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Effects of retardation in the functional
renormalization group approach to
interacting fermions

* change critical energy scales
* change the phase diagram



Outline

system considered: interacting fermions

frequency dependent interactions, examples
functional RG for interacting fermions

simple example: circular Fermi surface in 2D

another simple example: 1D Holstein-Hubbard model
2D square lattice at half-filling

Concluding remarks



Interacting fermions:

Examples: electrons, quasiparticles, fermionic atoms such as 6Li, 49K.

Generic action:
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Frequency-dependent interactions Uo(k1, ko, k3)

Examples:

Dynamical Coulomb screening
Phonon-mediated interactions
Interactions mediated by BEC fluctuations

Retardation effects important when |VUB S UF

= >< + A =2N(0)g*/wE

Uo(k1, ko, ks) = uo(ky, ko, k3) — 29(k1, k3)g(ka, ks) D(k1 — k3)



Renormalization-group for interacting electrons:

Fermi Surface

RG flow equations:

- give effective action at A <A,

« track instabilities of the Fermi liquid state (charge/spin order,
superconductivity, etc...)
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Circular Fermi surface, isotropic interaction, BCS channel:

matrix equation: U; = U(w;, o)

i- (- X Y _ _uyuwmMmuU
d¢
2= ‘Q' Exact solution:

r<4>_>.<+§+)o( Ut = [1+U(0)-P(O)] " U(0)

P(/) /O E dOM(?) .

Coupling diverges at t = {_ , where:

det [1 + U(0) - P(£,)] = o‘

which is equivalent to: ‘ 1+ U(0)-P(4,)] - f = o‘

— gives ELIASHBERG’s equations at T=T,



Weak-intermediate coupling
McMillan, ‘68

Strong Coupling
Allen-Dynes, 75
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RG evolution of the couplings in the BCS channel (A = 0.3, 4.0)
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Figure 1: Plots of the NxN matrix [7 at different RG scales £. Here the number of frequency divisions N =200, and the value
of the parameters used are A=0.3, Ao= 100, wgp=10, uo=0.1. Panels correspond to ¢ = 0, 2.5, 3, 5, 6.5, 6.9, 7.1, and 7.19.
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SWT et al., Philos. Mag. 86, 2631 (2006)

Figure 2: Plots of the NxN matrix 7 at different RG scales £. Here the number of frequency divisions N =200, and the value
of the other parameters are A =4, Ag =100, wg = 10, and ug=0.1. Panels correspond to ¢ = 0, 1, 2, 2.5, 3, 3.13, 3,157, 3.172.
The scale 2W, == 140 distinguishes the high and low frequencies close to £..



Circular Fermi surface, but anisotropic boson-exchange couplings

A=04 A=4.0

FIG. 2: Same as Fig.[1] but for the d,2_,2-channel, v = 2.
The six panels on the left side are the evolution of the matrix
elements at weak coupling, A = 0.4 and the panels on the
right side are the same but for the strong coupling regime,
A=4.0

Generalized Eliashberg equations.

R. Roldan and SWT, cond-mat/0702673




Migdal’s theorem (‘58)
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t’Hooft 1974

_ m Self-energy
No e-ph vertex
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1D Holstein-Hubbard model:
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J. E. Hirsch and E. Fradkin, PRB 27, 4302 (1983)

also: H. Fehske, ef al., PRB 69, 165115 (2004);
l. P. Bindloss, PRB 71, 205113 (2005)



More recently a third phase has been proposed:
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From Tomonaga-Luttinger liquid theory:

also: C. Wu, et al., PRB 52, 15683 (1995)
E. Jeckelmann, et al., PRB 60, 7950 (1999)
Y. Takada and A. Chatterjee, PRB 67, 0811102 (2003)
Y. Takada, J. Phys. Soc. Jpn., 65, 1544 (1996)



K.-M. Tam et al., PRB 75, 161103 (2007)

Functional RG analysis:

g1 — g1 (w1, ws,ws,ws)
g2 — ga(wi,ws,ws,ws)
gz — ga(wi,ws,ws,waq)
g1 — ga(wi,ws,ws,ws)

W1 + w2 = w3 + w4
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RG flows of susceptibilities and couplings (w, = 1):
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K.-M. Tam et al., PRB

Frequency structure of g;(w;,w,,w,,0,) |75 1611032007
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How to conciliate with Kp > 1:

* Kp > 1 does not mean SC is dominant!

OCDW(.’L') x x—aKp — :L.—KCDW

O°Y () x B/ EKp = p—Ksc

D. Loss and T. Martin, PRB 50, 12160 (1994)
M. Tezuka, et al., PRL 96, 226401 (2005)

Ladder systems:
K.-M. Tam et al., PRB 75,
195119 (2007)

Direct calculation of susceptibilities (Determinantal Quantum

Monte-Carlo):
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Two-patch model for van Hove problem:

{0.1)

H. Schulz, Europhys. Lett. (1987)
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g =u(1221) g,= u(ll11) £,= u(2211) g u(1212)

phonon coupling: )\ =2N~N(0)g?/wE



Fermions with spin:

van Hove problem without phonons has been extensively studied, e. g.,
J. Gonzalez, F. Guinea, and M. A. H. Vozmediano 1997, N. Furukawa, T. M. Rice and M. Salmhofer
1998, C. Honerkamp, M. Salmhofer, N. Furukawa, and T. M. Rice 2001, B. Binz, D. Baeriswyl, and B.
Doucot, 2002, ...

* What is the interplay between effects of nesting and
phonons?

* Are phonons always pair-breaking in the d-wave
superconducting channel?

» Can phonons and AF fluctuations cooperate to enhance
T, for d-wave superconducivity ?



Allow for anisotropic phonons, calculate flow of susceptibilities:
u, = 0.5, oz = 1.0
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FIG. 1: (Color online) Phase diagram for Einstein phonons
of frequency wyr = 1.0. Four phases involving antiferro-
magnetism (sSDW) (purple squares), charge density wave
(sCDW) (green stars) and s-wave (sSC) (blue circles) and
d-wave (dSC) (red rhombs) superconductivity compete in the
vicinity where the average phononic strength A approaches
the bare on-site repulsion u, = 0.5. The lines distinguishing
the different domains are guides to the eye.



Ug =0, wg = 1.0 Uy = 0.5, wg = 0.1
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RG evolution of g,(w,, - w4, w4, - w3) for A,=0.6, A_=0.4, and w.=1.0.
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Summary:

- Functional RG for interacting fermions with frequency-dependent
interactions.

- Multiple energy scales.

- Applications:

- 2D Circular Fermi surface

- 1D Holstein-Hubbard model

. 2D square lattice at half-filling

Fermion-Boson mixtures of cold atoms (poster):

- fermionic atoms + BEC of bosonic atoms

- on-Site repulsion + long-range attraction + lattice geometry
- Square lattice, triangular lattice

« L. Mathey et al., PRL 2006; PRB 2007, Klironomos et al., PRL 2007.
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