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Cold-gases livestream on TV

Experimenters can now...
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Quantum fields far away from equilibrium:

Theory — Status quo

* Mean-field theories [Gross-Pitaevskii, Hartree-Fock(-Bogoliubov)]
* Kinetic approaches [Quantum Boltzmann, ...] (close to equilibrium)

* (Semi-)classical simulations [Truncated Wigner Approximation, ...]
 Exactly solvable models
[Lieb & Liniger, Girardeau, McGuire, Gaudin, Minguzzi, Buljan, ...]

* Quantum-Information inspired: tDMRG, MPS/PEPS

[Vidal, Schollwock, Kollath, White, Feiguin, Manmana, Muramatsu, Wolf,
Cirac, ...]

* Quantum Monte Carlo, stochastic Quantisation
[Mak, Egger, Berges & Stamatescu, ...]

* Functional QFT: 2PI effective action, 1/ /N expansion

[Berges, Aarts, Serreau, Baier, Cooper, Dawson, Mihaila, Borsanyi,
Wetterich, Smit, Tranberg, ...]
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‘ Far-trom-equilibrium dynamics
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‘ Dynamical Field Theory

We will be interested, in particular, in the explicit time dependence
of the lowest-order correlation functions:

b (x) = (®,[(x)) (mean field)
G.lxy) = <T¢a<x)d5b(y>>c (density matrix,

2-point function,
propagator)

where x = (xat) connected, i.e., =(T®,P,) — ¢b,P,
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‘ Initial value problems...

...require the Schwinger-Keldysh closed time path (CTP):

10ty =(t, |UT(t)o U(t)|t, )
= Trlp(t,) U'(t)O U(t) ]

CTP C: | + branch
: =
: 2
J

— branch
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‘ Initial value problems...

...require the Schwinger-Keldysh closed time path (CTP):
{t|0]t) = (t, U (o ult)t, )
= Trlp(t,) U'(H)O U(t) |
= | Do, D, p 0,0l | Dep' Dep' O e L1=LoD7

CTP C: | + branch
: =
: 2
J

— branch
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Functional RG approach

[with Jan M. Pawlowski, cond-mat/0710.4627]




RG applied to non-equilibrium

Presented methods:

» Classical statistical evolution, Wilsonian RG in momentum space
[Canet, Delamotte, Deloubriere, & Wschebor (04); Mitra, Takei, Kim, & Willis (06);
Zanella & Calzetta (06), Mattarese & Pietroni (07)]
* (Wegner) flow egs. for Hamiltonian
[Kehrein (04)]
* FRG with complex-valued cutoff in frequency space
[Jakobs, Meden, & Schoeller (07); Korb, Reininghaus, Schoeller, & Konig (07)]
* Density-Matrix RG: tDMRG, MPS/PEPS
[Vidal (03), Schollwock, Kollath, White, Feiguin, Manmana, Muramatsu, Wolf, Cirac, ...]

Compare, also:

* Evolution equations for effective action
[Wetterich (97), Bettencourt & Wetterich (98)]
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‘ RG approach

to far—from—equﬂibrium dynamics [TG & J.M. Pawlowski, cond-mat/0710.4627]

e Regularise generating functional

217500 = [ Do poexp {isiel +i | Tupa |
x,C
o o
Zq- — ) —RTG, ’ — ¢ £
exp{zfm,y;c 5Ta() el y)é.fb(y)}
4 iR (6t > o
t’ fluctuations
suppressed
- — = =
|
R (t,t) =0 |

full path integral |

T ot
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‘ RG approach

to far—from—equﬂibrium dynamics [TG & J.M. Pawlowski, cond-mat/0710.4627]

e Regularise generating functional

Z[J; po] = sto po €Xp {"35[90] + z/ Jatpa }
x,C
Z / 0 R ( ) 0 VA
e i [ R
x,y;c 0Ja () 0Ju(y)
4 iR (£t > o0
t' fluctuations ® Functional RG equation [C. Wetterich (92)]
suppressed
- i 1
8TFT — = / : arRT,a
| 2 Jc I‘q(rz)—kRT]b ’
R (t,t)=0 |
. 1
full path ]ntegral [Qb, T] — ['] pO] /Ja¢a - §/c¢aRT’ab¢b
T > L W =-ilnZ)
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‘ RG approach

to far—from—equﬂibrium dynamics [TG & J.M. Pawlowski, cond-mat/0710.4627]
t'Q iR (Lt") > o
fluctuations my ® Functional RG equation [C. Wetterich (92)]
- sgpreﬁed
| o.T. — / ! 9. R
R (t,t)=0 Tl — = Tl ab
T( ) ‘ 2 C 1—“(’_2) + R‘-" ab
full path integral
T - t
e Propagator: A
1 : G (t,t")=0
2) — G‘r,ab 9(7- - ta)g(T - tb) . |
" + R, ab
— Gnlax(ta,tb),ab 9(7- - ta)Q(T _ tb) Gr(t/t')
CTP C: | e r %

~
J

— branch

X <
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‘Real-time Functional RG equation
graphically

