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Motivation

• Explains Brownian Motion 

• One of the most fundamental stochastic differential equation

• Can show similarities between quantum mechanics and statistical 
physics

• Can also be used in economy
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Historical Development

• Robert Brown, 1827: Discovery of Brownian motion

• Einstein, 1905: Kinetic Theory of Brownian motion

• Smoluchowski, 1906

• Langevin, 1908: Description of Langevin force

• Fokker, 1914

• Planck, 1917: Derivation of Fokker-Planck equation

• Kramers, 1940: Derivation of Fokker-Planck equation through 
Kramers-Moyal Expansion
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Mathematical Recap and Tools
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Characteristic Function and Cumulants

• Fourier Transform of the probability density

𝐶 𝑢 = 𝑒𝑖𝑢𝑥 = න𝑒𝑖𝑢𝑥𝑊 𝑥 d𝑥 ; 𝑊 𝑥 =
1

2𝜋
න𝐶 𝑢 𝑒−𝑖𝑢𝑥d𝑢

• 𝑀𝑛 = 𝑥𝑛 = ቚ
1

𝑖𝑛
𝜕𝑛

𝜕𝑢𝑛
𝐶 𝑢

𝑢=0
n-th Moment of the distribution

•

• 𝐶 𝑢 = 1 + σ𝑛=1
∞ 𝑖𝑢 𝑛𝑀𝑛

𝑛!
=: exp(σ𝑛=1

∞ 𝑖𝑢 𝑛

𝑛!
𝐾𝑛)

• ln 𝐶 𝑢 =σ𝑛=1
∞ 𝑖𝑢 𝑛

𝑛!
𝐾𝑛
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Characteristic Functions: Examples

• 𝐾2 = 𝐾3 = ⋯ = 0:
𝐶 𝑢 = exp 𝑖𝑢𝐾1 → 𝑊 𝑢 = 𝛿(𝑥 − 𝐾1)

• 𝐾3 = 𝐾4 = ⋯ = 0:

𝐶 𝑢 = exp 𝑖𝑢𝐾1 −
1

2
𝑢2𝐾2 → 𝑊 𝑥 = 2𝜋𝐾2

1
2 exp −

1
2
𝑥 − 𝐾1

2

𝐾2
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Multi-dim. Gaussian Distribution

• 𝐶 𝑢1, … , 𝑢𝑟 = exp 𝑖𝑎𝑗𝑢𝑗 −
1

2
𝜎𝑗𝑘𝑢𝑗𝑢𝑖

where 𝑥𝑗 = 𝑎𝑗 and 𝑥𝑗𝑥𝑘 = 𝜎𝑗𝑘 + 𝑎𝑗𝑎𝑘.

• 𝑊 𝑥1, … , 𝑥𝑟 = 2𝜋 −
𝑟

2 Det 𝜎𝑗𝑘
−
1

2 exp −
1

2
𝜎𝑗𝑘
−1 𝑥𝑗 − 𝑎𝑗 𝑥𝑘 − 𝑎𝑘

• 𝜂𝑗 ≔ 𝑥𝑗 − 𝑎𝑗 ⇒ ቐ
𝜂𝑗1𝜂𝑗2 …𝜂𝑗2𝑛−1 = 0

𝜂𝑗1𝜂𝑗2 …𝜂𝑗2𝑛 = σ𝑃𝑑
𝜎𝑘1k2 𝜎𝑘3k4 …𝜎𝑘2𝑛−1k2𝑛

where the Permutation 𝑃𝑑 runs over all possible pairs from 𝑗1, … , 𝑗2𝑛. The  

number of possible combinations in 𝑃𝑑 are
2𝑛 !

