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Strongly-Interacting Fermions in Nature
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Problem: Microscopic and macroscopic DofFs

ultracold fermionic atoms QCD (Phase Diagram)
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How to tackle such strongly-interacting systems”?

Monte-Carlo methods
(Lattice QCD, Quantum MG, ...)

Functional approaches
(Dyson-Schwinger Egs.,
Functional RG methods, ...)

Hamiltonian approaches
(coupled-cluster theory, ...)




How to tackle such strongly-interacting systems?

Functional approaches
(Dyson-Schwinger Egs.,
Functional RG methods, ...




Outline

1 trapped ultracold
ferm|on|c atoms

(b) (e)
(c) (1’

2 Density Functional Theory &
RG Flow Equahon Approach

effective action:
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Outline

trapped ultracold
fermionic atoms
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1. Motivation

2. Experimental status

3. Theoretical study of
trapped Fermi gases

effective action:

L, 0, ¢, ..
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Unitary Regime

BEC - side nd BCS - side

es-wave scattering length is tunable by
Feshbach resonance (ext. magnetic field)
einteraction strength is proportional to s- — >

wave scattering length a AB
« <0 attractive

¢ >0 repulsive

| C. A. Regal and )
D. S. Jin (2003)
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Unitary Regime

BEC - side N BCS - side

es-wave scattering length is tunable by
Feshbach resonance

einteraction strength is proportional to s- — -~
wave scattering length a - - AB
elimit of infinite scattering length a defines — | { @ <O attractive

« >0 repulsive

a universal regime: o00| C- A Regal and HZ//
1 1 1 D. S. Jin (2003) L
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density (~Fermi momentum) is the only scale (unitarity limit)

e Universal properties:
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example: dilute neutron matter

Interaction Energy

@nn| ~ 18.5fm > R ~ 1.4fm




Symmetric Fermi Gases

oExperiment: Fermions In different
hyperfine states |
eprovides an experimentally accessible  gec supernuity 2es . BEC
environment for a study of quantum @ "ounemeeces crossover
phenomena:
(a) BEC regime: tightly bound
molecule (as > 0)
(b) Unitary regime: crossover -
delocalized molecule with £ =0
(c) BCS regime: delocalized
Cooper pairs (as < 0)
esymmetric regime at T=0: smooth
crossover, superfluidity persists

of Cooper pairs




Symmetric Fermi Gases at finite T

eExperiment: Fermions in different " ¢

hyperfine states 3 o
eprovides an experimentally accessible  gec supernuiity aes . BEC
environment for a study of quantum @ "ounemeeces crossover . of Cooper pais
phenomena:

(a) BEC regime: tightly bound

molecule (as > 0)

(b) Unitary regime: crossover -

delocalized molecule with £ =0

(c) BCS regime: delocalized

Cooper pairs (as < 0)
esymmetric regime at T=0: smooth
crossover, superfluidity persists
esymmetric regime at finite T: phase

transition, “melting condensate”

o




Symmetric Fermi Gases at finite T

eExperiment: Fermions in different ® o

hyperfine states 8

eprovides an experimentally accessible  gec superuity
environment for a study of quantum  ®Pememeeses
phenomena:

(a) BEC regime: tightly bound

BCS - BEC
crossover > of Cooper pairs

molecule (as > 0) T sl

(b) Unitary regime: crossover - 7/

delocalized molecule with £ = 0

(c) BCS regime: delocalized

Cooper pairs (as < 0)
esymmetric regime at T=0: smooth
crossover, superfluidity persists
esymmetric regime at finite T. phase
transition, “melting condensate”

_ M- Ny
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(Diehl, Gies, Pawlowski, Wetterich '07)




Asymmetric Fermi Gases

e Spin-polarized Fermi gases, e. g. Ny > N,

» Majority fermions Ny, minority fermions IV
»Polarization P = (Ny — N|)/(Ny + N|)

eWhat happens when we have a population
imbalance?