' 1
.1, =~ f - 8, Ry ot
2)e|T¥ + R,
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Exact flow equations

for moments '™

. . R‘c,abz —@—

o, = = oH — L
T2 2 Gewr = —O—
a L6 = :‘—
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Exact flow equations

for moments '™

. Rta — (:)
i o = “
2 TLa 2 G = —O—
a O
ar(z) | i Fc,(il)acd: n
rr,ab—_E{ +P(Cl,b) 1 +E )
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Exact flow equations

for moments '™ ...considering a scalar theory with ¢* interaction
_ . Rt,ab = _@_
o, = < o, = L
vt T2 TR 2 Gy = —@O—
3
a Lok = M-
Q) 1 i Ditaped = ﬂ
I lrab 2—5{ + P(a,b) } +E , fane
a b a b
At [0=01 =~ 5 { + P(abed) }+2
a d -
- ~
h e d ! Mo d
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Exact tlow equations

for moments '™ ...considering a scalar theory with ¢* interaction
Rt,ab — _@_
G‘E ab — _o_

el

0k [0=0] == 3 { + P(abed) }+-
a d

/T'--.l

/7 \
b’ ‘c

ERG 2008 - Heidelberg - 2 July 2008 Thomas Gasenzer




‘ Integrated tlows

of moments '™ |p = 0] [TG & J.M. Pawlowski, cond-mat/0710.4627]
. Rew = —(3)—

aTFc,(czzl)a — EI o
G‘C,ab — _o_

T, =max(t,,t,,..)

bl =t Ty A RO > =

¢

R(tt) = 0
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‘ Integrated tlows

of moments '™ |p = 0] [TG & J.M. Pawlowski, cond-mat/0710.4627]
R‘E,ab = _@_
G‘Cab — _o_
4
. mi = &
similarly:
T, =max(t,,t,,..)
an(ﬁm [CDZO]:—%{ + P(a,b,c,d) }
a d A R(tt) >
b & vl /
a |
R(tt) =0
[ hea= O(iz)bcd T { ‘ >
T t
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‘ Dynamic equations

[TG & J.M. Pawlowski, cond-mat/0710.4627]

@) @ 1 Rear = :
Fc ab = E ab T T
’ 2 G‘C,ab — _o_
L,L—=1..7T 4 _
e ld = Iy ab Ft,agc — ﬂ

...gives the dynamic equation for G. We choose:
A R(E) > w
@

to,ab(ajvy) - G()_,ib('CU?y) — O B /

5(x — y)[~ 0200y + i Hip(2)das) ) =6
|
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‘ Dynamic equations

1
Low=T% +5

4 (4)
E abed = fo abed T

[TG & J.M. Pawlowski, cond-mat/0710.4627]

tc’l;’ - fg .. Tab

R‘E,ab — _@_

A R(E) > w

d

R (tt) =0
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2PI dynamics in NLO 1/

as an RG truncation




‘ 2P1 Effective Action (#-Functional)

[Luttinger, Ward (60); Baym (62); Cornwall, Jackiw, Tomboulis (74)]

e Double Legendre transform:

: 1
Plo,Gl = —iln Z[J, K] — ¢iJi — J(ig; + Gij) Kij,
olnZ[J, K .
A2l K] )
6‘]3 J=K=0
.olnZ[J, K .
—2 L, Xl = ¢y + Gy = (T 2; D).
O K i; J=K=0
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‘ 2P1 Effective Action (#-Functional)

[Luttinger, Ward (60); Baym (62); Cornwall, Jackiw, Tomboulis (74)]

e Double Legendre transform:

1
I, Gl = —tInZ[J, K] — ¢;J; — 5((j)£(j)j + Gi;)Kj,

. 6InZ[J, K] .
—1 = ¢y = (),
6.J; J=K=0
dInZ[J, K ..

—22 nZ| ] = ¢, + Gij = (TP;P;).

0K y; J=K=0
e Dynamic equations: [closed for Gaussian initial conditions (only ¢, G = 0@ t = 0)]
(@J=0, K =0) 0T [p, G| _ 0 oT'[p, G] _ 0
O Do , G (z,y)
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‘ 2P1 Effective Action...

...Nnow reads:

(o, G] = S[o] + %TrlnGl + %Trool((p) G+ T5[0, G|+ const

Variation w.r.t. G gives the Schwinger-Dyson equation:
G;bl ('CE’ y) — G&éb($v Y gb) — Za,b(fr, (7D C). (;)

self energy
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2PI 1/9N Expansion

[Berges, NPA 699 (02) 847; Aarts, Ahrensmaier, Baier, Berges, & Serreau, PRD 66 (02) 45008]

wowa- () +Q:O +Qi§ , ‘.
v = o, + o Yo X =E+>W< V4

Vertex resummation bare vertex

[Also: Mihaila, Dawson & Cooper (01); Cooper, Dawson & Mihaila (03); Berges & Serreau (03);
Berges, Borsanyi & Serreau (03); Berges Borsanyi & Wetterich (04); Alford, Berges & Cheyne (04);
Arrizabalaga, Smit & Tranberg (04); .

Rey, Hu, Calzetta (04); Baier & Stockamp (04); TG, Berges, Schmidt & Seco (05); ...]
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‘ Back to: Integrated tlow

of 4-point function I'?[¢p = 0] (76 & J.:m. Pawlowski, cond-mat/0710.4627]
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‘ Integrated tlow

in s-channel approximation [TG & J.M. Pawlowski, cond-mat/0710.4627]

I Tg
= 1,...min(1,t’)
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‘ From s-channel RG to 2P1 NIL.LO 1/N

[TG & J.M. Pawlowski, cond-mat/0710.4627]

I T
= 1,...min(1,t’)

te = lp... max(t,t,)
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‘ Renormalisation-group approach

to far-from-equilibrium dynamics
[TG & J.M. Pawlowski, cond-mat/0710.4627]

The dynamic equations derived from the Functional RG equation...

