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Q 21: Laguerre Polynomial (5 points)
In the lectures you have learnt about the bound states of the Coulomb potential
(without spin or relativistic corrections)

ψnlm(r, θ, φ) = ψnl(r)Ylm(θ, φ)

where
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Lm
n (x) are the associated Laguerre polynomials, that are given by
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with m,n ∈ IN0 and the Laguerre polynomials Ln(x) = ex dn

dxn (xne−x) .

The associated Laguerre polynomials satisfy the orthogonality relation
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as well as the differential equation

x
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+ (n−m)y = 0 .

a) Calculate the associated Laguerre polynomials L1
2(x),L

2
2(x),L

2
3(x), L

4
3(x). (2

points)

b) Verify the orthogonality relation for m = 2, n = 2, p = 3, and again for the
case m = 1, n = 2, p = 2. (2 points)

c) Verify that L2
3(x) satisfies the given differential equation for m = 2, n = 3. ( 1

point)

Q 22: 3D isotropic harmonic oscillator (15 points)
Consider a particle in the 3D oscillator potential V (~r) = 1

2
mω2r2 with r2 = |~r|2 (see

the lectures). The Hamiltonian of the system is given by

Ĥ =
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with i = x, y, z. If Ui is the state space belonging to the conjugate pairs P̂i, Q̂i,
then the state space of the complete system is given by the tensor product U =
Ux ⊗Uy ⊗Uz. One defines for every conjugate pair Q̂i, P̂i, i = x, y, z (in analogue to

the 1D case, see the lectures) the ladder operators âi, â
†
i :
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They satisfy the commutation relation

[âi, âj] =
[

â
†
i , â

†
j

]

= 0,
[

âi, â
†
j

]

= δi,j

The corresponding number operators are n̂i = â
†
i âi. If |ni〉 are the Eigenvectors of

the Hamiltonian Ĥi, then |nxnynz〉 = |nx〉|ny〉|nz〉 form a complete orthonormal
system in U .
If |000〉 is the Eigenvector of the ground state, then

âx|000〉 = ây|000〉 = âz|000〉 = 0 (1)

|nxnynz〉 = (nx!ny!nz!)
− 1

2 â†nx

x â†ny

y â†nz

z |000〉

From the lectures you know that for a central potential Ĥ, ~̂L
2

and L̂z form a complete
set of commuting observables as well. The complete set of Eigenvectors are labelled
by the quantum numbers n, l andm with the corresponding Eigenvalues En, h̄2l(l+1)
and h̄m. The states |nlm〉 result from |nxnynz〉 via a unitary transformation.

(a) Write the operators L̂x, L̂y and L̂z in terms of the operators â†i and âi (i =
x, y, z). (3 points)

(b) Consider the states with the energy E = h̄ω(1 + 3

2
). The corresponding Ei-

genvectors of Ĥ in the |nxnynz〉 representation are then |100〉,|010〉,|001〉.
These form a basis in the subspace of all Eigenvectors of Ĥ with Eigenva-
lue E = h̄ω(1 + 3

2
). Determine the matrix representation of L̂z and calculate

the corresponding Eigenvalues and Eigenvectors (as a linear combination of
the states |100〉,|010〉,|001〉) from L̂z. (5 points)

(c) Show that the Eigenvectors constructed in (b) as Eigenvectors of L̂z are also

Eigenvectors of ~̂L
2

with Eigenvalue 2h̄2 (i.e. l = 1). For doing this, write ~̂L
2

as

a function of â†i and âi and let ~̂L
2

act directly on the Eigenvectors. (3
points)

(d) Determine the position space representation of the states
〈~r|100〉,〈~r|010〉,〈~r|001〉 and show that the Eigenvectors from (b) of L̂z,
which are linear combinations of these functions, give

ψnlm(~r) = const re−
1

2
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with l = 1 und m = 0,±1, α =
√

mω
h̄

. (4 points)