𝑛!2𝑛
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Kramers-Moyal Forward Expansion

• An equation for the distribution function

• Expansion of distribution function

• Beginning with the Master Equation:

𝑊 𝑥, 𝑡 + 𝜏 = න𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡′ 𝑊 𝑥′, 𝑡′ d𝑥′

• For the moments of 𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡 we have:

𝑀𝑛 𝑥′, 𝑡, 𝜏 = ቚ(𝑥 𝑡 + 𝜏 − 𝑥(𝑡) 𝑛

𝑥 𝑡 =𝑥′

= න 𝑥 − 𝑥′ 𝑛𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡 d𝑥

9



Kramers-Moyal Forward Expansion

• 𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡 =  𝛿 𝑦 − 𝑥 𝑃 𝑦, 𝑡 + 𝜏 𝑥′, 𝑡 d𝑦

• 𝛿 𝑦 − 𝑥 = σ𝑛=0
∞ 𝑦−𝑥′

𝑛

𝑛!
−

𝜕

𝜕𝑥

𝑛
𝛿(𝑥′ − 𝑥)

• 𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡 = 1 + σ𝑛=1
∞ 1

𝑛!
−

𝜕

𝜕𝑥

𝑛
𝑀𝑛 𝑥, 𝑡, 𝜏 𝛿(𝑥 − 𝑥′)

• 𝑥, 𝑡 + 𝜏 −𝑊 𝑥, 𝑡 ≈
𝜕𝑊 𝑥,𝑡

𝜕𝑡
𝜏 = σ𝑛=1

∞ 1

𝑛!
−

𝜕

𝜕𝑥

𝑛
𝑀𝑛 𝑥, 𝑡, 𝜏  𝛿(𝑥 − 𝑥′)𝑊 𝑥′, 𝑡′ d𝑥′

𝑊 𝑥, 𝑡 + 𝜏 = න𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡′ 𝑊 𝑥′, 𝑡′ d𝑥′𝑀𝑛 𝑥′, 𝑡, 𝜏 = =  𝑥 − 𝑥′ 𝑛𝑃 𝑥, 𝑡 + 𝜏 𝑥′, 𝑡 d𝑥

= 𝑊(𝑥, 𝑡) 10



Kramers-Moyal Forward Expansion

•
𝜕𝑊 𝑥,𝑡

𝜕𝑡
𝜏 = σ𝑛=1

∞ −
𝜕

𝜕𝑥

𝑛 𝑀𝑛 𝑥,𝑡,𝜏

𝑛!
𝑊 𝑥, 𝑡 + 𝒪(𝜏2)

• ⇒
𝜕𝑊 𝑥,𝑡

𝜕𝑡
= lim

𝜏→0
σ𝑛=1
∞ 1

𝜏
−

𝜕

𝜕𝑥

𝑛 𝑀𝑛 𝑥,𝑡,𝜏

𝑛!
𝑊 𝑥, 𝑡

•
𝜕𝑊 𝑥,𝑡

𝜕𝑡
= σ𝑛=1

∞ −
𝜕

𝜕𝑥

𝑛
𝐷 𝑛 (𝑥, 𝑡) 𝑊 𝑥, 𝑡 = 𝐿𝐾𝑀𝑊

𝐷 𝑛 𝑥, 𝑡 = lim
𝜏→0

1

𝜏

𝑀𝑛 𝑥,𝑡,𝜏

𝑛!
and 𝐿𝐾𝑀 𝑥, 𝑡 = σ𝑛=1

∞ −
𝜕

𝜕𝑥

𝑛
𝐷 𝑛 (𝑥, 𝑡)
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Kramers-Moyal Forward Expansion: Solutions

• Assuming sharp position at 𝑡′, i.e. 𝑊 𝑥, 𝑡′ = 𝛿 𝑥 − 𝑥′ :

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 𝑊 𝑥, 𝑡 ⇒
𝜕

𝜕𝑡
𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 𝐿𝐾𝑀(𝑥, 𝑡)𝑃 𝑥, 𝑡 𝑥′, 𝑡′

with initial condition: 𝑃 𝑥, 𝑡′ 𝑥′, 𝑡′ = 𝛿 𝑥 − 𝑥′

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = exp 𝐿𝐾𝑀(𝑥)(𝑡 − 𝑡′) . 𝛿 𝑥 − 𝑥′