@ ... can be solved iteratively in time,
@ ... provide a resummed 4-vertex beyond 2Pl NLO 1/,

@ ... allow non-perturbative truncations neglecting higher n-vertices,

@ ... provide handle to study the quality of the truncation.
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FEquilibration of a
1D Bose gas

from 2PI NLO 1/ / s-channel RG




‘ Fquilibration of a 1D Bose gas

Momentum distribution for different times:

l e—e / = (), initial distribution | 3

- 4 -4 quasistationary evolution | A

0.1L - =—a equilibrated distribution | |

~ . > :

< 0.0l .

2 | £,

- 02 K\E

| t}-\\\‘ ]

0.0001¢ 'S

f r=vx00ls

le- | | | ! | |
te-05 3 16 24 32 40
p VL]

[TG, J. Berges, M. Seco & M.G.Schmidt, PRA 72 (05); J. Berges & TG, PRA 76 (07)]
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[Berges & Cox (01), Berges (01),
‘ Temperature appears Berges, Borsanyi, & Serreau (03),
Berges, Borsanyi, & Wetterich (04)]
‘Temperature’ parameter O(p) at t,,

40
A
30, - _
. A flat = temperature
A _ i
z [ S = VX 0.05s /
=20 A AL
©) "-'-"-j:_zi,_{.;" LT LR, _  m B S
10
[J. Berges & TG, PRA 76 (07)]
0
0
1
n(t;p) =

1 (p2_
eFEom (zm M) _q
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Far-trom-equilibrium evolution

Time evolution of mode occupation no®:

n(t,p)/n,L

ol ol il ]
0.0001 0.001 0.01 0.1

t[s]
initial state: ¢ 23Na atoms in 1D, n; = 10" m—1
e interaction parameter v = Am/(#*ny) = 7.5 - 10~4
e Gaussian momentum distribution

[J. Berges & TG, PRA 76 (07)]
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Far-trom-equilibrium evolution

Time evolution of mode occupation no®:
g

Lol ! Lol ] [ A
10 0.0001 0.001 0.01
t|s]
initial state: e 23Na atoms in 1D, n; = 10°m—1
e interaction parameter v = Am/(h*ny) = 15
e Gaussian momentum distribution
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‘ Thanks & credits to...

...my work group in Heidelberg:

Cédric Bodet

Alexander Branschadel (» Karlsruhe)
Stefan KeBler

Matthias Kronenwett

Philipp Struck (= Konstanz)

Kristan Temme (= Vienna)

Martin Trappe

...my collaborators

Jurgen Berges « Darmstadt

Hrvoje Buljan e« Zagreb

Markus Oberthaler « Heidelberg

Jan M. Pawlowski « Heidelberg
Robert Pezer « Sisak

Michael G. Schmidt « Heidelberg
Marcos Seco e Santiago de Compostela

...also to

Keith Burnett « Oxford/Sheffield « David Hutchinson « Otago « Thorsten Kohler « UCL « Paul S.
Julienne « NIST Gaithersburg « David Roberts « ENS Paris « Janne Ruostekoski « Southampton
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Supplementary slides




Onset of near-equilibrium evolution

Time evolution of temporal correlations

§(t,p) = F(t,0;p)/p(t,0; p):

S(t.p)/S(0.p)
T

ol S N
o
|

., Tl el T,

1
' Near equilibrium

- p, = 2mi/L
/‘f
0.98- /|
1
1 1 I I | I| 1 1 1 I . | I| 1 1 1 1 I!I 1 I| 1 1
0.0001 0.001 : 0.01
I [S] :
. e e ) . . 1
( Fluctuation-Dissipation rel.: th‘f]fl) = —1 (n(w, T) + E) pffl‘;l_)_ )
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‘ Bose-Einstein condensate in lattice potential

N=20 N=40

N=280

I T T T T \ I ]
— 08 At 3 2\ 7
- L RN - g '(_\ \ R /‘c
< 06 S AR 4k ; L \
S0 AN . A
204 of =L < 1E S -
:-?_, - - s ., P \.'J"(
~ 02 1C / o JF ]
| | | | L. | ! ! | |
I | | | | 1N T | T T | |
_osp 10 : A . ]
2 - . * - . - " o
= o6l N e AR _ - \! ;
— r ; g o ST N\ i\
LS04l . S RN L A ]
SO S I N\ N
2r AN ol VY ~ \ AN
DN N LN ! 1 -
N | | T | | \ | I

— 2PI 1/./\f
- - exact
... HFB

=240 1/N

[Temme, TG (06)]
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Overview

= Preface
Ultracold gases out of equilibrium

= Non-equilibrium quantum field theory
Functional RG approach

= Equilibration of a 1D Bose gas
s-Channel approximation and 2Pl NLO 1/N
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ULTRACcoOI...

