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The Semiclassical Expansion� In the strong 
oupling regime, the degrees of freedom appearing inthe fundamental lagrangian are not manageable to a perturbativetreatment.� One strategy is then to reparametrize the theory in terms ofdegrees of freedom that do allow a systemati
 perturbativeexpansion, e.g. 
hiral perturbation theory� A di�erent approa
h is to identify non-perturbative �eld
on�gurations of the fundamental degrees of freedom� A priori, though, it is plagued by the same short
omings of normalperturbation theory in that higher order 
orre
tions are not under
ontrol.� A posteriori, the method 
an provide a systemati
 expansion if thesolitoni
 degrees of freedom dynami
ally generate a s
ale at whi
hthe 
oupling is su�
iently small to allow for a systemati
perturbative treatment, the semi-
lassi
al expansion. Delta09, Heidelberg { p.2/34



Saturating the path integral� The rationale is to saturate the partition fun
tion with somesuitable ba
kground 
on�guration.

Z[J℄ = ∫ [d�℄ exp(�S[�
 + �℄ + J � �)

� Taking 
are of zero modes.

Z[J℄ = e�S
 ∫M dN�pg(det Æ2SÆ�2)�1=2 exp(12J � G � J)

� g is the moduli spa
e metri
.� We are interested in the 
ase where �
 is a superposition of
lassi
al solutions.� g 
an be approximated within the subspa
e spaned by the zeromodes of the 
lassi
al solutions. Delta09, Heidelberg { p.3/34



Quasi Moduli Space approximation� We assume �rst that the exa
t solution has one zero mode, �1,related to the 
olle
tive 
oordinate 
.� We write the full �eld, �
 + �, in two equivalent forms

�
(
 = 0)+� = �
(0)+ 1

∑n=1 �n�n(0) = �
(
)+ 1
∑n=2 ��n�n(
)+O(
2):� We know that �(0) forms a 
omplete basis so we 
an identify

�(f
; ��g) = �
(
)� �
(0) + 1
∑n=2 ��n�n(
);= 1

∑m=1
[(�
(
)� �
(0) + 1

∑n=2 ��n�n(
); �m(0)

)] �m(0):
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Quasi Moduli Space approximation� To 
ompute the ja
obian for f�ng ! f
; ��mg we need the followingpartial derivatives
��n�
 = ∫

(�
�
(
) + 1

∑m=2 ��m�
�m(
)
) �n(0);��n���m = ∫ �m(
)�n(0);

� We really need them at 
 = 0��n�
 ∣∣∣∣
=0 = ∫

(�
�
(0)�n(0)� �(��)�
�n(0)) ;��n���m ∣∣∣∣
=0 = Æmn;
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Quasi Moduli Space approximation� To 1-loop order this simpli�es to��n�
 ∣∣∣∣
=0 = ∫ �
�
(0)�n(0):

� The matrix of derivatives has the following stru
ture












∫ �
��1 0 0 � � �
∫ �
��2 1 0 � � �
∫ �
��3 0 1 � � �... ... ... . . .













;

� The ja
obian gives the well known result

g = J = ∫ �
�
�1 Delta09, Heidelberg { p.6/34



Quasi Moduli Space approximation� If the ba
kground has more zero modes (to 1-loop order)

gab =





























∫ �
1��1 � � � ∫ �
N��1 0 � � �
∫ �
1��2 � � � ∫ �
N��2 0 � � �
∫ �
1��3 � � � ∫ �
N��3 0 � � �... ... ... ... . . .
∫ �
1��N � � � ∫ �
N��N 0 � � �... ... ... 1 0... ... ... 0 . . .





























