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Applications

e Allows to go beyond pertubation theory in calculations at finite 7.
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Blaizot, Ipp, Rebhan, Reinosa, PRD 72 (2005)

e Allows to study quantum field evolution over long times.

[Aarts, Berges, Borsanyi, Serreau; Arrizabalaga, Smit, Tranberg, ...]
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Extra source

Introduction

e Extra source

e E2PI
o A2PI One starts from the generating functional

e 2P| vertices

QED

i W (J] zln/Dgp exp (iS[g@]-l-iJ°90)
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Introduction

e Extra source

e E2PI
o A2PI One starts from the generating functional

e 2P| vertices
QED 1

2

i WJ, K] :ln/Dgp exp (iS[g@]—l—z’J-gp—l— @-K-gp)

Summary

and adds an extra source K — or regulator — which is eventually taken to O.
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Extra source

Introduction

;Eég: One starts from the generating functional
e 2P| vertices
QED . . . 1
1 WJ, K] ZIH/DSD exp (25[90] +iJ o+ §¢-K-90)
Summary

and adds an extra source K — or regulator — which is eventually taken to O.

One can play with K in many different ways:

e “Variation”w.r.t. X' = Functional Renormalization Group.

® |egendre transform —=- Two-Particle-Irreducible (2PI) effective action.
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Exact 2P| effective action

One considers a double Legendre transform of W |J, K|
Introduction
e Extra source

o AZPI F[gb] = W[J,K] —ng with %—V[J/ :qu

QED
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Exact 2P| effective action

One considers a double Legendre transform of W |J, K|
Introduction
e Extra source

o E2P|

W

o AZPI FQPI[Qb, G] = W[J, K] —J- gb with W = gb
QED 1 _ oW 1
~ 3K (GHe9) win o =5 (G 09)
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Exact 2P| effective action

One considers a double Legendre transform of W |J, K|
Introduction
e Extra source

o AZPI FQPI[Qb, G] = W[J, K] —J- gb with 55—‘/‘(]/ = gb
QED 1 _ ow 1
~ 3K (GHe9) win o =5 (G 09)

One then explicitly takes the limit ' — 0 by noticing that

0lap1

K =-2
0G
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One then explicitly takes the limit ' — 0 by noticing that

0lap1

0G
This defines the variational propagator C_?[gb]

0=—2
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Exact 2P| effective action

One considers a double Legendre transform of W |J, K|
Introduction
e Extra source

o AZPI FQPI[Qb, G] = W[J, K] —J- gb with 55—‘/‘(]/ = gb
QED 1 _ ow 1
~ 3K (GHe9) win o =5 (G 09)

One then explicitly takes the limit ' — 0 by noticing that

0lap1

0G
This defines the variational propagator C_?[gb]

0=—2

The usual effective action is then obtained as the minimum of the 2P| effective action:

Llg] = WJ] = J - ¢ =T'2pi[9, G[¢]]

Urko Reinosa — 2008 Renormalization and gauge symmetry of 2P| effective actions — p. 5




Approximated 2P| effective action
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o A2P|
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One usually truncates the 2PI effective action (here scalar theory)

ceo Papilg, G] = S[6]+ 5Trlog G ' + ZTr Gy G+ Bapi[6, O]

(I)ZPI[Qb,G] = CI) + 3—@4 + + @ + + ...

Hence, one usually minimizes a truncated functional.
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Approximated 2P| effective action

Introduction
e Extra source
e E2PI

o A2P|

e 2P| vertices

One usually truncates the 2PI effective action (here scalar theory)

ceo Papilg, G] = S[6]+ 5Trlog G ' + ZTr Gy G+ Bapi[6, O]

(I)ZPI[Qb,G] = CI) + 3—@4 + + @ + + ...

Hence, one usually minimizes a truncated functional.

