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Abstract
After reviewing generalized ERG differential equations, we introduce a recipe for
calculating the critical exponents of the Wilson-Fisher fixed point (critical Ising in
D = 3) perturbatively in loop expansions.



Plan

. Generalized ERG differential equations
— my attempt at deciphering sect. 11 of Wilson & Kogut

. Non-perturbative formulation for the Wilson-Fisher fixed point

. Loop expansions
— calculate the critical exponents in loop expansions
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Generalized ERG differential equations

1. Let S[¢| be the action of a real scalar field theory in D dimensional
euclidean space.

2. We generate a one-parameter family of actions S; equivalent to .S:

exp [Sil4]] = / dg) 5

X exp [‘71 / A(0)* {6() — Ze(0)d' (9)} {6(~p) — Ze(p) ' (—p)}

p

(a) ¢(p) ~ Zi(p)@'(p) is the block spin. In coordinate space
[ 2 w) = [ Py Zi(o — )i w)

H. Sonoda



(b) m is the width of field diffusion:

1
(p)Z:(p)

Z (p)¢(p) - qﬁ’(p)‘ ~ L

i.e., St|®] is obtained by an incomplete integration of S|¢’]|.
(c) More integration for larger t, larger p.

1
2_2 A
AL, larger t
2
0 P
t=0

(ALO:(), Zo=1sothat S =S.)
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3. Relation between S; and S

(a) Define the generating functionals:

W = [[d¢] exp :S[qﬁ]Jri pr(p)gb(—p)}
M = [ldg]exp [Si[6] + i [, T(p)o(—p)

(b) A simple gaussian integration gives

Wil = exp [_%/pAt(lp)ZJ(p)J(—p) +W [Zt(p)J(p)]]

Hence,

(6(P)o(=p))s, T+ Zip) (6(p)6(—p) )
(¢(p1) - D(Pn>1) ), - - .



(c) Conversely,

(6O(8))s = b (SE)HD))s, — o
(6(p1) - dn))s = Tlici z5y - (8P1) -+ 6(pn) ),

The original correlation functions can be constructed as long as Z;
and A;Z; are non-vanishing. Hence,

S; and S are equivalent.
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4. The t dependence of the action is given by the ERG differential equation
of Wilson [Wilson & Kogut '74, sect. 11]:

8tSt — /
p

55,
6o (p)

1 ( 65, 68, 625,
+Gi(p) -5 {5¢(p) 56(—p) " 50(p)oo(—p) } ]

Fi(p) - ¢(p)

where
—0¢In Z;(p)

A( )25)751n (Ae(p)Zt(p))

—
SR
SIS

|I—l
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5. Choice of Z;:
(a) Let K(p) be an arbitrary cutoff function and A(p) = —2p*dK (p)/dp?.

A A

1

(b) We choose

el t
Zip) = Bl exp {4 [y dt'n(t') }

A(pet
F(p) = A3 -8

where 77 Is an anomalous dimension.
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(c) For n =0, we obtain

larger t
Z :_e'Zt
1 t=0
l larger t
-2t
e D>
0
This implies S; has smaller field fluctuations for larger t and larger p?,
since
(D(p1) -~ d(pa))s, = || Zei) - ((p1) - D(pn) )
i=1
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6. Three examples of A;:

(a) Wilson
N 2 t 00
—At(lp)Q = e?t — I;(Z(?p%% elo 2 o2
A(pe
Gilp) = 26* (R2 + 1 Ln(1))
This implies

(9P)(=p))s, = = oo S ((9p)o(—p))s ~ 1)
($(p1) -+~ ¢(p2n) ), = " Jon [Ti B o(p1) -+ $lp2n) )

e This is the original choice of Wilson.

e 1)(t) chosen to normalize the kinetic term:

(9 52875 p2—>0
— |
Op? ¢ (p)dd(—p) $=0
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(b) Polchinski
1
A¢(p)?

G:(p)
This implies

1

( (6(P)o(—p))s, —

\\
by
S

[\

p*+m

“((owo(-p))s -
(6(p) -6 (pan) )5, = T2 5575

10

_ K(peh (1 . K(pet)>
 p?+m? K(p)
A(pet)
p2_|_m2

> K (pe’) (1 — K (pe'))
LK (p)(1- K(p))

p2+m?