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 1 + σ𝑛=1
∞ ′𝑡

𝑡
dt1 ′𝑡

𝑡1 dt2…𝑡′
𝑡𝑛−1 dtn 𝐿𝐾𝑀 𝑥, 𝑡1 …𝐿𝐾𝑀(𝑥, 𝑡𝑛) . 𝛿 𝑥 − 𝑥′

• Dyson Series:

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 𝑇 exp ′t
t
𝐿𝐾𝑀 𝑥, 𝑡′′ 𝑑𝑡′′ . 𝛿(𝑥 − 𝑥′)

• 𝜏 = 𝑡 − 𝑡′ ≪ 1 ⇒ 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 1 + 𝐿𝐾𝑀 𝑥, 𝑡 . 𝜏 + 𝒪 𝜏2 . 𝛿(𝑥 − 𝑥′)
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Kramers-Moyal Backward Expansion

• Differential Operators w.r.t. earlier values (𝑥′, 𝑡′)
• Beginning with Chapman-Kolmogorov:

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 𝑃 𝑥, 𝑡 𝑥′′, 𝑡 + 𝜏 . 𝑃 𝑥′′, 𝑡 + 𝜏 𝑥′, 𝑡′ d𝑥′′

• 𝑃 𝑥′′, 𝑡 + 𝜏 𝑥′, 𝑡′ = 1 + σ𝑛=1
∞ 1

𝑛!
𝑀𝑛 𝑥′, 𝑡′, 𝜏

𝜕

𝜕𝑥′

𝑛
. 𝛿(𝑥′ − 𝑥′′)

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ − 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ + 𝜏

≈ −
𝜕𝑃 𝑥, 𝑡|𝑥′, 𝑡′

𝜕𝑡′
. 𝜏 = 

𝑛=1

∞
1

𝑛!
𝑀𝑛 𝑥′, 𝑡′, 𝜏

𝜕

𝜕𝑥′

𝑛

𝑃(𝑥, 𝑡, |𝑥′, 𝑡′)
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Kramers-Moyal Backward Expansion

•
𝜕𝑃 𝑥,𝑡|𝑥′,𝑡′

𝜕𝑡′
= −𝐿𝐾𝑀

† 𝑥′, 𝑡′ 𝑃(𝑥, 𝑡|𝑥′, 𝑡′)

• 𝐿𝐾𝑀
† 𝑥′, 𝑡′ = σ𝑛=1

∞ 𝐷 𝑛 (𝑥′, 𝑡′)
𝜕

𝜕𝑥′

𝑛

• As for the forward case:

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = exp 𝐿𝐾𝑀
† (𝑥′)(𝑡 − 𝑡′) ∙ 𝛿 𝑥 − 𝑥′

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 𝑇 exp ′t
t
𝐿𝐾𝑀
† 𝑥′, 𝑡′′ 𝑑𝑡′′ ∙ 𝛿(𝑥 − 𝑥′)

• 𝜏 = 𝑡 − 𝑡′ ≪ 1 ⇒ 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 1 + 𝐿𝐾𝑀
† 𝑥′, 𝑡′ ∙ 𝜏 + 𝒪 𝜏2 ∙ 𝛿(𝑥 − 𝑥′)

• Equivalence Because of 𝐿𝐾𝑀
† 𝑥′ 𝛿(𝑥 − 𝑥′)= 𝐿𝐾𝑀 𝑥 𝛿(𝑥 − 𝑥′)

−
𝜕𝑃 𝑥, 𝑡|𝑥′, 𝑡′

𝜕𝑡′
= 

𝑛=1

∞
1

𝜏𝑛!
𝑀𝑛 𝑥′, 𝑡′, 𝜏

𝜕

𝜕𝑥′

𝑛

𝑃(𝑥, 𝑡, |𝑥′, 𝑡′)
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Pawula Theorem