Does this truncated functional reflects the basic properties of the theory?

symmetry? and renormalization? = vertices
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2P| and 2PIl-resummed vertices

Introduction
e Extra source
e E2PI

o AP . <2
i 6°T o G-l

12
QED 5¢25¢1

Summary

Two possible definitions of the two-point function:
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2P| and 2PIl-resummed vertices

Introduction
e Extra source
e E2PI

o A2PI . 2
i6°T o1

~. <. 12
QED 5¢2 5¢1

Summary

If no approximations, both definitions agree:
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2P| and 2PIl-resummed vertices

Introduction
e Extra source
e E2PI

o A2PI . 2

i10°T ~—1
S G

oeD Scba b1 7 G

Summary

In a given approximation, they become different:
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2P| and 2PIl-resummed vertices

Introduction

e Extra source
e E2PI

o A2PI

i6°T 1
— G
ot S O 7 G

Summary

In a given approximation, they become different:

A similar remark applies for higher vertices

io"T y "G
Shr - 61 S - - Obs
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2P| and 2PIl-resummed vertices

Introduction
e Extra source

In a given approximation, they become different:

o E2PI

i 6°T G-
QED 5¢2 5¢1 # 12
Summary

A similar remark applies for higher vertices

: 10" §"AG TS
2Pl-resummed vertices +

2Pl vertices
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2P| and 2PIl-resummed vertices

Introduction
e Extra source
e E2PI

In a given approximation, they become different:

o A2PI . c2

10°T oG
12

QED 5¢2 5¢1

Summary

A similar remark applies for higher vertices

: 10" §"AG TS
2Pl-resummed vertices +
5¢n“‘5¢3

5¢n...5¢1

2Pl vertices

Approximation artefact: at a given order of approximation

i§"T 0" Gy
— 2 — ((higher order contributions)

Shr - 0h1 Oy -+ O3
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Symmetry

QED in the covariant gauge with gauge fixing parameter &

Introduction

. - 1
Sqed = /ddx {w[z@—eA—mw— " F;w} —g/d% (9" A,)?
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Symmetry

QED in the covariant gauge with gauge fixing parameter &

Introduction

. . !
Sqed = /dd’x {w[z@—eA—m]w— i F,uv} —g/d% (9" A,)?

e Renormalization

Summary

At any order of approximation, the 2PI effective action is gauge invariant
5. (FQPI[w, A,D,G] — Syt [A]) —0
under a gauge transformation of the fields:
ot (x) =ia(x)Y(x) and 6, AH(x) = —(1/e)0L a(x)

and a gauge transformation of the propagators:

0o D(x) =ia(x) D(z,y) —iD(z,y) a(y) and | d,G(z,y) =0
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Ward-Takahashi identities (1/2)

Introduction

2PI-resummed vertices fulfill usual WT identities [UR & J. Serreau, JHEP 0711:097 (2007)]
e Renormalization
. ¢4
Summary 0 L a/‘L (’ 5 F
JArJAYHAPHA°

2P1 vertices fulfill partial WT identities [UR & J. Serreau, JHEP 0711:097 (2007)]

52 1 52 1
o° G =0 but Of——"— Gy

5AP5AU 0APOA° 70
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Ward-Takahashi identities (2/2)

Introduction

2PI-resummed vertices fulfill usual WT identities [UR & J. Serreau, JHEP 0711:097 (2007)]
e Renormalization
)
Summary 0 . a/,b ?’6 F G—l
— cAus AL Y0
dArYAY Hy

2P1 vertices fulfill partial WT identities [UR & J. Serreau, JHEP 0711:097 (2007)]

o [G;yl — Go_,,lw} = (O (higher order contributions)
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Summary
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Zo(d)ymy = Zo(d)m  Za(d)Za? (d)er = Z1(d)e —

Exact theory

QED is renormalizable: one can redefine the fields
A =22 (A =2 Ay e = 2,7 (d)9

as well as the parameters of the theory

Zs3(d)  Za(d)

&b §

such that the vertices are convergent as d — 4.
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Exact theory

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction
03

QED 5F2PI — T A,u (x) (g,uuai T 858;) AV (aj)
.
— 5? m (94702 — 0102 G (a1, )] e
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Exact theory

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction
023 y y
QED 5F2PI — T A,u (x) (g,u 82 _ 8£8x)AV (aj)
e Symmetry X
[« Renormalization | 57
3 v v
5 | "oz — oty ) Gu(w,w)| _ 4+
P =

The 2PI-resummed photon propagator

gets the additional contribution

i 62T

W p— 2523 (g,u,y82 — 8Iuay)
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Exact theory