� We don't know the exa
t �'s.� Approximate them by the zero modes of the individual 
lassi
alsolutions, � ! OB�.� OB is the matrix that orthonormalizes the set f�ig. Delta09, Heidelberg { p.7/34



Quasi Moduli Space approximation� Coupling the theory to fermions, the low frequen
y part is againapproximated by the individual pseudo-parti
le zero modes.(D +m)low = OyF DOF +mIDi j = h�i jDj�j i� �i are the fermioni
 zero modes of the individual 
lassi
al solutions.� OF is the matrix that orthonormalizes the set f�ig.
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Quasi Moduli Space approximation� The high frequen
y �u
tuations, presumably orthogonal to the lowfrequen
y ones des
ribed above, are assumed to fa
torize.� Thus, the aim of this method is to des
ribe the low-energy�u
tuations by the long wave-length dynami
s of some trial
lassi
al ba
kground.� Rather similar to the moduli spa
e approximations used indes
ribing (�eld theory) strings.� The original �eld theory is turned into a statisti
al me
hani
alsystem.� On a pra
ti
al level, OB = OF = I is assumed in simulations.
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Interacting Instanton Liquid Model� In QCD, instantons are thought to play an important role in thelow-energy regime.� The IILM is su

essful in 
apturing the 
hiral properties of QCD.� The partition fun
tion used in pra
ti
e is

Z = ∑NINA 1NI!NA! ∫ d(�)e�Sint Nf
∏f mjQjf det(M2f )

M2f = { TT y +m2f ; Q < 0T yT +m2f ; Q > 0Sint = S[A℄� (NI + NA)S0 =∑i<j Si j

Aa� = � ��a�����1(x; fx1; �1g) +Oab�b�����2(x; fx2; �2g)1 + �1(x; fx1; �1g) + �2(x; fx2; �2g)Delta09, Heidelberg { p.10/34



Numerical Implementation� Compute �top in the IILM and study volume dependen
e.� Found that intera
tions as given in Shuryak et al have unphysi
albehaviour.
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� Also periodi
ity in T not expli
it. Delta09, Heidelberg { p.11/34



Numerical Implementation� Split o� 
olor degrees of freedom in �eldstrength.

F a��F a�� = I + (TrOtO + (��O�)����)J + (��O�)����I��+ (��O�)����I���� + (�OtO�)����J����+ (��O�)����(��O�)����K����� Similarly for the quark overlaps.

TIA = ∫ d4x 14�2�I�A 32Tr(U�+� )I�; :� Use numeri
al integration to 
ompute intera
tions.� Use interpolation and asymptoti
 mat
hing in simulations.
Delta09, Heidelberg { p.12/34



Numerical Implementation� Small separation asymptoti
s.
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Numerical Implementation
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Numerical Implementation� Interested in thermodynami
 limit.� Want to use 'physi
al' quark masses.� Need fairly large ensembles, but 
omplexity is O(N3).� Monte Carlo updates 
an be written as rank 1 modi�
ations.T 0 = T + �TM 02 = M2 +��y �		y� Chlolesky de
omposition 
an be updated in O(N2).M 02 = L0D0L0y = M2 + �zz y = L(D + �ww y)Ly� For Nf = 3 need 3 � 2 � 2 = 12 updates. Still for N = 200 have again of two in speed.
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Different Ensembles� A pre
ise 
omparison of the IILM with latti
e data in Phys.Rev. D,2007, 75, 034008 (M. Cristoforetti, P. Fa

ioli, M. Traini, J.Negele).� For 
hiral properties IILM 
ompatible with latti
e data if� = 1=�� � 600MeV.� Based on the streamline ansatz.� Can we take over these results for the ratio ansatz?
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Different Ensembles
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Different Ensembles
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Different Ensembles
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Fixing units� The model has 4 free paremeters: �, mu, md and ms .� We use 
hiral perturbation theory results to �x the parameters.