I

w 1 ”ﬁ;}W l

... atoms ® nanokelvins -

trapped only a few mm away from

glass cell @ room temperature

(vacuum of 10" Torr,
i.e. 10" bar,
or 10" Pa,

= atmospheric

pressure on the moon)

10K

1K

10°K

10K

Supernova (10.000.000.000 K)

Sonnenkern (15.710.000 K)

Sonnenoberflache (5.780 K)
Zimmer (293,15 K = 20°C)
Pluto (44 K = -229°C)

Kosmische Hintergrundstrahlung
(2,73 K)

BEC (0,000.000.001 K)

Kéltestes Atomgas
(0,000.000.000.45 K)
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Bose-FEinstein condensation

High
‘[ Temperature T:
f thermal velocity v

N density d3
AW < A "Billiard balls”
Low
é 22 Temperature T:
De Broglie wavelength Experimental picture after free

NM AgB=h/mv o T-1/2 . .
7 V1 27 Wave packels” expansion of the trapped cloud:

T=Terit: Bose-Einstein condensation (BEC)
Bose-Einstein
Condensation A
"Matter wave overlap" »

S

=0:
Pure Bose bimodal
condensate distribution
"Giant matter wave"
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1D traps and lattices

Lasers allow to create lower
dimensional traps and lattices

No restrictions to magnetic low-field
seeking hyperfine states!

LS I E RS .

o

L

'w
. .'.f.

Thomas Gasenzer
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Optical lattices

Optical lattices allow

@ simulation of solid state
systems,

@ study of quantum phase
transitions,

@ fast changes in
long-range correlations

Superfluid - Mott-insulator
quantum phase transition

[M. Greiner et al., Nature 415 (02)]
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Nonequilibrium dynamics 1n lattices

[with P. Struck]

Dipole oscillations in lattices:

Damping rates?

[Expt. @ NIST: Fertig et al. PRL94 (05)]

100 £

<

damping rate
b/b,

-

&
001 K

e

900+

Jfﬁﬁ g

Overdamped motion

¥

600~ ﬂ

f‘”lll

il
\ Discontinuity? Sign of 300‘“““ ’ ! '

Mott insulator transition?

g
=
[Anglin & Ketterle (02)] ,FL

0 2

4 6
Lattice Depth (ER)

[

[J. Ruostekoski (07)]

hM I,

BEC
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Long-time dynamics of ultracold gases

A quantum Newton's cradle. "
[T. Kinoshita et al. Nature 440 (06)]

Position (um)
-500 0 500

t 5r/8

3:/8

t (ms)

Indication for strong
suppression of
damping

0 0.5 1.0
Normalized optical thickness
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Strong Feshbach-induced dynamics

[with M. Kronenwett]

Feshbach resonances

allow fast changes of

collisional interaction strengths
”Bosenovae” [C. Wieman]

Molecule formation in a
Bose-Einstein condensate

Crossover from a Superfluid of Bosons
to a “Superconductor” of Fermion pairs

[JILA, Boulder]
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‘ Atom-light-interactions -

the way to produce almost arbitrary trapping potentials

X(t)

% N |T)
VA \
E,

d(t)=-e X(t)

eldlg)|? >

Simple example: Focused laser beam
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“Strong” dynamics of ultracold gases

Feshbach resonances

allow fast changes of

collisional interaction strengths
”Bosenovae” [C. Wieman]

Optical lattices

Superfluid - Mott-insulator allow fast changes in
quantum phase transition long-range correlations

[I. Bloch]

Crossover from a Superfluid of Bosons
to a “Superconductor” of Fermion pairs

[JILA, Boulder]
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Strong Feshbach-induced dynamics

[with M. Kronenwett]

Feshbach resonances

allow fast changes of

collisional interaction strengths
”Bosenovae” [C. Wieman]

Molecule formation in a
Bose-Einstein condensate

Crossover from a Superfluid of Bosons
to a “Superconductor” of Fermion pairs

[JILA, Boulder]
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SSB dynamics

Quench dynamics leading to the for-
mation of ferromagnetic domains
in a spinor BEC of *Rb

[Expt. @ UC Berkeley:
Sadler et al. Nature 443 (06)]

Figure 2 | In situ images of ferromagnetic domains and domain walls.
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How to describe a condensate?

For bosons: [&;,,®] ] = 6(x — x')

e Matter wave mean field [z = (¢, x) = (¢, x)]

o = (Bg), |¢.|? = n.(x) = condensate density,

e Density of non-condensed atoms (& = ¢ + ®, ¢ = (d))

(%L%m) = npe(x) = n(x) — ne(x),
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How to describe a condensate?

For bosons: [&;,,®] ] = 6(x — x')

e Matter wave mean field [z = (¢, x) = (¢, x)]

o = (Bg), |¢.|? = n.(x) = condensate density,

e Density of non-condensed atoms (& = ¢ + ®, ¢ = (d))

(%L%m) = npe(x) = n(x) — ne(x),

e Total one-body density matrix

Gii(x,y) = ((I)JF 4) = spatial Fourier transform: momentum distribution n(p, t)

= 15t-order phase coherence

e Anomalous one-body density matrix

Giz(x,y) = ((f)mtf)y) = e.g., number of Bose-condensed bound pairs (molecules)
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Bose-Einstein condensate in lattice potential

Remember the Bose-Hubbard Hamiltonian: (nearest neighbour hopping):

Fp = =7 3 (Wbiea +bihe) + S bl S b

.