®Relevance for various research fields, e. g.: Clogston
limit Iin superconductivity, nuclear physics,
astrophysics, QCD at finite T(7), ...

e Experiments with spin-polarized Fermi gases are very
useful to explore asymmetric strongly-interacting Fermi
systems




Seyond one's own NOoSe:
Asymmetric systems in nature

eNuclear physics: e Astrophysics:
Most nuclei N > Z (neutron skin) Neutron star (95% n, 5% p)

(S 1987A from ASA image server)
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density (nucleons/fm*)
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Asymmetric spin-polarized systems:
MIT Experiment

(Zwierlein et al. '06)

e Experimental setup: harmonic trap with
cylindrical symmetry

()
1

1N
1

Pw, =wy = aw,w, =w;a ~ 5

» Niot = Nt + N| ~ 10°...107
ePhase separation:

» Equal density core

» Partially-polarized shell: diff. densities

» Outer region of normal majority atoms (Y1 Shin et al. 06)
oCritical polarization above which equal |
density core ceases to exist:

P. = 0.70(3)

Density (a.u.)
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Asymmetric spin-polarized systems:
Rice Experiment

e Experimental setup: harmonic trap with
cylindrical symmetry

P wy = wy = aw,w, = w; e~ 35 — 45

P Niot = N3+ N S 10°
ePhase separation:

» superfluid core

pvery narrow (almost no) partially

polarized region

» Outer region of normal majority atoms
oCritical polarization: P. > 0.9

Atomic Density (10''/cm®)

0
Axial Position (um)
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Summary of experimental differences

Rice university

Ntot

10°. ..

107

< 10°

asymmetry o

~O

395..45

partially-polarized
shell

clearly visible

extremely thin

critical polarization
P

0.70(3)

> 0.9




—quation of state (uniform system)

esingle particle energy £ :
energy gain of one single minority
fermion interacting resonantly with a
majority Fermi sea

esystems with large asymmetry:
leading contribution to EoS due to
interactions, E = Ey° + E|




Single particle energy (uniform system)

eHamiltonian: chew '06)




Single particle energy (uniform system)

egap equation: chevy '06)

L 1
lal<kr 9 14 k|>kp €xkt+e€q—k—€q—E]

- 0.A L AN

®at unitarity:
»n=F|/Er =~ —0.607
»agrees well with MC studies eece. g. Lovo et al. 0
»2p2h contributions shown to be small comvescot & ciraua og




Phase diagram of an imbalanced system of spin-
polarized atoms at unitarity (uniform system)

econsider a system of spin-up and spin-down fermion at unitarity with N+ > N,
ephase diagram at T=0

P T e maximal stress for SF:
pressure - 1 - bt — py < 2A

—> SF at unitarity:

FL > 0.00(3)
1

5
5

mixed phi (Bulgac & Forbes '07)

superflui\dphase
(Fully pairédL

normal (fully polarized)

set by the energy gained when
one spin-down fermion is added
to the sea of spin-up fermions




Trapped system of imbalanced spin-polarized
atoms at unitarity (T=0)

ecnergy density functional (Nt > N|) in LDA: (scee. g. Recati et al. '08)

oI’ oI’ oI’

eground state: Sns  ony  om, 0,

e\what we know from the continuum:
(67‘(‘2%5)%
2m

»energy gained when a spin-down fermion is added

to a Fermi sea of spin-up fermions: . (6mn41)5
L=1

»superfluid phase: €s = &g

2m



Trapped system of imbalanced spin-polarized
atoms at unitarity (T=0)

ecnergy density functional (Nt > N|) in LDA: (sece. g. Recatiet al. *08)

lng,ny,ny| = 2/||<R dr{gsgmﬂ 72?/251'))5 +V(r)—,u5}ns(r)

2
+/ apd 367°n1)
RS<|P|<RT 5} 2m

e®phase diagram:

. superfluid phase: &s ~ 0.42
mixed phase of spin-up (Carlson et al. ’03)

and spin-down fermions
1 ~ —0.6 (chevy '06)

critical polarization:
PC ~ 0.77 (Recatietal. '08)

normal phase:
only spin-up fermions




Trap effects & single particle energy

Ku, JB, Schwenk ‘08

erevisited: energy gain of a (trapped) Fermi sea of spin-up fermions
when a spin-down fermion is added; Hamiltonian:

H=) enal s+ ) (0p0||Vingn)ay jay  an, an

n,o nT,nl,n’T,n’l

evariational ansatz (include 1p1h excitations):

W)= ¢|Q)  + Y ,/mhp)




Trap effects & single particle energy

Ku, JB, Schwenk ‘08

e sclf-consistent equation for energy gain:

El — &0 — S: S:F(O,h,S) [M_l(gFaEl +5h)]syLF(OahaL)a

€h<€F S,L
2

(67°01 (0)F w1
2m /

echoose: E| =1n(a,N)Ep(a,N) with Er(a,N) = (48N)

ercsults for the isotropic trap:

(1,N)

F.co

E(1N)/E,

= results
-~ fits ’
—— without trap |




Trap effects & single particle energy

Ku, JB, Schwenk ‘08

I
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o Clear finite-size and confinement effects
ofixed «¢, we find that the energy ...
... decreases with Niot
... stronger dependence on Niot for
larger &

... saturates to -0.61 for large Niot
ofixed Niot, We find that the energy ...

... Inreases with «
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Critical polarization & trap dependence

Ku, JB, Schwenk ‘08

eHow does the critical polarization P, depend on the trap configuration?
ecnergy density functional (Ny > N|) in LDA:

(67ng(r)) s
2m

3
Llng,nt,n|] = 2/ dr{585

Ir|<Rs

+V(x) = ps fns(r)

—|—/ dr
Rs<|r|<R; 5

oI’ oI’ oI’ oI’

eground state: 5~ S~ o) 0, 5Rs =0 (H1 + p1) = 2ps

ofor simplicity, calculations are done for

(l) MC Va|UeS m = 109, B — 014 aﬂd fs ~ 04 (see Pilati & Giorgini 08, Carlson '03)
« m
m
(I1) =1,B=0
m




Critical polarization & trap dependence

Ku, JB, Schwenk ‘08

eHow does the critical polarization P. depend on the trap configuration?

U D N D I A R I D N L B A B B B B B N B DL

088 e
0.86
% 0384

N =10", m*/m=1, B=0 -
'|‘totlllslllllllll
- N =10
tot
~ N_=10", m*/m=1,B=0 -

IR §

T NI |
30 35

—— = Clear indications for strong trap dependence which helps to
understand the different findings at MIT and Rice U.

—— — however, our calculations need still to be improved:
dependence of effective mass on trap, terms beyond LDA, ...




Outline

effective action:

L, 0, ¢, ..

Density Functional Theory &
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Ground-state properties of strongly-interacting
many-body problems

Trapped Fermions Nuclear Landscape

Many-body approaches
for ordinary nuclei

ground-state properties for
heavy nuclel from microscopic
interactions?




How to study ground-state properties
from first principles”?

o M C simulations?




How to study ground-state properties
from first principles”?

o MC simulations
» “volume” problem:

» “construct” nucleus out of quarks: computationally (almost) impossible
——= — restricted to small nuclei (A<8"?) (savage '06)

® Hamiltonian approaches, such as coupled-cluster theory?




How to study ground-state properties
from first principles”?

o MC simulations
» “volume” problem:

» “construct” nucleus out of quarks: computationally (almost) impossible
——— — restricted to small nuclei (A<87?) (savage '06)

® Hamiltonian approaches, such as coupled-cluster theory:

» rewrite ground-state wave-function: |¢) = elTitTet.) ®)

allows to include
systematically n-particle-n-
hole excitations of a given

(reference) state

» still computationally expensive
» sets benchmarks for closed-shell medium-mass nuclei (Hagen et al. 07)

® Density Functional Theory?




