Universitédt Heidelberg SS 2009

5. HOMEWORK SHEET FOR QUANTUM MECHANICS
To be handed in on the 12.5

Q 13: Potential barrier, tunnel effect (10 points)
A current of particles of mass m and energy E travel from the left in the positive
x-direction to the potential barrier

V(z) = VyO(2)O(L — z)

with height V5 > 0 and width L > 0.

a)

As in Q9 one can make the ansatz (NB ansatz is a relatively rare example of
a German word used unaltered in English)

eko fpe=thor for 1z <0 (region I)
P(x) = Ae™ + Be ™ for 0<x <L (region II)
tetkor for = > L  (region III)

for the solution of the time independent Schrodinger equation with energy
E > Vy. We can assume without loss of generality that the amplitude of the
incoming wave from the left is unity.

How do ko and k depend on E and V4?7 (1 point)

Calculate the probability density current j; and j;;; in the regions I and III as
functions of 7 and ¢. Show that the probability of transmission 7" := jt;ans/Jin
is equal to [t]?.

Remark: One has jr = ji, — Jrefg With ji;, = the probability density current of the
incoming particles, j..q = the probability density current of the reflected partices
and jr77 = jtrans = the probability density current of the transmitted particles. (1
point)

Calculate the transmission probability 7" as a function of &, E, V, L and m for
the case E > V. Discuss the result:

1
T =

= V2 :
1 + WO—VO) Sln2 (%\/2m(E — %))

Remark: Consider in your discussion the special case
Vo—>0,L—-0,m—0,F — ccandE — Vy. When is T' = 1 ? Sketch T as a

function of k := ,/QR—T(E — Vo). What is given in the limit of k — 0 ? (5 points)

What is T in the case E < V; (you can solve this without lengthy calculations)
and discuss the result. Consider especially the limit
kL > 1. What behaviour does T'(x) have in this case ? (2 points)

Calculate T for electrons with £ = 1eV, for Vj = 2eV and L = 10~ m as well
as protons with the same kintic energy for the same barrier.
(1 point)



Q 14: Harmonic oscillator (10 points)
In the lectures you have considered the stationary solution of the Schrodinger equa-
tion for a harmonic oscillator in 1D using the algebraic method of the creation and
annihilation operators

R 1 A 7 A ~ 1 A 7 A
“:m<“m@+mp>’ “:m(“m?‘mp)

with Q =z and P= —ih%.

a) The dimensionless length is defined by ¢ := £ with x9= /2
zo mw
Show that a = & (¢+ &) and a4t =L (¢—4) . (1 point)

From a|0) = 0 one gets for the ground state wave function y(§) (see the lectures)

b) What meaning does the length xy have for the classical oscillator ? (1 point)
Tip: Consider a classical harmonic oscillator with the total energy Ey = %hw.

c) |vo(€)[2d€ is the probability to find a particle in the interval [£, ¢ + d€]. Give
the probability of finding a particle in the interval [z, z + dx] ! (1 point)

d) Show that the wave function of the excited state is given by
(4 points)

e G

Tip: ¥, (€) is given by repeated application of a™ on the ground state wave function
1p(§). Consider and use the operator equation

¢2 d\" ¢ dr
e 2 R — e2 = —]_ n__
( df) = g
Finally use the demonstrated representation for H, (&) in the Présenzaufgabe P11

c) .

e) Sketch and discuss the progression of the first three energy states

o(€), .y Va(§). (2 points)

f) What is the probability that the particle in the groundstate 1, is outside
the classically allowed intervals (= interval between the turning points of a
classical harmonic oscillator with total energy Ey = $hw)? (1 point)

(Remark: you may use: erf(1) = % Jle €de = 0.8427 ).