• If there is a finite number of 𝐷𝑛 such that 𝐷𝑛 ≠ 0 then 𝐷𝑛 = 0 for all 
𝑛 ≥ 3.
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Langevin Equation
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Langevin Equation

• Friction force for a particle in a fluid: 𝐹 ∝ 𝑣

• Collision with other particles

• No deterministic equation

• Stochastic differential equation with a random force

• 𝑚 ሶ𝑣 = −𝛼𝑣 + 𝐹 𝑡 → ሶ𝑣 = −𝛾𝑣 + Γ 𝑡

• 𝛾 =
α

m
and Γ t a random distribution with the properties:

Γ(𝑡) = 0 and Γ(𝑡)Γ(𝑡′) = 𝑞𝛿 𝑡 − 𝑡′

• Spectral distribution of Γ(𝑡):

𝑆 𝜔 = 2න𝑒−𝑖𝜔𝑡 Γ(𝑡)Γ(0) d𝑡 = 2න𝑒−𝑖𝜔𝑡 𝑞𝛿 𝑡 d𝑡 = 2𝑞

⇒ white noise
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Langevin Equation

ሶ𝑣 = −𝛾𝑣 + Γ 𝑡 → 𝑣 𝑡 = 𝑣0𝑒
−𝛾𝑡 +න

0

𝑡

𝑒−𝛾 𝑡−𝑡′ Γ 𝑡′ d𝑡′

Calculating the correlations:

𝑣 𝑡1 𝑣(𝑡2) = 𝑣0
2𝑒−𝛾(𝑡1+𝑡2) +න

0

𝑡1

න
0

𝑡2

𝑒−𝛾 𝑡1−𝑡1
′+𝑡2−𝑡2

′
𝑞𝛿(𝑡′1 − 𝑡′2)d𝑡1

′d𝑡2
′

= 𝑣0
2𝑒−𝛾(𝑡1+𝑡2) + 𝑞න

0

min

𝑒−𝛾(𝑡1+𝑡2−2𝑡
′)𝑑𝑡′ =𝑣0

2𝑒−𝛾(𝑡1+𝑡2) +
𝑞

2𝛾
(𝑒−𝛾 𝑡1−𝑡2 + 𝑒−𝛾(𝑡1+𝑡2))

≈
𝑞

2𝛾
𝑒−𝛾 𝑡1−𝑡2 in stationary state, if  𝛾𝑡1, 𝛾𝑡2 ≫ 1

𝐸 =
1

2
𝑚 𝑣2(𝑡) =

𝑚𝑞

4𝛾
=
1

2
𝑘𝑇 ⇒ 𝑞 =

2𝛾𝑘𝑇

𝑚
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Mean-Squared Displacement

• Assuming sharp initial velocity and position

𝑥 𝑡 − 𝑥0
2 = 0

𝑡
𝑣 𝑡′ d𝑡′

2
= 0

𝑡
𝑣 𝑡1 d𝑡1 0

𝑡
𝑣 𝑡2 d𝑡2 =   𝑣 𝑡1 𝑣 𝑡2 d𝑡1d𝑡2.

𝑥 𝑡 − 𝑥0
2 = 𝑣0

2 −
𝑞

2𝛾

1 − 𝑒−𝛾𝑡 2

𝛾2
+

𝑞

𝛾2
𝑡 −

𝑞

𝛾3
1 − 𝑒−𝛾𝑡

→
𝑞

𝛾2
𝑡 = 2

𝑘𝑇

𝑚𝛾
𝑡 for 𝛾t ≫ 1 and 𝑣0

2 =
𝑞

2𝛾

For 3-dim. 