Density Functional RG for Fermionic Systems

e Density Functional: T'[p] = ln/DMD¢ o~ ST+ [ 55 (9T

with Sl = [wl[o - S-alo+ 5 [6lraeiv + ova)

mean field Nucleus
RG flow

> A

start from mean-field (background potential)
and include many-body correlations




Density Functional

e Density Functional: T'|p]

RG for Fermionic Systems

I / Dt Dy =S+ 35wl

with S, ¢ / o0~ o-alut / STVt + O(Vi)

external trap

mean field /

start from mean-field (background potential)
and include many-body correlations




Density Functional RG for Fermionic Systems

oI
®Density Functional: I'x[p] = ln/Dprw o~ W+ T (BT )

with Syt = [ 1[0 = A+ (=N o+ 5 [ 61oAV6T6 + 20(Vi)

e

external potential, e. g. trap potential

® DFT-RG flow:

~

G

start from mean-field (background
potential U,) and include many-body

L correlations )




Density Functional RG for Fermionic Systems

(JB, Schwenk, Polonyi, in prep.)

A=1 < > 3>\F>\[,0]:%V2b

start from mean-field (background
potential U,) and include many-body

L correlations )

®density basis expansion scales favorably to heavy nuclel
®allows for a calculation of ground-state (g.s.) properties from microscopic

Interactions
e Currently: application to trapped systems of ultracold fermions in 1+1d,

COmpare tO Greeﬂ,S FUHCJ[IOH MC (Casula, Ceperley, Mueller '08)
oFor Nuclel: validate results for medium-mass nuclei against coupled-cluster

calculations




Conclusions

e energy gain in N+1 body problem depends on trap geometry and total
particle number

¢ sensible finite-size and confinement effects in experiments with imbalanced
systems of trapped spin-polarized ultracold atoms, contributes to
understand experimental discrepancies, e. g. critical polarization

* Density Functional Theory + FRG: promising tool for first-principle
description of many-body systems, e. g. cold atoms in traps or nuclei




Outlook

e go beyond the N+1-body problem: N+M-body problem ., s, schwen

e cold atoms: trap effects on the finite-T phase diagram?

e computation of full energy density functional with MC?! witnm. w. Forves

e DFT-RG: large(r) 1+1d systems and comparison to GFMC
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Appendix |

* Strongly-interacting Fermi gas in a harmonic-oscillator trap:

H = Zen (LIM, an,o+ Z (n},n)|Ving,n) “I, 1 “I,'l,l Uny,| Gn;,1

/
“Tv"l»";-"'

* Contact interaction with separable cutoff in momentum space:

A /m
1 A

a—s V2

* Interaction matrix elements: can be expressed as a sum over
separable functions (8S: center of mass quantum numbers.)

(n1,n2|Ving, ny) ZF n;,ns,S)F(ns, ng, S)

(p|V|p') = C(A) e~ +P")/A" where C(A) =




Appendix ||

* Strongly-interacting Fermi gas in a harmonic-oscillator trap:

H :Zgn(LL,a(l’n,U+ Z (n%,n |V|ny, nl)aL T“L’l,lanl»l"’nr»T

/
"T'“b“p"'

* Contact interaction with separable cutoff in momentum space:

2, 12y A2 A1 /m
(p|VIp') = C(A) e~ P +P7)/A" where C(A) = =

a_-s V2

* Interaction matrix elements: can be expressed as a sum over
separable functions (S: center of mass quantum numbers.)

(n1,n2|V|n3z, ny) ZF (n;,n2, S)F(n3, ny, S)




Appendix I

* Self-consistent equation for E in anistropic traps

E—ego= ), ) F(0,h,8)[M ' (ep, E+en)lg F(0,h,L)

En<er S,L
Matrix M: M(ep, E +cn)s.L D(a,AE) 0S,L

F(m,p,S)F(m,p,L)
E+en—(ep+€m)

Where AE = (S, + Sy +2)+ S, + 1 — (E + ep)/w




Appendix I

* Self-consistent equation for E in anistropic traps

E—co=)»_ » F(0,h,S)[M (¢, E+en)|g, F(0,hL)

Eh<Eer S.L

S,L

Matrix M: M (cp, E +cn)s.L D(G,AE) 08, L

CA)

F(m,p,S)F(m,p,L)
4 Z: S: E+en—(ep+€m)

p\pm

General a: D has series expression

* Divergent part cancels with the cutoff term in 1/C(A)