7 7
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Non-equilibrium evolution in

Quantum Field Theory




‘ Far-trom-equilibrium dynamics

. e.g. nonthermal
occupation number

n

Initial conditions

n

v

=

2
Bose-Einstein/Fermi—Dirac 2
T =
distribution =
=

C:E

o

L

W

=

\ =
=

® g

&=

]

late time
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‘ Quantum Field Theory

Fields generally allow an effective description
e.g. through

p(x.t), v(Xxt)

instead of coordinates/velocities of many particles;
similarly:

bi(x) = (D(x)) (mean field)
Gilxy) = (®(x)®)y)) (density matrix)

x = (xt)
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Observables

For bosons: [, ®] ] = 6(x — x')

e Matter wave mean field [z = (zo,x) = (¢, x)]

he = (D), |$.|> = n.(xz) = condensate density,

—~—

e Density of non-condensed atoms (® = ¢ + ®, ¢ = (®))

(@LP,) = nne () = n(x) — ne(),

e Total one-body density matrix

Gi1(x,y) = ((nI;L:I;y) = spatial Fourier transform: momentum distribution n(p, t)

= 15t-order phase coherence

e Anomalous one-body density matrix

Gi2(x,y) = (:I;mq)y) = e.g., number of Bose-condensed bound pairs (molecules)
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‘ Path Integral Approach

Classical dynamics of ¢¢ from 6S|p| = 0.
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‘ Path Integral Approach

QM transition amplitude:

<tﬁn|tini> = I@CP eiS[(p]m

Classical dynamics of ¢¢ from 6S|p| = 0.
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‘ Path Integral Approach

QM transition amplitude:

<tﬁn|tini> = I@CP eiS[(p]m

Classical dynamics of ¢¢ from 6S|p| = 0.
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‘ Path Integral Approach...

..in QFT:

Generating functional:

2] = f@cp piSLeln=iflo

b =isnZ| =2 Dp eV
6 li=o0

Classical dynamics of ¢¢ from 6S|p| = 0.
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‘ Effective Action

Generating functional:

Z[J] = f@cp piSLeln=iflo

b =isnZ| =2 Dp eV
o) li=o

Classical dynamics of ¢¢ from 6S|p| = 0.

Quantum dynamics of ¢ from variation of an
effective action, 6I'|p|/5p = — 7 :

Z[J] = [Dp s[p—ple' tevr-ille
o [g] = —ikinZ[J] = [J¢

Legendre transform
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‘ Effective Action

Generating functional:

Z[J] = f@cp piSLeln=iflo

¢ =16lnZ = Z'lf(D(p pe'2leIn
o) li=o0

Classical dynamics of ¢¢ from 6S|p| = 0.

Quantum dynamics of ¢ from variation of an
effective action, 6I'|p|/S5p = — 7 :

Z[J] = [Dp s[p—ple' tevr-ille
o [p] = —ikinZ[J] = [J¢
= S[p] —i/2 TrinG + ...

Gaussian integration
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‘ Initial value problems...

...require the Schwinger-Keldysh closed time path (CTP):

10ty =(t, |UT(t)o U(t)|t, )
= Trlp(t,) U'(t)O U(t) ]

.g. L

G.xy) = Trlp(t,) T .U ()2, (x)2,(y)U(t) | - disc.

time ordering along CTP (C

CTP C . i + branch
' > D
< J

{

0,

— branch
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Conserved quantities

e Energy conservation a la Emmy Noether according to
6T [}, G] 6T (¢, G] }
ol'lo, G| = —-90 ——0G > =10
(¢, G] / { 50 ¢+ — = ;

with time translations encoded into 0 ¢, 0G.

e Number conservation at any diagrammatic truncation of I'[¢, ] as a consequence
of O(N') invariance.

2PI (2-particle irreducible) Effective Action:
L), G] = S[¢] + tTrIn(G™ + Gy ' (9)G) + T2[0, G,
with G} = 828[¢)/ (0. 80;)
O

) (11
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Conserved quantities

e Energy conservation a la Emmy Noether according to

ST [h, G oT[h, G
or'[p, G] = / {%5@4— %aa} =0,

with time translations encoded into 0 ¢, 0G.

e Number conservation at any diagrammatic truncation of I'[¢, ] as a consequence
of O(N') invariance.

2PI (2-particle irreducible) Effective Action:
T[¢,G] = S[¢] + £ TrIn(G Y+ Gy H(#)G) + T2, G,

with Gg L. = 62S[¢]/(6618¢;)

0,3
\ x
r[6.G] = ®+®+®+@ . @+
b o o
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‘ Dynamic Equations

dS[¢

From the stationarity condition
the Gross-Pitaevskii equation:

— 0, one obtains, in leading order,

1

g0, — %tr(q’)mqﬁm) bw — Hip(x) ¢w = 0,

with

A
HlB(EF) = —% + V:axt(ilf)a

L[, G] = S[9]
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‘ Dynamic Equations

STH(9,G] _ oT"Fe[5,

b

From the stationarity conditions —= 0 one obtains

the HFB dynamic equations: 00 0Gi;
P g
= ’50'26330 — Etr(ﬁbm(ﬁbm)] Qbm — / Mwy[OSF] Q’ﬁy — 09
B Yy
_ Fz
— 10202202, —/Mmz[gi), F]] ( y) =0 Note:
i = =Y (Ti)w&)y) = Ggy = Foy — %signc(mo — Y0) Py

