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Markovian processes

* Process, with states: z;,i = 1,2, ...
* Probability of state z; at time t;: p;(z¢, t1)
 Conditional probability: p,(z,, t,|z4, t;) and for z,, t,, after:
Zn—1rZn—2, 21, at U1, 0h—2, ..., l1:
Pn(Zn, talZn_1, th—1,Zn_2, ta_2, -, Z1, t1);
* Markovian assumption:
* Dependence only on the previous state:
Pn(Zn, tnlZn—1,th-1, Zn—2, tn—2, -, Z1, t1) = P2 (Zn, talZn-1, th-1);
= p3(Z3, t3; 73, ty; 71, t1)= p2(23, t3] 2, t3) P2(23, 2|21, t1)p1 (21, t1);



Chapman- Kolmogorov equation

* Markovian assumption and integration over z:

p3(23,t3; 21, t1) =f p3(23, t3; 25, tp; 21, t1) dz, =

| p2(23, t3125, t3 )p2 (22, ta) 21, t1) p1 (21, t1) dz;

Chapman Kolmogorov equation:

p2(23,t3)21,t1) = [ p2(23, t3122, t3 )p2 (22, ta] 21, t1) dzy;
* Multiplying by p;and integrating over z4:

Chapman- Kolmogorov equation for p;:

p1(23,t3) = | p2(23, t3]23, t3 )p1 (22, t3) dzy;



Master equation

* time evolution of the probability distribution p;:

i. Expansion of p, in T short-time behaviour:
p(z,t+7|zt) = (1 —a(z,)1)6(z—2z") + w(z,z”,t)T + 0(72);

ii. From the normalization of the density:
[p(z,t+ 1)z t)dz=1=a(z,t) = [w(z, 2z, t)dz;

iii. Using Chapman- Kolmogorov:
p2(z,t + 112, t) = [ pa(z,t + 1|27, t )p (2", t |2/, t" ) dz"'=
(1—a(z,)1) pa(z,t |z, t" )+t [w(z, 2", )p, (2", t |2, t") dz” + 0(T?);



* Using ii. and taking the limitt — 0 :

apZ(Z;tlz’t ) — fw(z,z7,t)p,(z",t |2, t')dz" — [w(z”,z,t)p,(z,t |z, t")dz";

* Multiplying by p,(z’,t") and integrating by z":

apta(tz B = (w(z,z,)p(z,t) dz’ — [w(Z, 2, t)p,(2,t) dz’;

* Discrete states:
Z —n, P1 (Z; t) - pn(t): W(Z,Z,,t) - Wnn(t)'

* Discrete Master equation:
0¢Pn (t) — Zn’(Wnn’(t)pn’(t) — Wnn (t)pn’(t));

* Ordering state-densities in a vector:
0¢Pq (t) = Za’ Vaa'pa'(t);



Liouville equation and deterministic

Processes

* Differential equation: x = f(x), x € R"Y;

— Define density:  p,(z,t|xy, ty) = 6(z — x(t)), with solution x(t);
* |nitial condition: x(tg) = Xo;

— short time behaviour:
p2(z,t+1)|z,t") =6(z — (2" — f(x)))
=06(z—2) — f(z’)% 6(z—2z)t+ 0(1%);
- w(z,z)=—f(2) % 6(z—2z)T;

= a(z’) = —ff(z’)% 65(z—2z)d"z = 0;



* Master equation:

2 @) = [ (~f(2) 2 6@ ~2)) prle, D"z =~ 2(f(2) pa(z,0)

* For a Hamiltonian System:

2= (), 2= (-30.5),



A simple Fokker Planck equation

* Master equation:
Pn = APppy1 + PPn-1 — (@ + B)pn;
* Choosing a scale:

L<n<LwithlL>»1x= %,ﬁ(x, t) = pn(t);
* Thus:

0 =~ ~ 1 7 1 7
aﬂ(x,t) = all (x +Z’t) + BII (x _Z’t) — (a + B (x,t);

* Expandingin %:

(a+B) 1 0

0 ~ 10 ~
110, t) = (@ = B) 7110, ) + =5 -

[(x,t) + 0 (Lis),



H(x t) = (a— ﬁ)——H(x t)+(a;ﬁ);aazn( t)+0(L13>
°Settinga=,8—1T=Li2
Jd - Jd .
an(x,t)_ﬁn(x;t);

—Simplest Fokker-Planck equation;
 Describes Random Walk

* Solved by Gaussian dist.