𝑥 𝑡 − 𝑥0
2 ≈ 6

𝑘𝑇

𝑚𝛾
𝑡 and 𝐸 =

3

2
𝑘𝑇
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Stationary State Distribution

• At the stationary state

𝑣 𝑡 = lim
𝑡→∞

𝑣 𝑡 = lim
𝑡→∞

𝑣0𝑒
−𝛾𝑡 +න

0

𝑡

𝑒−𝛾 𝑡−𝑡′ Γ 𝑡′ d𝑡′ = න
0

∞

𝑒−𝛾𝜏Γ(t − 𝜏)d𝜏

• Moments:

𝑣 𝑡 2𝑛+1 = 0

𝑣 𝑡 2𝑛 = 0
∞
0…

∞
𝑒−𝛾 𝜏1+⋯+𝜏2𝑛 Γ 𝑡 − 𝜏1 …Γ 𝑡 − 𝜏2𝑛 d𝜏

=
2𝑛 !

𝑛!2𝑛
0
∞
0
∞
𝑒−𝛾 𝜏1+𝜏2 𝑞𝛿 𝜏1 − 𝜏2 d𝜏1d𝜏2

𝑛
=

2𝑛 !

𝑛!2𝑛
𝑞

2𝛾

𝑛

𝜂𝑗1𝜂𝑗2 …𝜂𝑗2𝑛 =

𝑃𝑑

𝜎𝑘1k2 𝜎𝑘3k4 …𝜎𝑘2𝑛−1k2𝑛
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Stationary State Distribution

• 𝐶 𝑢 = 1 + σ𝑛=1
∞ 𝑖𝑢 𝑛 𝑣 𝑡 𝑛

𝑛!
= σ𝑛=0

∞ 𝑖𝑢 2𝑛 𝑣 𝑡 2𝑛

(2𝑛)!
= exp(−

𝑢2𝑞

4𝛾
)

• 𝑊 𝑣 =
1

2𝜋
∞−
∞
𝐶 𝑢 𝑒−𝑖𝑢𝑣𝑑𝑢 =

𝑚

2𝜋𝑘𝑇
exp −

𝑚𝑣2

2𝑘𝑇

• Stationary distribution is Maxwell distribution. 

𝑣 𝑡 2𝑛 =
2𝑛 !

𝑛! 2𝑛
𝑞

2𝛾

𝑛
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Markovian and non-Markovain Processes

• If Γ 𝑡 is 𝛿 correlated then the process is Markovian

• By introducing additional variables Non-Markovian turn Markovian

• Example:

ሶ𝜉 = ℎ 𝜉 + ෨Γ(𝑡) with ෨Γ(𝑡)෨Γ(𝑡′) =
𝑞

2𝛾
𝑒−𝛾|𝑡−𝑡

′|

By introducing 𝜂 ≔ ሶ𝜉 − ℎ 𝜉

ሶ𝜉 = ℎ 𝜉 + 𝜂

ሶ𝜂 = −𝛾𝜂 + Γ(𝑡) with Γ(𝑡)Γ(𝑡′) = 𝑞𝛿(𝑡 − 𝑡′)
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Non-linear Langevin Equation

• ሶ𝜉 = ℎ 𝜉, 𝑡 + 𝑔 𝜉, 𝑡 Γ 𝑡 with Γ(𝑡) = 0 and Γ(𝑡)Γ(𝑡′) = 2𝛿(𝑥 − 𝑥′)

• In particular for the Brownian motion 𝑔 =
𝑞

2
and  ℎ = −𝛾𝑣

• Looking for 𝑊(𝜉, 𝑡) or an equation for it. 