= Foy= {0, 0y}), pay = ([P0, By)).

with

(May (6, F)ab = baydus | Hin(®@) + St0(Gobs + Fo) | +2(20e + Foz) .

a

A
HlB(w) = _% + V:axt(m)a

T[¢,G] = S[¢] + iTr(In G~ + G5 ($)G) + OQ
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‘ Dynamic EquatIOﬂS (2 Kadanoff-Baym)

o[, G] _,  9T9,G]

)

From the stationarity conditions =0 one obtains

the full dynamic equations: 0¢a 0G(2,y)
= 1020z, — gtr(ﬁbm(bm)] P — / Mayl0, F]| ¢y = /0 dyigy[(), G| Py,
) Yy
[ - _ Foy\ :‘0 dz igz[(j), G| - Oyo dz i:z [0, G] i
_ ?10'26:13;;8:50 LMmz[¢a F]] ( zy) — ( 0 fi)o d= fiz [(f)’G] Py
with

(May (6, F)ab = baydus | Hin(®@) + St0(Gobs + Fo) | +2(20e + Foz) .

a

A
HlB(w) = _% + V:axt(m)a

M. 6] = Slo] + i e~ + 65" @@ + (f)
+®+@+@ : @
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Numerical Demand

F{X0: Yy X,Y)
Pi(Xp: Y0 XY)

P (X,:X)

in memory

ERG 2008 -

Heidelberg - 2 July 2008

e.g.

@ 16 x 16 spatial grid

@ 1000 x 1000 temporal grid
@ IV x N index grid, N=2
= ~16 GB RAM

@ ITP:
10+ AMD DualCore
2 GB RAM/node

@ IWR Heidelberg:
8 x SPARC Ultra Ill 900 MHz
64 GB shared RAM




Onset of near-equilibrium evolution

Time evolution of temporal correlations

£(t,p) = F(t 0;p)/p(t,0; p)

0.98-

e Pl e L 11

— O
<
|

ENearequﬂi

brium...

( Fluctuation-Dissipation rel.:

O O O .

[J. Berges & TG, PRA 76 (07), cf. also Berges & Muller (03)]

. but no temperature!

‘Temperature’ parameter ©(p) at t,,

1, =vx0.05s ]

[ ESRy Sees SN e S . O
(\
o\ L
[2
N\ t 1
1 4l - d Oy 4 o
8 16 24 32 40
[1/L]
1
n(t;p) = >

1 P
e’cB@(P)<W_”) =1l

F(eCI) - —7 (n(w’ T) _I_ ) (eq) )
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Comparison with kinetic theory

* Go to Wigner representation (central & relative times)
@ Send initial time to minus infinity
* Fourier transform w.r.t. relative time

» Gradient expansion (Markov approx. & corrections)

[in our context cf.: A.M. Rey et al., PRA 05 - generally: Baym & Kadanoff (62),

specifically: J. Berges & M.M. Miiller (03), J. Berges, S. Borsanyi & C. Wetterich (04),
M. Lindner & M.M. Muller (06,07)]
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‘ Comparison with kinetic theory

on-shell oft-shell

h
\IIIII| I I I I IIIII‘ | \III\II| I |

_ — C ] 2
4x10° o B | 210
— - NLO 0
0 ]
\|||||| | |\||H| | | I\III\.I ||||‘ | |||\||| | | I |
107 10~ 10t 107 10~ 10"
X, [s] X, [s]

[A. Branschadel & TG, cond-mat/0801.4466]
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‘ Comparison with kinetic theory

on-shell off-shell

‘ le:-' | ] |:| T I_l‘1 1 | | | ] 2P| dyn —
R DR WA CH — LO kin,
I B . —===——rn NLO kin. ===
— L ‘t.*_.-_ 1 I — I -4 .
L : i=8 S
B i i=12 -

0 I |:| I I | .
0,04 0,06' 008 0.1 005 0.1 y = 1.5-1073

Damping rate

Time evol. of densities n: =
r=n"/n' )
-6;‘. MR | MR | M | N
10 0.0001 0.001 0.01 0.1
[A. Branschadel & TG, cond-mat/0801.4466] r[s]
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‘ Fluctuation-dissipation relation

-6 -5
5x10 1x10

T T T T T 1T | LU
=
I T T I | | I |

- X, =6.25x107s ]
_:':::{::::}::::}:::_
- + | —— F,(X,p)(n(p)+1/2)
-5 =0 - 4
5%10° i ]
— —5%x107
0 4 : 1o
X, =25x107s |
1 1 1 1 I 1 1 1 1 | 1 1 1 1 | 1 1 1 B 1 1 1 1 I 1 1 1 1 | 1 1 1 1 | 1 1 1 ]
0 50 100 150 0 50 100 150
PolAP0] [A. Branschédel & TG, cond-mat/0801.4466]
F = statistical corr. fct. — p = spectral fct.
. . . . . . e(l —_ * l eq
— fulfill fluctuation-dissipation relation Fi,p ) = —i (n(w,T) + 3) pfdpl)_
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Extensive work on

Kinetic Theories for Ultracold Quantum Gases
e.g.

Semiclassical hydrodynamics
Griffin, Nikuni, Zaremba, ...

