel expansion

• gives positive powers of curvature only

• RHS of flow equation: regular for vanishing curvature R → 0

• matching LHS and RHS → β-functions for non-local curvature terms are trivial
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1. Homogeneity of trace arguments:

• Expanding trace-arguments in curvature =⇒ only positive powers!

2. Evaluation of traces =⇒ (early time) heat-kernel expansion

• gives positive powers of curvature only

• RHS of flow equation: regular for vanishing curvature R → 0

• matching LHS and RHS → β-functions for non-local curvature terms are trivial

perturbative decoupling:

Interaction monomials not contained in the heat-kernel expansion

can consistently be decoupled from RG flow
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Partial differential equation for fk(R)

Special choice: d = 4 and Litim’s optimized cutoff Ropt
k

• explicit evaluation of traces using finite number of heat-kernel coefficients!
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Partial differential equation for fk(R)

Special choice: d = 4 and Litim’s optimized cutoff Ropt
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• explicit evaluation of traces using finite number of heat-kernel coefficients!
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• dimensionless quantities

ρ ≡ R/k2 , Fk(ρ) ≡ 1

16πk4Gk
fk(R) , ηf ≡ 1
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UV properties of f(R)-gravity: polynomial expansion
(A. Codello, R. Percacci, C. Rahmede, 0705.1769; P. Machado, F.S., 0712.0445)

• Polynomial expansion: Fk(ρ) =
Pn

i=0 ui ρi + . . .

k∂kui = βui
(u0, u1, . . .) , i = 0, . . . , n

• reduces search for NGFP to algebraic problem

n u∗
0 u∗

1 u∗
2 u∗

3 u∗
4 u∗

5 u∗
6

1 0.00523 −0.0202

2 0.00333 −0.0125 0.00149

3 0.00518 −0.0196 0.00070 −0.0104

4 0.00505 −0.0206 0.00026 −0.0120 −0.0101

5 0.00506 −0.0206 0.00023 −0.0105 −0.0096 −0.00455

6 0.00504 −0.0208 0.00012 −0.0110 −0.0109 −0.00473 0.00238
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• Polynomial expansion: Fk(ρ) =
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5 0.00506 −0.0206 0.00023 −0.0105 −0.0096 −0.00455

6 0.00504 −0.0208 0.00012 −0.0110 −0.0109 −0.00473 0.00238

NGFP is stable under extension of truncation subspace
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UV properties of f(R)-gravity: polynomial expansion

• linearize RG flow at NGFP

k∂kui ≈ Bij(uj − u∗

j ) , Bij =
∂βui

∂uj

• eigenvalues −θi of [Bij ] =⇒ three UV relevant directions

n Re θ0,1 Im θ0,1 θ2 θ3 θ4 θ5 θ6

1 2.38 2.17

2 1.26 2.44 27.0

3 2.67 2.26 2.07 −4.42

4 2.83 2.42 1.54 −4.28 −5.09

5 2.57 2.67 1.73 −4.40 −3.97 + 4.57i −3.97 − 4.57i

6 2.39 2.38 1.51 −4.16 −4.67 + 6.08i −4.67 − 6.08i −8.67
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UV properties of f(R)-gravity: polynomial expansion

• linearize RG flow at NGFP

k∂kui ≈ Bij(uj − u∗

j ) , Bij =
∂βui

∂uj

• eigenvalues −θi of [Bij ] =⇒ three UV relevant directions

n Re θ0,1 Im θ0,1 θ2 θ3 θ4 θ5 θ6

1 2.38 2.17

2 1.26 2.44 27.0

3 2.67 2.26 2.07 −4.42

4 2.83 2.42 1.54 −4.28 −5.09

5 2.57 2.67 1.73 −4.40 −3.97 + 4.57i −3.97 − 4.57i

6 2.39 2.38 1.51 −4.16 −4.67 + 6.08i −4.67 − 6.08i −8.67

NGFP is stable under extension of truncation subspace

good evidence: fundamental theory has finite number of relevant parameters
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Summary . . .

Used FRGE to construct a flow equation for f(R)-gravity:

• Gravitational RG flow in the IR:

◦ non-local curvature terms generically cure IR singularities (λ = 1/2)

◦ . . . but are not generated dynamically

• Gravitational RG flow in the UV:

◦ NGFP is stable under inclusion of higher order curvature terms

◦ evidence UV critical surface is finite-dimensional
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Summary and outlook

Used FRGE to construct a flow equation for f(R)-gravity:

• Gravitational RG flow in the IR:

◦ non-local curvature terms generically cure IR singularities (λ = 1/2)

◦ . . . but are not generated dynamically

• Gravitational RG flow in the UV:

◦ NGFP is stable under inclusion of higher order curvature terms

◦ evidence UV critical surface is finite-dimensional

Open questions:

• Gravitational RG flow in the IR:

◦ non-local interactions containing inverse Laplacians:
R

ddx
√

gRD−2R

• Gravitational RG flow in the UV:

◦ non-perturbative treatment of 4-derivative terms
R

ddx
√

gRµνRµν , . . .

– p. 25/25



Summary and outlook

Used FRGE to construct a flow equation for f(R)-gravity:

• Gravitational RG flow in the IR:

◦ non-local curvature terms generically cure IR singularities (λ = 1/2)

◦ . . . but are not generated dynamically

• Gravitational RG flow in the UV:

◦ NGFP is stable under inclusion of higher order curvature terms

◦ evidence UV critical surface is finite-dimensional

Open questions:

• Gravitational RG flow in the IR:

◦ non-local interactions containing inverse Laplacians:
R

ddx
√

gRD−2R

• Gravitational RG flow in the UV:

◦ non-perturbative treatment of 4-derivative terms
R

ddx
√

gRµνRµν , . . .

Thank you!
– p. 25/25
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