� = h�qqi01mu + 1md + 1ms +O(m2)

� Where � is infered from grand 
anoni
al MC simulations atdi�erent volumes.
� = limV!1 h(NI � NA)2iV� We use as input h�qqiMS0 (� = 2GeV) = 250MeV:
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Fixing units

� Converting MS to PV, we get at 1-loop.

h�qqiPV0 = h�qqiMS0 (1� 5�s18� ) � 244MeV:

� We run this down to �� = �=�� (at 1-loop) and get the self
onsisten
y equation h�qqiPV0 (��) = �3h�qqiIILM0� At � = 2GeV the 2-loop 
orre
tions are already 10%, so that at� = 600MeV the systemati
s from higher orders will besubstantial..� We have determined h�qqiIILM0 for two sets of masses, with ratios

mief f = { 1 : 1:83 : 36:71 : 2:32 : 45:0 Delta09, Heidelberg { p.21/34



Fixing units
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Fixing units
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Fixing units� This gives �i = { 401MeV389MeV� The IILM thus generates a s
ale at
�i = { 598(10)MeV580(10)MeV� To �x the quark masses we use again 
hiral perturbation theory

�i = f 2�m2� z i(1 + z i)2� We use m� � 135MeV and f� � 93MeV.
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Fixing units� Running up the resulting quark masses to 2GeV and 
onvertingba
k to MS (1-loop)

mu = { 1:96MeV1:73MeV md = { 3:60MeV4:01MeV ms = { 72:0MeV77:9MeV� This is 
omparable to the usually quoted masses.� Running up the 
oupling (2-loop)�(5)MS = 320MeV�MSs (MZ) = 0:125� En
ouraging, but given the large un
ertainties in usingperturbation theory, hard to say how good it really is.
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Finite Temperature Quark Condensate
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Finite Temperature Interactions
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Biased Monte Carlo� Fermioni
 intera
tions are most important, but short ranged.� Hard to simulate: long auto
orrelation times, (pra
ti
al)non-ergodi
ity.� Need importan
e sampling ifV < �V exp(�H(�V ))where V is the volume of the simulation box and �V � V is thesmall region where the intera
tion is very strong.� Well known problem in 
hemi
al engineering and 
omputational
hemistry: strongly asso
iating �uids.� Use Biased Monte Carlo te
hniques.
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Biased Monte Carlo
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� To ensure ergodi
ity need moves that� preferentially sample the intera
tion regions, i.e. energydominated 
on�gurations.� sweep large portions of phase spa
e, i.e. entropy dominated
on�gurations. Delta09, Heidelberg { p.29/34



Biased Monte Carlo� Detailed balan
e guarantees 
onvergen
e.P eqi Pi j = P eqj Pj i� BMC exploits split into proposal and a

eptan
e probability.Pi j = Pi jAi j� To satisfy detailed balan
e 
an use the Metropolis algorithm.

Ai j = min [1; P eqjP eqi Pj iPi j ]� Apriori 
ompli
ated geometri
 problem to pla
e parti
les into theunion of all the intera
tion regions with uniform probability, say.� Instead fo
us on individual intera
tion regions and sum over allpossible routes: Unbonding-Bonding algorithm. Delta09, Heidelberg { p.30/34



Unbonding-Bonding algorithm� Basi
 building blo
ks.
PB(i ;j)(i 0;j) = 1NI 1NA 1Vi jPUii 0 = 1NBI 1V� Summing over all possibilities.

Pi i 0 = N 0BI (i)
∑j PB(i ;j)(i 0;j) + ÆBi PUii 0

Pi 0i = NBI (i)
∑j PB(i 0;j)(i ;j) + ÆBi 0 PUi 0i
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Biased Monte Carlo� Based on the UB algorithm, also 
onstru
t moves to� insert/delete parti
les.� insert/delete pairs of oppositely 
harged instantons.� move pairs.
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Conclusions� IILM tries to 
apture essential features by using instantons as mostimportant degrees of freedom.� Therefore might be well suited to approximate the topologi
alse
tor.� Grand Canoni
al simulations seem most natural setting.� The T = 0 IILM is believed to des
ribe well the low energy regimeof QCD.� Results are 
ompatible with earlier studies.� Continuum formulation might be 
omplementary to latti
einstanton models.� Ease to deal with quarks. (determinants)� Only two-body intera
tions.� Need to in
lude new 
alorons. Delta09, Heidelberg { p.33/34



Interacting Instanton Liquid Model
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