Quantum-Boltzmann equations, linear response theory:
Burnett, Giorgini, Proukakis, Rusch, Stoof, ...

Generalized master equations, quantum Boltzmann equations, non-Markovian extensions:
Bhongale, Cooper, Holland, Kokkelmans, Wachter, Walser, Williams, ...

Quantum stochastic master equations, quantum Boltzmann equations, classical simulations:
Ballagh, Burnett, Davis, Gardiner, Jaksch, Zoller, ...

Fokker-Planck equation, Langevin field equation, quantum Boltzmann equations:
Al Khawaja, Bijlsma, Proukakis, Stoof, ...

Greens-function approaches:
Boyanovsky, Griffin, Imamovic-Tomasovic, Clark, Rey, Hu, ...

+ many more on (finite-T) stationary properties
(Burnett, Castin, Clark, Fedichev, Griffin, Hutchinson, Morgan, Shlyapnikov, Stoof, Stringari,
Williams, Zaremba, ..))
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‘ Initial value problem

(£|O)t) = (t, |U (O U(t)|t,) = Z'lf@(p@(p O o SloFsiolh

+ branch

Schwinger-Keldysh >

closed time path: ‘) <

D
J

— branch
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‘ Initial value problem

(£|O)t) = (t, |U (O U(t)|t,) = Z'lf@(p@(p O o SloFsiolh

+ branch

Schwinger-Keldysh >

closed time path: ‘) <

D
J

— branch

Quadratic action (QM Harm. Osc.): S[p]~[dt{(0.»)* — ®?*}:

P*— Pp?
= (@ -o)(¢+ o)
. PP

ERG 2008 - Heidelberg - 2 July 2008 Thomas Gasenzer N




‘ Classical Path Integral

Consider QM Harm. Osc.:
Sle] = Slp] ~ =Jdt{p(0, + w?)p?— (6 — w’)p?

~ —[dt ®(07 + w’)p

[J. Berges, TG, PRA (07). CLPI goes back to Hopf (50), cf. also Phythian (75), DeDominicis et al. (76),
Janssen et al. (76), Chou et al. (85), Blagoev et al. (01)]
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Classical Path Integral

Consider QM Harm. Osc.:
Sle] = Sle] ~ =Jdt{p(8 + w?)p® — ¢(8 — w?)p?]

~ _fdt a(atz + wz)(p
Path integral evaluates to classical solution:

[ DPDP O plo,p,) e Sr-sten

~ JOPDP O p[p,@, expl-Idt (02 + w?)p /Al

[J. Berges, TG, PRA (07). CLPI goes back to Hopf (50), cf. also Phythian (75), DeDominicis et al. (76),
Janssen et al. (76), Chou et al. (85), Blagoev et al. (01)]
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Classical Path Integral

Consider QM Harm. Osc.:
Slpl = Sle] ~ =[dt{p(d7 + w’)p? - @(8, - w’)p?|

~ —[dt P67 + w?)p
Path integral evaluates to classical solution:

[ DPDP O plo,p,) e Sr-sten

~ JOQDP O p[@y,p,l expl-ldt ¢8>+ w?)p/Al
~ JOp O wWln,p,l 6[(67+ w)e]

[J. Berges, TG, PRA (07). CIPI goes back to Hopf (50), cf. also Phythian (75), DeDominicis et al. (76),
Janssen et al. (76), Chou et al. (85), Blagoev et al. (01)]
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Classical Path Integral

Consider QM Harm. Osc.:
Sle] = Sle] ~ =Jdt{p(8 + w?)p® — ¢(8 — w?)p?]

~ —[dt ®(07 + w?)p

Not with interactions!

Path integral evaluates to classical solution: ~ ~
g (7 Y=g (PP +P’p)

[ DPDP O plo,p,) e Sr-sten

~ JOQDP O p[@,p,l expl-ldt ¢8>+ w?)p/Al
~ JOp O wWln,p,l 6[(67+ w)e]

[J. Berges, TG, PRA (07). CIPI goes back to Hopf (50), cf. also Phythian (75), DeDominicis et al. (76),
Janssen et al. (76), Chou et al. (85), Blagoev et al. (01)]
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RG approach

to far-from-equilibrium dynamics
[TG & J.M. Pawlowski, cond-mat/0710.4627]

e Regularise generating functional

Z,. = exp {z/ i R, (2, y) i }Z
T w,y;c(s,]a_(;_;{?) T,ab ‘e Y 6(}’{)(3])
Z[J; po]l = /’Dw Po exXp {is[w] +if Jatpa }:
x,C
t"ﬁ iR (£, t') = o«
fluctuations suppressed ® Functional RG equation [C. Wetterich (92)]
' o, I, = : / ! o R
R(6t) =0 YA P I
full path integral )
L0 Be] = Weld ool = [ Juda = [ Gulrnty
T - t c 2 Je .
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‘ RG approach

to far—from—equﬂibrium dynamics [TG & J.M. Pawlowski, cond-mat/0710.4627]
t'Q iR (Lt") > o
fluctuations my ® Functional RG equation [C. Wetterich (92)]
- Sl£preied
| oT. - / ! ] 8. R
R (t,t) =0 Tir — 3 T4lr ab
| 2 Je 1—\‘(’_2) + R~ b
full path integral ‘
T 1
> ‘ [¢7 ] - [J pO] /Ja¢a - §/c¢aRT’ab¢b

