Langevin Equation and
Fokker-Planck Equation

Parham Radpay
Statistical Physics Seminar
SoSe 2020



Table of Contents

Motivation

Historical Development

Mathematical Recap and Tools

Langevin Equation

Fokker-Planck Equation

Stationary Solutions and Asymptotic Behavior

N o U s W NhPE

References



Motivation

* Explains Brownian Motion
* One of the most fundamental stochastic differential equation

e Can show similarities between quantum mechanics and statistical
physics

e Can also be used in economy



Historical Development

* Robert Brown, 1827: Discovery of Brownian motion
* Einstein, 1905: Kinetic Theory of Brownian motion
 Smoluchowski, 1906

e Langevin, 1908: Description of Langevin force

* Fokker, 1914

* Planck, 1917: Derivation of Fokker-Planck equation

* Kramers, 1940: Derivation of Fokker-Planck equation through
Kramers-Moyal Expansion

Langevin



Mathematical Recap and Tools



Characteristic Function and Cumulants

* Fourier Transform of the probability density

. . 1 .
Clu) = (e‘ux) = fe”‘xW(x)dx o W(x) = %fC(u)e‘”‘xdu
e M, = (x") = ;1 aau"n C(u)‘ n-th Moment of the distribution
- ; Tl,Mn n
CCu) =1+ X5, S0 = exp(Tiy oK)

n! n!

cInCcw) =y=, 8 g,

n!



Characteristic Functions: Examples

K, =K; =+ =0:
C(u) = exp(iuk;) » W) = 6(x — Ky)

% (x — K1)2>

1 1
C(u) = exp <iUK1 — §u2K2> - W(x) = (2nK;)2 exp (‘ X
2



Multi-dim. Gaussian Distribution

. 1
* C(uq,...,u,) = €xp (laju- — Eajkujui)
where (x]-) = a; and (xjxk) = 0jx + a;a.

e W(xq,..,x,) = (Zn)_g Det(ajk)_E exp (—% j}l(xj — aj)(xk — ak))

‘
<nj1nf2 ---ann_1> =0

° 77] :=xj—aj = 3
\<77f177f2 ---77j2n> — ZPd Okyky Oksky - Okypn_1kon

where the Permutation P; runs over all possible pairs from j4, ..., jo5,. The
(2n)!

nian

number of possible combinations in P, are



Kramers-Movyal Forward Expansion

* An equation for the distribution function
* Expansion of distribution function
* Beginning with the Master Equation:

W(xt+1) = f POt +7lx’ YW (' ¢) dx’

* For the moments of P(x,t + 7|x’, t) we have:
M, (x',t,7) = {(((x(t +7) — x(2))™)

x(t)=xr
= f(x —x")"P(x,t + 7|x’,t) dx



Kramers-Movyal Forward Expansion
M,(x',t,7) == [(x —x)"P(x, t + 7]|x’, t) dx W(x,t+71)= jP(x,t + 7|lx’, tHW(x', t") dx’
e Plx,t+1l|x',t) = [6(y —x) P(y,t +1|x', t)dy

Sy =) = T C2 (< 2) 5(x - )

n.

e P(x,t+ t|x',t) = [1 -+ Z,‘ff:l%( i)n M., (x,t, T)] S(x —x")

. _ax

oW (x,t) o 1 9 \" ’ I 4! /
c(nt+T) - W) x =3 (- ) Mn(x,t,r)lfcﬁ(x—x)W(x,t)dxl

= Wi(x,t) 0



Kramers-Movyal Forward Expansion

n
. aW(x,t)T o (_ i) Mn (%,t,7) Wi(x,t) + 0(’[2)

0x n!

. W) 3\ My (x,t,7)
~ ot —l_{%Zn1 ( 5x) o WO

, wWxD) 2\"
6: = din=1 (_ a) Dt (e, t) Wx, t) = LgyW

pm) (x,t) = lim - [M"(xtr)] nd Lgy(x,t) = 2n—q (_

70T

0 n

ax

) D™ (x, 1)



Kramers-Moval Forward Expansion: Solutions

* Assuming sharp position att’, i.e. W(x,t") = 6(x — x'):

 P(x, t|lx",t")) =W(x,t) = %P(x, tlx',t") = Ly (x, )P (x, t|x', t")
with initial condition: P(x, t'|x’,t") = 6(x — x')

* P(x,t|x’,t") = exp[Lgm (X)) (£ — t)].6(x — x")

o POt t) = (14 X0y [ dty [ dty o 77 dbn Ly (6, 61) o Ligas (3, )| - 8C = )

* Dyson Series:

e P(x, t|x',t") =T exp {f,LKM(x t”)dt”} O(x —x")

cT=t—t' K1=Pxt|lx,t")=[1+Lgy(x,t). T+ 0(@?)].6(x —x")