<¢(p1) T ¢(p2n) >s

n=0 and m? independent of ¢

e simplest for perturbative applications (Saturday’s talk)
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(c) Polchinski modified by non-vanishing 7(t) & t-dependent m?(t)

1 _ )2 1 1 cli 1
Ay(p)?2 K(pe*) {p2+m2(t) (K(pet) B 1) - pPm3(0) (K(p) - 1>}

dmZ(t)

Gulp) = gy { Ae) = (000 + 0 ) K e (1 K e |

This implies
[ (¢(P)d(—p) ), ~ s () (1= K (pef)
} = el B ((6(0)6(—p))s — b K () (1 — K(p)))

($p) Bp2n) ) s, = T BB (1) - Blpan) ) 5
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e 7(t) and m?(t) chosen so that

625,
6p(p)op(—p)le=0

— —m2(t) o p2 +0 (p4e—2t)

7. For the existence of a fixed point, it is essential to rescale momenta so
that p is replaced by pe’.

8. With rescaling, (a) and (c) obtain the Wilson-Fisher fixed point for
D = 3, but not (b); n # 0 is necessary.
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Non-perturbative formulation

1. Rescaling of space

(a) Rewrite S¢[¢] in terms of

D42
=t

¢'(p) = e d(pe™")

(b) This converts

13
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where

and

= Zﬁf ¢'(p1) -+ &' (p2n) Van(tip1, -
F Y Pl P2

n=1

x (2m) PP (py + - - - + pan)

Vo (tipr, -+, pan) = €¥20 Vo, (tpre™t, - pane™ )

14

o 7p2n)
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(c) After rescaling we obtain

&gSt — /
p’

1
+G, (p/)§

where

{ F{(p')
Gi(p')

{

, 00" (p/ D+ 2 L L 0.5y
{pu a;f)+(—2 +Ft<p>)¢<p>}

15

p
5St 5575 52St } ]

56 ()00 (—1) 08/ ()00 (—1)

_ A(p'
Ft(p/e t) — KEZ;% . 77(;)

e—Qth(p/e—t)
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(d) Example 1 (Wilson)

Gi(p) =2 (i +1- 510))

(e) Example 2 (Polchinski)

1

Gy(p) = {80 - (a0 +

2 + eZth (t)

p2 + e2tym 2

) K- K@) |

where

d o 2t, 2 2t @ o
il —9 il
n (e m (t)) e“'m°(t) + ? il (tz

—m?2(1)

—by (1)
We will omit the primes from ¢’ and F}, Gj.
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2. Adopt the modified Polchinski.
(a) ERG equation

ﬁst:/{p 9¢(p) <D+2_n(t)+A(p))¢(p)} 55

ot " Op,, 2 2 K(p) 6p(p)
1 b ()
[ 120 - (10 + ) Ko 0 - Ko |
" ( 68, 08 528, )
2\0¢(p)dp(—p)  o(p)dp(—p)

where
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(b) Vs(¢;0,0) =0 gives

—mﬁ%wMWﬂw=1/ :

<{aw - K@~ K@) (0 + 20 ) Dattia -0.0.0

q® +m2(t)

=0 gives

0 . _
(C) 3—p2v2(t7p7 p) =0

_(t)_la/ 1
' - 20p% J, ¢? + mA(t)

x{Ameamu—K@»Qmw%
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3. Wilson-Fisher fixed point (D = 3)

critical S

2
m
cr

fixed

symmetric
broken

>
WF fixed point
(a) Choose the initial action
+m3 A
o= [ oD ZE R [ oo)etem)owom )
K(p) * Jp1.p2,p3
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(b) Slightly off criticality: for m? ~ m?2 _()\g),

m2(t) — m*2+ f(Xo) - (md —m2(Xg)) - eve?t
b (t) — —2m*? + (yg — 2) (mz(t) — m*z)
V() — 7

2 critical exponents: yg & *

(c) Relace Sy by the asymptotic condition:

— 0 o * 1
St g Sty where Sgy, = __/¢(p)¢(_p) z
p

(d) More concretely, for 2n > 6

e Y2tV (t;pret, - - -, pane’) "27°0  where Yo, =3 —n <0
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(e) Defining A\(t) = —V4(¢;0,0,0,0), we obtain

e b, (t) and n(t) are functions of m?(t), A(t).
e \(t) satisfies @

dA(t

. = A +5Q)

where
—B(t) — 2A(¢) - n(t)

1 1 b (¢)
5 | {0 - K0 - k@) (a0 + 20 ) |
xVe(t; q,—q,0,0,0,0)
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Gaussian fixed point
0

m (t)
A (1)

symmetric
broken

WF fixed point

(m** A0)

22
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Perturbative calculations

1. At 1-loop, we find

( bm(mQaA) = % qqﬁﬁgz
A 1-K
) 6(m27)\) — _3)\2 fq ((Z)Q(erz)(zq))
L n(m*A) =0

2. At 2-loop, we find

(m? )\)__A_Qi/ Alg) 1-K(r)1-K(p+q+r)
IS A = a2 or @ +m?2r2+m? (p+q+r)2+m?lp2—o

3. These integrals depend on the choice of the cutoff function K(q).
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4. The critical exponents can formally be shown independent of the choice.

5. Choose
K(q) =0(1—¢")
to obtain
yg —2 = —5~ —0.333
no = —5%1 + —72 0.00715 much too small!

6. How can one improve on this?
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