® Compare to 1-loop effective action (with additional source R):

Clg, R] = S[¢] + _Trin (S (] + R, ) + ...

t
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Classical vs. Quantum diagrams

(2P1 1/W)
AN INE I (&
X~ OO0 Moo
Interactions:

g (p*@%) =g (PP’+P D) TR, SN ©)
(a) b % m {‘y | (Ql)
Fxy) = - y’b :g gb\<(/9

Y \ 95

OOIOQ

Gufxy) = ~——--=
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Clas sicality condition

[J. Berges, TG, PRA 76, 033604 (07)]

Under the rescaling gpa(af) — 90; (:U) — \/_cpa (:C)
Pa(x) = () = (1/V/9) Pal)

the interaction part becomes @'@"+ g "'

Classicality condition:

3

492 Pt (T, Y) pea(z, W)

() E (2, w)| >
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Classical vs. quantum evolution

Occupation numbers according to quantum dynamic equations...

1

|

10 F

< 107°F

R

~ 3

—~. = :

2107 :
107 :
107 E
10-6|||f:1':|'|’ R Ll .

0.0001 0.001 0.01 0.1

[|s]

...Vs. classical evolution for ‘quantum’ initial conditions.
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Classical vs. quantum evolution

Occupation numbers according to quantum dynamic equations...

|

LI \IIH‘II|

Ear 4
R

|

0.0001

0.001

Compare to eq. fluctuation-dissipation rel.:

ts]

0.1

2—
F2(t,t';p) ~ (n(t,p) + 3)” p2(t, Vs p).
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Far-trom-equilibrium evolution

107 :
107E E

-6 I L |_
10 0.0001 0.001 0.01 0.1
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Strong coupling

Time evolution of temporal correlations £(t,p) = F(t,0;p)/p(t,0;p):
1_I IIIIIII I | IIIIII| | | IIIIII| ]
quantum evolution

= 098F /- | _
~ classical evolution s immm e
S |cassicalevolulion B - . TTeemmiTTITITL
< | -
Q:‘ pl \\.\ T
w9 —i=0 F PR —

- ;=28

-1=16
..... i=24
C o ] i
0.94 0.0001 0.001 0.01
[s]

ERG 2008 - Heidelberg - 2 July 2008



Evolving quantum fields...

...are difficult to describe due to quantum fluctuations.

Classical statistical evolution...

Tx

P(x) t

N
»

...VS quantum statistical evolution:
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Squeezing & Entanglement




Josephson contacts

E]Josephson oscillations EXpeI‘]menters Can nOW
v Observe evolution in real time &

v Model freely initial state

(=]
B

h
3

oms v Change boundary conditions

15ms

Measure mean densities,

20ms

25ms phases, fluctuations

30ms

population imbalance z

v Reduce atom numbers to

35ms

40ms a few hundreds & less

45ms

relative phase ¢ [xt]

0 10 20 30 40 50
50ms evolution time [ms]

M. Oberthaler's labs (Heidelberg)

BSHLINRES
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Spin squeezing

Schwinger representation of angular momentum:
(Starting point: 2 Fock modes a, b)

T = (a'b+ba)/2,

Jo = (a'b—b'a)/2i,

Js = (a'a —b'b)/2, X _ y
<J>

J = (a'a+b'b)/2.

Al

\Ji, J;| = i€ y
~AJ

X

[D. Wineland et al., PRA 50, 67 (94)]
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Spin squeezing & entanglement

[A. Serensen et al., Nature 409, 63 (01)]

Sufficient (but not necessary) condition for non-separability of quantum state:

N(AJ,, )
(Jo) + ()

EZ

Separable means that the density matrix can be written as

p=>Pp @p’ @ ... @ p,”
k
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Spin squeezing & entanglement

[with C. Bodet, J. Esteve, M. Oberthaler]

T=0.5 T=0.1 T=0

o Ec=0

o~
S
~
2
S~
=
,\“\
d :
2 Ec:Z.?? - .. o
10-1 1 Squeezing limit
Entanglement limit
Heisenberg limit
10 -2 1 1 1 1

0 0.1 OI.Z O% 0l.4 0‘3 06 Ol.7 0.8 0.9
(cos o) = (J,)

1
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Quantum Information inspired methods

Time dependent Density Matrix Renormalization Group (t-DMRG)
[e.g. Vidal PRL 93, 040503 (04), Schollwock & White cond-mat/0606018]

Central idea: Schmidt decomposition (here for n Spin-d sites)

|\P> T Z Z Czl |l1>®®|ln>;

i1=1 i,

1] 2] 2 1131i nli,
Cijiyeri, — Z F[ ]l [ ] [051]632/\[CVQJF[CV2]033 o 'r[an]—y

al’ e

Spectrum of eigenvalues /\[] is strongly peaked.
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Classical Propagator
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Far-trom-equilibrium evolution

n(t,p)/n,L
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‘ Far-from-equilibrium evolution
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‘ Far-from-equilibrium evolution
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evolution

T ar-from-equilibgi
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‘ Far—from—equﬂibrium evolution

Santa Barbara.

Evening.

Stiff south-westerly wind.
Your hair doesn't care.

ERG 2008 - Heidelberg - 2 July 2008 Thomas Gasenzer \f