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction
03

QED 5F2PI — T A,u (x) (gMVag T 858;) AV (aj)
.
— 5? m (94702 — 0102 G (a1, )] e

The 2PI-resummed photon propagator

gets the additional contribution

i 62T

W p— 2523 (g,u,y82 — a'uay)

n The 2PI photon propagator

gets the additional contribution

Go = 16Z3(9uw0” — 8,0,)
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Exact theory

In terms of renormalized fields, the 2PI effective action gets the additional contribution

STopr = 5? A, () (gwag —aga;)A,,(az)
2 ooz - orer)Guiam)] _ +o

The 2PI-resummed photon propagator

gets the additional contribution

i 6°T , )
saigar = 1078(9ur0” — 0u0.)
4o The 2PI photon propagator
gets the additional contribution
’ 52F = G_l + .-

SAHS AV g
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction
03

QED 5F2PI — T A,u (x) (gMVag T 858;) AV (aj)
.
— 5? m (94702 — 0102 G (a1, )] e

The 2PI-resummed photon propagator

gets the additional contribution

62T
= i6Z3(g,w 0% — 0,0,
SAHS AV a a
n The 2PI photon propagator
gets the additional contribution
i 62T _
G—l + ...
SARSAY 7 Cuv
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction
03

QED 5F2PI — T A,u (x) (gMVag - 858;)141/(37)
e Symmetry X
< Renomalgaion | _
0Z3 v v
Summary T [(gu 8:% o 858w)GH1/ (x7 y)] ey + -

The 2PI-resummed photon propagator

gets the additional contribution

8§73 + 673
62T
m = 1523 (g'u,y82 — aﬁbay)
4 The 2PI photon propagator
gets the additional contribution
Gy = 10723(gu0” — 0,0,)
i 62T _
G—l + ...
SARSAY 7 Cuv
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction

0/
QED 5F2PI — 73 AM (x) (g,uz/ag _ 8585)141/ (x)
e Symmetry X
—

03

— pr 92 _ grgv -
Summary + 9 . |:(g 8:1: 6:1; 8:13 ) GFLV ($7 y)] =y +

071, o M?

© /v 1%
+ 9 N [a:v 8:1:GW(517>3J)] =y + 2 /a: G,U«(x7x)

The 2Pl-resummed photon propagator

B B 2
gets the additional contribution 523 # 523’ 5ZL’ oM

i 62T 57, (g 52 _ 9.9 ) The 2P| photon propagator
dJAHHAY e e gets the additional contribution
_|_ .
Gy = 1623(gud” — 0.0y)
L N + 070 Oy + 1M gy + -+
dARHAY HY
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction

0/
QED 5F2PI — 23 AM (x) (g,uz/ag _ 8585)141/ (x)
e Symmetry X
—

03

— pr 92 _ grgv -
Summary + 9 . |:(g 8:13 8:6 8:13 ) GFLV (x7 y)] =y +

871, o M?

© /v 1%
+ 9 N [6:13 Qz:GW(fB»y)] =y + 2 /a: GM(CE,%)

All these new contributions do not affect the gauge invariance of the 2Pl effective action
5.G =0 = 8. (Tapr + 6Tap1 — Sgr[A]) =0

—> new counterterms allowed by symmetry [UR & J. Serreau, in preparation]
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

Introduction

57
oo oTapr = == | Au(@)(9" 02 — 940% ) Au(a)
e Symmetry X
—
03 5 y
Summary + T [(gﬂ 8% T a:l;jba:v)G/vLV(x7 y):| ey + .-
021 y §M?
+ - ) [ﬁgﬁxGuy(a:,y)]x:y—F 5 /xGﬁ(a:,a:)
g 5a
+ [ Gy + 22 [ 6 @2 G, 2)

not wanted! :/Au(x)G“”(x,y)Ay(x), /AM(LL’)AM(LL’)GZ(LL’,x)

x

All these new contributions do not affect the gauge invariance of the 2PI effective action
5.G=0 = 6. (Fm + 6Tap1 — Sgt [A]) — 0

—> new counterterms allowed by symmetry [UR & J. Serreau, in preparation]
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Four photon leg subgraphs