Quantum Master equation

Pauli’s Version of the QME:

* The Von Neumann equation and Liouville operator L
.0 A T Al — T A
i—-p=I[H,p]=Lp;

= formal solution: p(t) = e L= 5(ty);
in Heisenberg picture: p(t+1)= e‘”ﬁﬁ(t)e”ﬁ;

e Diagonal elements:

Pmm(t +7T) = < mle " p()e ™ Im > A
=Y <mle"™n ><n|p®)|l >< l|e"™H|m >;



Pmm(t+ 1) =< mle Hp(t) e |m >
=Y, <mle T n ><n|p@)|l >< l|e™|m >;
* Pauli: = neglect off-diagonal elements:
= 0t +17) =Y, <mle "Hn >< n|p(e)|n >< nle!™|m >
= YnPnnl <mle™ ™ n > |?;

* Probabilities of the states: p,,.,, = By;

Pauli equation:

Pn(t +17) = Tn Pyl < mle™™ |n >|2 = 3, Qrun (D) P (8);
Problem with Pauli equation:

Pn(t +7) =20 Qmum (TP (8) = 20 Qi (—T) P, (t) = Py, (t — 7);
— holds only, for constant probabilities



The Van Hove Method

* Perturbed Hamiltonian: H(t)=Hy + () W;
* Looking again at diagonal elements:

Pn(t) =Y <mle ¥ [n ><n|p(0)|l >< I|e"HEm >
=Y | <mlefHot Wt n >|2 p 1 (0)
=Y | < m|elHot Wt 52 b (0);

(p initially diagonal)



/wanzig and Nakajimas solution of the QME

ldea:
i. Split the density Matrix into diagonal and off-diagonal parts to get two

coupled equations

ii. Use a Green’s Function to solve one and plug into the other

iii. Simplify the expressions, using that the the perturbation is very small
(Remark: up to now: system not necessarily Markovian, and thus more
generally valid in this form)

iv. Make the Markovian assumption and derive the Fermi Golden Rule



i. Splitting the density matrix, by defiping dioagonalization operator:
p=Pa+ Poa=Dp+(1—-D)p;
ii. Applying D and (1 — D) to the Von Neumann equation we get:
Otpg = —i DLp = — i DLpy — i DLPyq;
0iPoa = —i (1= D)Lp = — i (1= D)Lpa- i (1~ D)Lp,a;
iii. For differential equation of the type: d;x + ax = [ ;
: : v — —at (t —alt—t) £+ A+
solution given by: x = x(0) e™*+ "e™® f(tHdt’;
Using this on the equation for p,4; we %get:
Pog(t) = ol (1_5)Ztﬁod(0) _ J ol (1—5)13(t—t’)(_i (1-— ﬁ)zﬁd(t'))dt';
Plugging in to equation for p;:

t o (1—5)i(t—t')(1 — ﬁ)Zﬁd (tHdt’;



iv. Simplifications:
¢ ﬁZﬁd = O,
 Define kernel K:

t
0:pg = — j D(Ly + ALy, )e™t A=DILotAbw) (=) (T, + AL ) pa(t)dt’
0

t NA N et
= — [, K(t —t)pa(t)dt’;
* Considering A — 0: o
K(t—t) = 5@0 + /mw)e—l (1—D)(LO+/1LW)(t—t)(ZO + /ujw)
= D(Lo + ALy, )e™t A=DILoC=)(T 4 AL,,)
= 12, et Lot=tO] .
* Define: M = e~ i(t=OHo [, ﬁd]ei(t_t,)ﬁo;
* ‘Inserting ones” and using Hy|lm > = €,,,|m >:
an — e—i(t—t')em(anPn _ Pman) el(t—t')en;



* Diagonal elements:
< m|dpglm > = —21%2 < m)| fot[VT/, e~ {t=Lo[ 5.1] dt’ |m >
t ~ S ,
= —)? fot(< m|WM|m >—< m|MW|m >)dt
— _/12[ 2y (WinnMpm — Mpn Wi )dt’
0

= =222 [ Zp| Wi | [Py — P] cos((¢ — £) (e — €)) dt;

* More compact form:
Qinn(t — ) = [Wpn|? cos((t — t) (e — €));
t ’ ’ ’
0¢Pn = fo 2y (D (& — ) By — 2y (t — ) Bp)dt’;



iv. Markovian Quantum Master equation
* Non-Markovian

— Bringing in Markovian assumption,
By: corr(t,t’) =0,fort #t’;

Or by simplifying: D (t) = 8(t) fot 0, (1)dT;
* Master equation in interaction picture:
t (=t (. —
0uPn = =A% [§ Zn[(Winne ™ == mI W,y (B — Po)
_(e—i(t—t')em (Wmnpn _ Pmen)ei(t—t')en]dtr —
t , , ,
_/12271 fo [Wnlln(t —t )Wnlm(o)(Pm o n) _ Wnlln(t —t )Wn{m(o)((Pn o Pm)])dt )



* With the Markovian assumption:

f Wi = EIWih (0) (P (6) — Pa(E)dlt =

(Pu() = Po(®)) Jim f WLt — €YWL (0)dt”

* Integrating over the exponentials:

0cPm () = =225, (P (£) — Po(t) lim (2221 (o =itmn. gitomn))

lWnm
SIN( Wy, €
= 2nA%X, (P, — n)|Wmn|2th—>rglo( o ))’




* Taking the limit:

atpm(t) — ZnAZZn(Pn o Pm)lwmnlzg(em o En)
= 2082 n By — Q n P

* The Fermi Golden Rule:

2 n = 27T/12|Wmn|25(6m — En)}
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