Gauge invariant flow equation



Gauge invariant effective action

m Variation yields gravitational field equations
m Generates Maxwell equations for QED

( + correction terms )

m [nvolves only one gauge field



Gauge invariant effective action

m Projected second functional derivative 1s
inverse propagator for physical fluctuations

m Generates correlation function for physical
fluctuations

m FExample : power spectrum of cosmic
fluctuations

m [nvolves only one gauge field



Background field formalism

m Background field formalism employs etfective
action with two gauge fields :

N . variation
yields field equation and inverse propagator

O appears in gauge fixing

B cffective action is invariant under stmultaneous
gauge transformation of both gauge fields



Field identification

Identify expectation value and background field :
m [ffective action depends only on one gauge field

® Variation does not yield field equation and inverse
propagator

B Second functional dertvative has zero modes :



Exact flow equation for
effective average action

has been formulated in

background field formalism

M.Reuter, CW



Flow equation in
background field formalism

Shortcomings:

Either two gauge fields

Or no gauge nvariance

Extended truncations necessary

Or use of modified Slavnov Taylor identities or
background field identities

No closed gauge invariant flow equation with single

gauge field



Aim : closed gauge invariant flow
equation with single gauge field

problem :

m second functional derivative of gauge invariant
effective action cannot generate inverse
propagator

B second functional derivative 1s not invertible

B gauge modes !



Projection on physical fluctuations

projects on physical tluctuations

1-P projects on gauge tluctuations

Gauge fluctuations correspond to change of gauge field L(_]
under infinitesimal gauge fluctuation



Gauge invariant flow equation
involves projection on physical

fluctuations

Gy @ propagator for
physical fluctuations

measure contributions S

do not depend

on effective action



Closed flow equation

projection on physical fluctuations
makes second functional derivative
invertible
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Projection in practice

m Not very complicated
In flat space or Robertson Walker background :

m Metric fluctuations can be directly decomposed into
physical fluctuations and gauge fluctuations

m Second functional derivative is block diagonal

m [nvert different blocks sepately



Measure terms in flow equation

—Str(koy RGp ) + 0k — €x

korI'(g,9) =

Gauge fixing contribution involves fixed differential
operator QQ used for gauge fixing
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does not involve effective action

Regularized Faddeev-Popov determinant
( ghost contribution)




Measure terms in flow equation

1 —1
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O = 3 tr {kakRgf(Q) (Q + Rgf(Q)) 1}
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M = det (— D*(A)D,(A"))
= det (Ds +iD*(Al, — A,,))

det (Dg Rgf(DS — s —
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mnch simpler than the use of
effective action for ghosts. . .



Gauge invariant metric



Fluctuations

h=g—g=1/[+a

gauge fluctuations (== [l — P(g) ) hi P (r_ Ja = 0

gauge transformation at fixed macroscopic gauge tfield

P=1—P

physical fluctuations




Yang — Mills theories

projector depends on

oauge field

gravity more complicated



Physical fluctuations generate
gauge invariant fields

no global projector




Gauge invariant fields and
gauge 1nvariant effective action

Physical gauge field

Gauge 1nvariant

effective action

Projection properties :

O _ 0T 04y _ O 03y py _ OF

dgr. 095 Ogr ~ 0g; 0gi * Ogi



Gauge invariance of effective action

ol OT
— = f—_P
dq dq




Functional integral for
flow equation



Functional integral

/ Dy’ Mr(g'.g)exp{ — S(g") — Sqz(g". 7)

—ASk(g',5)+L"d'}.

M =M(g',9)Ex(7) ek (7) = tr{InkoEx(7)}
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Effective action and
exact flow equation

[k(9,9) =Tk(9.9) — 5h" Ri(9)h

—Str(0 RG) — €

Reuter, CW



Physical gauge fixing for
quantum gravity
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Projected propagator in flow
equation

1, o o R
Ri = Ri(3) + = (1 — PT(3))Ri.qor(3) (1 — P(3))
| | |

f,[:;’j] _ f-lii-l’}l _|_E>k
+—(1-PTYQ+R,;)(1—P)
¥ o

G =Gp+aAG, Gp = PGP?

=pPT  T'Y = PT(I® + R)P

For a—0 flow equation decomposes into
projected parts



Macroscopic gauge field
instead of background field

m Projector , gauge fixing and infrared cutoff are

all formulated with

dynamical macroscopic gauge field

m Macroscopic gauge field replaces fixed
background field

m [mplicit definition of functional integral and
effective action



Expectation value

m Macroscopic gauge field 1s not identical with
expectation value of microscopic gauge field

m FExpectation value of microscopic gauge field g
can be expressed 1n terms of macroscopic gauge

field qg

B Precise expression 1s not important



Implicit definition of effective action

0(G*) = lim exp

a—0




Implicit definition of
effective average action
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Choice of macroscopic gauge field

Use freedom in precise definition of
macroscopic gauge field

in order to obtain simple expression of
physical propagator in terms of

gauge invariant effective action
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Optimize choice of macroscopic
field and effective action

% [A] = — In / DA’ Ey(A)

X exp{ (S + ASi)[A, A] +/I




procedure

Logic : accept more complicated definition of
effective average action and
precise relation between macroscopic field and
expectation value of microscopic tield

i order to obtain :

simple relations for physical correlation function

and tlow equation



Gauge invariant flow equation
involves projection on physical

fluctuations

Gy @ propagator for
physical fluctuations

measure contributions S

do not depend

on effective action



Closed flow equation

projection on physical fluctuations
makes second functional derivative
invertible

T
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Measure terms in flow equation

kOrl'(g,9) = 55tr(kOx RGp) + 01 — €k

O = Etr-{_ EOrRgr(1 — P)(Q + Ryy) 1[_,1 — PT_]_

does not involve effective action




Conclusion

m Closed gauge invariant flow equation involving
only one gauge field exists.

m [s effective action local enough to admit simple
truncations ?



Particular gauge fixing for
quantum gravity
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