The 2PI photon propagator G_’;,/l contains subgraphs involving four photons legs

Introduction

QED
e Symmetry
~—1 _
Summary G/Jl/ = ...+ ) >\/\/\/v
\Y)

2
oG

+
0
I A (T

S

M/V\< i
WSy

’\A/\A< i
WSS

The same applies for the 2PI-resummed photon propagator 52" /§ A*§ AV

5 ( 52Topr ) 52G oy
(X —_—
SGET \ §AHGS AV SAHGEAV
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Renormalized 2Pl effective action

A similar analysis on other 2P| and 2PI-resummed vertices leads to

Introduction

04
oo oTapr = =2 [ Au(a) (902 — 040 ) A (a)
e Symmetry X
Summary
823
ur Q2  quAar
+ 9 ; [(g 8:1: 8x 8x)GMV(xay)] =y
52 e
+ 2L [ [ororGu@y)] _ + - [ Gl
T =Y 2 T
0g1 v 032 1%
+ T Gl(z, )G (z, x) + e GHY (z,x) G (x, x)
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Renormalized 2Pl effective action

A similar analysis on other 2P| and 2PI-resummed vertices leads to

Introduction
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e Symmetry X
Summary + 522/ LD Z@LD m520/¢
873
i pr 92 _ oY
+ 9 ; [(g 8:1: 8x 8x)GMV(xay)] =y
671 , IV
+ - /. [8“8 Guv(x, y)]m:y + 2 LGﬁ(xax)

53 g
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Urko Reinosa — 2008 Renormalization and gauge symmetry of 2P| effective actions — p. 16




Renormalized 2Pl effective action

A similar analysis on other 2P| and 2PI-resummed vertices leads to

Introduction

oo STopy = % A, () (gwag - aga;)Ay(az)
+ 62 / P()id(z) — m 620 / e
— €87 /x D) Az)(z)
2 [ (a2 - 0202) Guntew)]
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91 ’ 092 v
= [ @i + 2 [ 6(@.) G le.a)
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Introduction

QED

Summary
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Summary

e Approximations of the 2PI effective action for QED are gauge invariant:

Introduction

der (FQPI — Sgf [A]) =0

QED

e The corresponding — 2PI and 2PIl-resummed — vertices are renormalizable:

x Doubled counterterms: (6Z3,075), (6Z2,575), (621,671), (6Z0,070).

x Additional counterterms: 541, 632, 67, and 5\ 2.

e The renormalization procedure is consistent:

* All these new features are allowed by the symmetry:
der (FzPI + 0l'2p1 — Ser [A]) =0

* The number of renormalization conditions is the same as usual.

— | Systematic application of 2PI techniques to abelian gauge theories | <=
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Introduction

QED

Backup slides
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Gauge-fixing dependence

Introduction

Example: Consider the pressure of the system
QED

Popr = T [ D7 () + D5 D(O)] + 57 [ G () + 65 () 60|

NN

At a given order of approximation, there is a residual gauge-fixing dependence

At order 2, dié_PQPI = O(e?)
At order e*, C%PQPI = O(e®), andsoon
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Introduction

QED

Urko Reinosa — 2008

Two-loop result (1/2)

In the range of converge £ € [0, 2], the £-dependence is not dramatically big:

comparable to the pi-dependence in the range p € [1, 47|

P/Pigeal

0.98
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0.92

0.9
0.88
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£=0 ——

£=1 ———- .

£=2 - - - - e
ezordelr -

! ! ! N

0.5 1 1.5 2 2.5
e

UR & Sz. Borsanyi, PLB 661 (2008)
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Introduction

QED

Urko Reinosa — 2008

Two-loop result (2/2)

Minimum sensitivity obtained for & = 0 (Landau gauge):

1+ dependence minimal for £ = 0

:0-1)

log(p/pg

10
11+

_12 L
-13

0.93

p=mr
=27 eeeeeeees
M=4TT ==mmmm
0.925
e=2
T
@
5]
s o09%2r e
s 0 s e
s |\ e T
0015 [ e e
0.91

© o N & & AW

0O 02 04 06 08 1 12 14 16 18 2

3

Par1(€) — Par1(0) ~ afe, 1) ¢?
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