Kramers-Movyal Backward Expansion

* Differential Operators w.r.t. earlier values (x’', t")
* Beginning with Chapman-Kolmogorov:

* P(x, tlx',t") = [ P(x, t]lx", t + 7). P(x", t + 7|x', t")dx"

e P(x" b+ Tlx', ) = |1+ By — My (', ¢, 1) (5

e P(x, tlx' t) — P(x, t|x" t' + 1)

OP(x, t|x', t’ — 1 0
~ — (x, tlx ).T= — M, (x,t’ T)(

dat’ n!

n=1

dx’

) |-8¢x" =«

n
) P(x,t, |x',t)
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Kramers-Movyal Backward Expansion

6P(x,t|x’,t’)_§: Lo (2 et e ¢
ot’ B P R P (1%, 6)

n=1

oP(xt|x't'
S - 1 (e, PGt )

!/ !/ 0.0) !/ !/ a n
¢ Ly () = 25, DO, ) ()
* As for the forward case:
* P(x, t|x",t") = exp[L}L{M(x')(t — "] - 8(x —x")
° P(x, tlx" t’) — f exp {ftE L-II-{M(x’, t'l)dtll} . 5(x _ xl)

cT=t—t' <K 1= P(xtlx',t)=[1+LF, & t) t+0@?H)] 6 —x")

* Equivalence Because of LLM(x’) S(x —x")=Lgy(x) 6(x —x")



Pawula Theorem

* If there is a finite number of D" such that D™ # 0 then D™ = 0 for all
n = 3.



Langevin Equation



Langevin Equation

Friction force for a particle in a fluid: F «< v

Collision with other particles

No deterministic equation

Stochastic differential equation with a random force

mv=—av+F(t) > v=—-yv+TI(t)

Yy = %and ['(t) a random distribution with the properties:
T@®)=0 and (TOI()) =qd—t")

Spectral distribution of I'(¢):

S(w) =2 Je-iwt (T(OT(0)) dt = 2 Je-iwt gé(t)dt = 2q

= white noise



Langevin Equation

t

v =—yv+I(t) » v(t) = vge V' + f e“y(t‘t’)f‘(t’)dt’
0

Calculating the correlations:

t1 rto
@(E)v(e)) = vie Ve 4 | | Tttt tas(e, - )t el
min 0 0 q
— vge—)/(tf"tz) + qj e—)/(t1+t2—2t,)dt’ — vge—)’(tﬁ‘tz) 4+ — (e—]/|t1—tz| + e—)’(t1+t2))

0 2)/
~ %e‘ﬂtl‘tﬂ in stationary state, if yty,yt, » 1
1 mq 1 2vkT
E) = — 2 t)) =—=—=kT = -
(E) > m(v*(¢)) 4y 2 q=—



Mean-Squared Displacement

* Assuming sharp initial velocity and position

() =200 = ([f vede | ) = (I} vt dey ff v(t)dts) = [ [we)v(e,)) deyde,.

t——(1—e70)

_|_

1 — —yt\2
<<x<t>—xo>2>=<v§ q)( DR §

; 2y y* A 4
q q
_)ﬁtzzm_yt foryt>>1and(v§)=ﬁ
For 3-dim.

— v )2 6 KT _3
((x(t) —x9)°) = 6myt and E = sz



Stationary State Distribution

(nhnjz "'nj2n> - Z Okyky Okzky " Okopn_1kan
Pg

* At the stationary state

7(t) = lim v(t) = lim vye "¢ +J
t—oo t—o0 0

t 00

e Y(t=t)r(¢")dt’ = j e VT (t — 7)dT
0

* Moments:
(ﬁ(t)z’”l) =0
(B2 = [[7 [ eV T AT (e — 1,) L T(t — 150)) do

_ (2n)! —y(T1+72) _ _ (2n)! "
1
= [ ), e Yt g5 (x Tz)dTlde] (Zy)

nl2n nl2n




Stationary State Distribution wwm =20 (L)

nl2n

o _ 0o .\ (v()™) R wle - \N21 <v(t)2n> . _ uz_q
Cw) =1+ Yqog (W)™ == = X ()™ == = exp(— -

. _ 1 (o —iuv _ [ _mvz
W) == [% e du = |- exp(~22)

e Stationary distribution is Maxwell distribution.



Markovian and non-Markovain Processes

* If I'(t)is 6 correlated then the process is Markovian
* By introducing additional variables Non-Markovian turn Markovian
e Example:

¢ =h(&)+T() with(T(OIE)) = tgﬂtu
By introducing 11 == & — h(§)

E=h() +n
n=—-yn+TI() with(['(t)['(t)) =qé(t—1t")



Non-linear Langevin Equation

« & = h(&,t) + g(& )T(t) with (['(t)) = 0 and (T(O)['(t)) = 26(x — x)
* |n particular for the Brownian motion g = \/g and h = —yv

* Looking for W (&, t) or an equation for it.