• Examining the moments w.r.t. the initial value 𝜉 𝑡 = 𝑥,i.e. ⟨ 𝜉 𝑡 + 𝜏 − 𝑥 𝑛⟩

𝜉 𝑡 + 𝜏 − 𝑥 = න
𝑡

𝑡+𝜏

ℎ 𝜉 𝑡′ , 𝑡′ + 𝑔 𝜉 𝑡′ , 𝑡′ Γ 𝑡′ d𝑡′

ℎ 𝜉 𝑡′ , 𝑡′ = ℎ 𝑥, 𝑡′ + ℎ′ 𝑥, 𝑡′ 𝜉 𝑡′ − 𝑥 +⋯
𝑔 𝜉 𝑡′ , 𝑡′ = 𝑔 𝑥, 𝑡′ + 𝑔′ 𝑥, 𝑡′ 𝜉 𝑡′ − 𝑥 +⋯
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Non-linear Langevin Equation

𝜉 𝑡 + 𝜏 − 𝑥 = න
𝑡

𝑡+𝜏

ℎ 𝑥, 𝑡′ 𝑑𝑡′ +න
𝑡

𝑡+𝜏

ℎ′ 𝑥, 𝑡′ න
𝑡

𝑡′

ℎ 𝑥, 𝑡′′ 𝑑𝑡′ 𝑑𝑡′′

+න
𝑡

𝑡+𝜏

ℎ′ 𝑥, 𝑡′ න
𝑡

𝑡′

𝑔 𝑥, 𝑡′′ Γ(𝑡′′)𝑑𝑡′′ 𝑑𝑡′ +න
𝑡

𝑡+𝜏

𝑔 𝑥, 𝑡′ Γ(𝑡′)𝑑𝑡′

+න
𝑡

𝑡+𝜏

𝑔′ 𝑥, 𝑡′ න
𝑡

𝑡′

ℎ 𝑥, 𝑡′′ Γ(𝑡′)𝑑𝑡′′ 𝑑𝑡′

+න
𝑡

𝑡+𝜏

𝑔′ 𝑥, 𝑡′ න
𝑡

𝑡′

𝑔 𝑥, 𝑡′′ Γ(t′)Γ(𝑡′′)𝑑𝑡′′ 𝑑𝑡′ +⋯
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Non-linear Langevin Equation

𝜉 𝑡 + 𝜏 − 𝑥 = න
𝑡

𝑡+𝜏

ℎ 𝑥, 𝑡′ 𝑑𝑡′ +න
𝑡

𝑡+𝜏

ℎ′ 𝑥, 𝑡′ න
𝑡

𝑡′

ℎ 𝑥, 𝑡′′ 𝑑𝑡′ 𝑑𝑡′′

+න
𝑡

𝑡+𝜏

ℎ′ 𝑥, 𝑡′ න
𝑡

𝑡′

𝑔 𝑥, 𝑡′′ Γ(𝑡′′)𝑑𝑡′′ 𝑑𝑡′ +න
𝑡

𝑡+𝜏

𝑔 𝑥, 𝑡′ Γ(𝑡′)𝑑𝑡′

+න
𝑡

𝑡+𝜏

𝑔′ 𝑥, 𝑡′ න
𝑡

𝑡′

ℎ 𝑥, 𝑡′′ Γ(𝑡′)𝑑𝑡′′ 𝑑𝑡′

+න
𝑡

𝑡+𝜏

𝑔′ 𝑥, 𝑡′ න
𝑡

𝑡′

𝑔 𝑥, 𝑡′′ Γ(t′)Γ(𝑡′′)𝑑𝑡′′ 𝑑𝑡′ +⋯
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Kramers-Moyal Coefficients