* Examining the mtoments w.r.t. the initial value é(t) = x,i.e. ((E(t + 1) — x)™)
+T

E(t+17) —x = f [R(E(E"), ¢) + g ("), eHT(ED]de”

h(E(EN, t") = h(x, t") + h' (x, t")(E(t") — x) + -+
g&),t)y=gkxt)+g ,tHER) —x) + -



Non-linear Langevin Equation

t+t1

t+T t!
E(t+1)—x = j h'(x, t’)J h(x,t'")Hdt" dt"
t

t

h(x,t")dt’ +f
t
t+t t' t+t
+f h'(x,t’)f gCx, t'HIr()dt" dt’ +f g(x, tHrHdt'
t t t

t+tT t!
_l_f gl(x’ t,)J h(x, tll)l"(tl)dtll dt,
t t

t+t t’
+f g (x, t’)f g, t'HraHrEHde"” de' + -
t t



Non-linear Langevin Equation

t+1 t+1 t!
E(t+71)—x =f h(x,t")dt’ +f h’(x,t’)j h(x, t'")dt’ dt"
t t t
t+1 t! t+1
+f h’(x,t’)f gCx, t'HIr()dt" dt’ +f g(x, tHrHdt'
t t t
t+1 t!
+f g’(x,t’)f h(x, t'")(t)dt" dt’
t t

t+1 t'
+j g (x,t") f g, t'HrHrE"Hde"” de’ + -
t t

25



Kramers-Moyal Coefficients

D™ (x, t)
1 1 n
_ —lim—<(§(t +17) - @) )

t! n'w-ort
h'(x,t") j h(x, t")dt' dt"
t

t+1 t+1 E(t):x

h(x,t")dt' + j

t

<e<t+r>—x>=j

t

t+T t!
+f gl(x’ tl)j g(x, t,,)26(t,’ _ t’)dtll dtl
t t

=9, t)
- [h(x,t) + g'(x,t)g(x,t)] T forT K1

= DD (x,t) =h(x,t) + g'(x,t)g(x,t) the second term describes a noise induced drift
e Similarly D@ (x,t) = g%(x,t) and D™(x,t) =0 forn >3
YKT

« In particular for Brown. motion: DY = —yp and D@ = g ="



Generalization to many Variables

* Non-linear equation for many variables:

& = hi(s?, t) + gij(gr t)L; (t)

DV (& 1) = liml(g‘-(t+r) —f'(t))‘
i\ 50T S e =x

1
DPG.0) =5 lim (G + 0 - &+ D - GO,

DV, ) = hy(& ) + g (&, ). ? 5 9 ()
D (%) = gy (%, t)g,k<x 0



Fokker-Planck Equation



Fokker-Planck Equation

* Kramers-Moyal expansion up to the second term

62

¢ W(x,t) = Lpp(x, OW (x,t) where Lep = —=-DD(x,t) + — D@ (x, 1)

0x?2
o OW 05 _ : _[p@ IR NG)
T+ =0 with S(x,t)_[p (x,t) = =D (x,t)]W(x,t)

e Continuity Equation = S can be interpreted as a probability current

e stationary state means S is constant, vanishing boundaries means S = 0

» For the Brownian motion DY) = —yv and D(?) = % - YRTT

Lo vkT 0 W () = 0 = W (0) m muv?
p— — _— — —_ o —_—
YW an ) s st\W) = 2wk P\ T 2k




Fokker-Planck Equation

* Transition probability for small times t: ,

9, d
P(x,t" +1|x',t') = exp [—aD(l) (x,t)T + ﬁD(Z)(x, t)r] O(x'—x)

* Applying the Fourier-transformation we will obtain:

1
= %[exp[—iuD(l) (x, )T — u?DP (x, )7 + iu(x — x")| du

1 ( [x—x"-D) (x,t)r]2>
= exp | —

/D@ (k01 4D (x,t)7




N-Dimensional Fokker-Planck Equation

* Every derivation is similar to the one dimensional case of FP and

Wixt' +1) = fP()?, t' + 1‘7, t’). W(?, t’)de'

WED _ N )

o . . ]1 J
o0 Lidx, .0x;, Tl

(x,t) . W(x,t)

with

(v) —
Djlv ]v(x t) 11—1}(1)‘[1/']()]]1 _x]1) (y]v _x]v)P(y;t +T|x t)dN



N-Dim. FP-Equation: Transition Probability

Initial condition as before: W(x',t") = P(x,t'|x",t") = 6(x — x")

d - - iy v v
) EP(x,tlx’,t’) = Lgm (X, P (%, t|x', ")

0 - - 4 v v
» SPE LR, ) = —Liy (R, t)P(E, t]%',t)

0
¢ Ln( D) =25, =2 — D (3,1)

j1--0%j,

* Lk (@, 6) = 50 D) (3,0

V

Xjy-0Xj,

. _+TS =0 where S; —D(l)W _Dl.(jz)W
Xj



Examples of Fokker Planck Equation

* One-dim. Brownian motion in a potential

ow(xvt) __fi_ .jl /
ot { axv+6v[yv+¢(x)]+

ykT 0%
m o0v?

} W(x,v,t)

* Three-dim. Brownian motion in a potential

oW (X,v,t F kT s>
(aiv ) — {—va + V, [yv — |+ = v} W(x,v,t)

m m




Wiener and Ornstein-Uhlenbeck Process

 Wiener Process: D(l) =0 and D® = D = const.

-—P(x t]x’, t)—D P(x tlx',t") and P(x,t'|x",t") = 6§(x — x")

. I 21 1 . (x_x’)
P(x, tlx’, ') = JATD(t'—t) exp( 4D(t—t’))

e Ornstein-Uhlenbeck Process: DY = —yx and D® = D = const.

-a—P—y—(xP)+D P

* Moving to Fourier space



Wiener and Ornstein-Uhlenbeck Process

. %P = —ykaa—kﬁ — Dk2P with initial condition P(k, t'|x’, t") = e k*’

* With the help of methods of characteristics we get oP 0 92
, —=y—@P)+D== P
Dk?(1-e2V(t-t)) e o ox

2y

« P(k,t'|x',t") = exp [—ikx’e‘y(t‘t') —

* Transforming back:
-

I, 14 V(X—e_y(t_t’)x’) .
* P(x, t|x',t") = JZnD(l—e‘Zy(t‘t’)) exp | — 20(1=e 1) valid for all y.

) _
se(x) = / exp (— %) valid for positive y.




Stationary Solutions and
Asymptotic Behavior



Stationary Solution

. Z_T:o:g—i:O:Szconst.
1
¢ = DD W, (1) = 22 DO () Wy (x) = 2= DD (1) Wee () = §

dx) = Ne ®X)

[ ]
/'\
o
—
|
('D
>
go)
~—
%
@
X

with CI)(x)—ln(D(Z)(x)) 2 dx

e @(x)

DZ%(x")

e @(x)

D2(x")

!

dx

Wit (x) = —Se~®W) [ 2 dx' - W, = Ne~®™®) — Se‘q’(x)f



Master Equation and Detailed Balance

* We begin with the master equation:

Wp = Zmlw(im » )W, —w(n —» m)W]
* For stationary state:

Ymw(m - )Wy, = Ypw(n - m)W,
* Detailed Balance (sufficient condition):

wim - n)W,, = wn - m)W,

* Odd and even variables: If a variable changes its sigh under time
reversal it is called odd and if it remains the same it is called even.



Detailed Balance for even variables

oW (x,t)

ot
the transition rate and the transition probability have the relation:

w(x' = x) = P05, Tlx’, 0o = Lep ()8 (x = x')

The detailed Balance for the continuous case can be written as:
w(x' = X)W (x") = w(x - x )W (x)
Lep(x)6(x — x)Wse(x") = Lpp(x')6(x — x" )Wt (x) Lt () 8(x — x")
Lgp (x)Wst(x)S(x —x') = Wst(x)L-lr:p (x)6(x —x') = Lien (%) 6(x = x7)
Lep(x)Wyi(x) = Wst(x)L}L:P (x) Operator equation

= [[wkx' - )W (', t) —w(x - xIYW(x,t)]d"x’




Detailed Balance for odd variables

* Variables that transform as x = —x under time reversal

* Gain and Loss term as Forward and Backward in time

* Following Detailed Balance:

w(x' = X)W (x') = w(—x = —x" )W (—x) and Wy (x) = W (—x)

* Similar to even variables: Lpp (X)W (x) = Wst(—x)LJIEP(—x)



Fokker-Planck Equation as Schrodinger
Equation Di(x)

D2(x) dx

®() = In(0?() - |
e Separation ansatz for the probability:

W(x,t) = (x)e with Lppp(x) = =A@ (x)
* Transform Lyp to a Hermitian operator:

Lep = L = eCID(x)/ZLFPe—CD(x)/Z

CI’(’C)/zgo(x) and same eigenvalues

2
(61;(2)_1)(1))
X

0 0 1
— (2) . —
L=—D——V withV =~ o) +

with eigenfuntions Y(x) = e

100Wx) 1920 @(x)
2 Ox 2  0%x




Fokker-Planck Equation as Schrodinger
Equation

* There is always a transformation such that D(3) = D = const.

G, 1 2 10DW(x)
I ! : - (1) _ -
L—>L=Dom—V' withV=_— ((D (x)) S
2
* With to . = —ifit and mg p,r = Z—D Fokker-Planck would be

equivalent to Schrodinger.
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