𝜉 𝑡 + 𝜏 − 𝑥 = න
𝑡

𝑡+𝜏

ℎ 𝑥, 𝑡′ 𝑑𝑡′ +න
𝑡

𝑡+𝜏

ℎ′ 𝑥, 𝑡′ න
𝑡

𝑡′

ℎ 𝑥, 𝑡′′ 𝑑𝑡′ 𝑑𝑡′′

+න
𝑡

𝑡+𝜏

𝑔′ 𝑥, 𝑡′ න
𝑡

𝑡′

𝑔 𝑥, 𝑡′′ 2𝛿(𝑡′′ − 𝑡′)𝑑𝑡′′ 𝑑𝑡′

→ ℎ 𝑥, 𝑡 + 𝑔′ 𝑥, 𝑡 𝑔(𝑥, 𝑡) ∙ 𝜏 for 𝜏 ≪ 1

⇒ 𝐷 1 (𝑥, 𝑡) = ℎ 𝑥, 𝑡 + 𝑔′ 𝑥, 𝑡 𝑔(𝑥, 𝑡) the second term describes a noise induced drift

• Similarly 𝐷 2 𝑥, 𝑡 = 𝑔2(𝑥, 𝑡) and     𝐷 𝑛 𝑥, 𝑡 = 0 for n ≥ 3

• In particular for Brown. motion: 𝐷 1 = −𝛾𝑣 and 𝐷(2) =
𝑞

2
=

𝛾𝑘𝑇

𝑚

= 𝑔 𝑥, 𝑡′
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𝐷 𝑛 (𝑥, 𝑡)

=
1

𝑛!
lim
𝜏→0

1

𝜏
ฬ𝜉 𝑡 + 𝜏 − 𝜉 𝑡

𝑛

𝜉 𝑡 =𝑥



Generalization to many Variables

• Non-linear equation for many variables:
ሶ𝜉𝑖 = ℎ𝑖 Ԧ𝜉, 𝑡 + 𝑔𝑖𝑗 Ԧ𝜉, 𝑡 Γj t

𝐷𝑖
1

Ԧ𝑥, 𝑡 = lim
𝜏→0

1

𝜏
ቚ𝜉𝑖 𝑡 + 𝜏 − 𝜉𝑖 𝑡
𝜉 𝑡 =𝑥

𝐷𝑖𝑗
2
( Ԧ𝑥, 𝑡) =

1

2
lim
𝜏→0

1

𝜏
ቚ𝜉𝑖 𝑡 + 𝜏 − 𝜉𝑖(𝑡) 𝜉𝑗 𝑡 + 𝜏 − 𝜉𝑗(𝑡)
𝜉 𝑡 =𝑥

𝐷𝑖
1

Ԧ𝑥, 𝑡 = ℎ𝑖 Ԧ𝑥, 𝑡 + 𝑔𝑘𝑗 Ԧ𝑥, 𝑡 .
𝜕

𝜕𝑥𝑘
𝑔𝑖𝑗 Ԧ𝑥, 𝑡

𝐷𝑖𝑗
2
( Ԧ𝑥, 𝑡) = 𝑔𝑖𝑘 Ԧ𝑥, 𝑡 𝑔𝑗𝑘 Ԧ𝑥, 𝑡
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Fokker-Planck Equation

28



Fokker-Planck Equation

• Kramers-Moyal expansion up to the second term

• ሶ𝑊 𝑥, 𝑡 = 𝐿𝐹𝑃 𝑥, 𝑡 𝑊 𝑥, 𝑡 where LFP = −
𝜕

𝜕𝑥
𝐷 1 𝑥, 𝑡 +

𝜕2

𝜕𝑥2
𝐷 2 𝑥, 𝑡

•
𝜕𝑊

𝜕𝑡
+

𝜕𝑆

𝜕𝑥
= 0 with 𝑆 𝑥, 𝑡 = 𝐷 1 𝑥, 𝑡 −

𝜕

𝜕𝑥
𝐷 2 𝑥, 𝑡 𝑊 𝑥, 𝑡

• Continuity Equation ⇒ 𝑆 can be interpreted as a probability current

• stationary state means 𝑆 is constant, vanishing boundaries means 𝑆 = 0

• For the Brownian motion 𝐷 1 = −𝛾𝑣 and 𝐷(2) =
𝑞

2
=

𝛾𝑘𝑇

𝑚

⇒ 𝑆 = −𝛾𝑣 −
𝛾𝑘𝑇

𝑚

𝜕

𝜕𝑣
𝑊𝑠𝑡 𝑣 = 0 → 𝑊𝑠𝑡 𝑣 =

𝑚

2𝜋𝑘𝑇
exp −

𝑚𝑣2

2𝑘𝑇

29



Fokker-Planck Equation

• Transition probability for small times 𝜏:

𝑃 𝑥, 𝑡′ + 𝜏 𝑥′, 𝑡′ ≈ exp −
𝜕

𝜕𝑥
𝐷 1 𝑥, 𝑡 𝜏 +

𝜕2

𝜕𝑥2
𝐷 2 𝑥, 𝑡 𝜏 . 𝛿(𝑥′ − 𝑥)

• Applying the Fourier-transformation we will obtain:

→
1

2𝜋
නexp −𝑖𝑢𝐷 1 𝑥, 𝑡 𝜏 − 𝑢2𝐷 2 𝑥, 𝑡 𝜏 + 𝑖𝑢(𝑥 − 𝑥′) 𝑑𝑢

=
1

2 𝜋𝐷 2 𝑥,𝑡 𝜏
exp −

𝑥−𝑥′−𝐷 1 𝑥,𝑡 𝜏
2

4𝐷 2 𝑥,𝑡 𝜏
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N-Dimensional Fokker-Planck Equation

• Every derivation is similar to the one dimensional case of FP and 

𝑊 Ԧ𝑥, 𝑡′ + 𝜏 = න𝑃 Ԧ𝑥, 𝑡′ + 𝜏 𝑥′, 𝑡′ .𝑊 𝑥′, 𝑡′ d𝑁𝑥′

𝜕𝑊 Ԧ𝑥, 𝑡

𝜕𝑡
= 

𝜈=1

∞
−𝜕 𝜈

𝜕𝑥𝑗1 …𝜕𝑥𝑗𝜈
𝐷𝑗1…𝑗𝜈

𝜈
Ԧ𝑥, 𝑡 .𝑊(𝑥, 𝑡)

with 

𝐷𝑗1…𝑗𝜈
𝜈

Ԧ𝑥, 𝑡 = lim
𝜏→0

1

𝜏

1

𝜈!
න 𝑦𝑗1 − 𝑥𝑗1 … 𝑦𝑗𝜈 − 𝑥𝑗𝜈 𝑃 Ԧ𝑦, 𝑡 + 𝜏 Ԧ𝑥, 𝑡 𝑑𝑁𝑦
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N-Dim. FP-Equation: Transition Probability

• Initial condition as before: 𝑊 𝑥′, 𝑡′ = 𝑃 𝑥, 𝑡′ 𝑥′, 𝑡′ = 𝛿 𝑥 − 𝑥′

•
𝜕

𝜕𝑡
𝑃 Ԧ𝑥, 𝑡 Ԧ𝑥′, 𝑡′ = 𝐿𝐾𝑀( Ԧ𝑥, 𝑡)𝑃 Ԧ𝑥, 𝑡 Ԧ𝑥′, 𝑡′

•
𝜕

𝜕𝑡′
𝑃 Ԧ𝑥, 𝑡 Ԧ𝑥′, 𝑡′ = −𝐿𝐾𝑀

† ( Ԧ𝑥′, 𝑡′)𝑃 Ԧ𝑥, 𝑡 Ԧ𝑥′, 𝑡′

• 𝐿𝐾𝑀 Ԧ𝑥, 𝑡 = σ𝜈=1
∞ −𝜕 𝜈

𝜕𝑥𝑗1…𝜕𝑥𝑗𝜈
𝐷𝑗1…𝑗𝜈

𝜈
Ԧ𝑥, 𝑡

• 𝐿𝐾𝑀
† Ԧ𝑥′, 𝑡′ = σ𝜈=1

∞ 𝐷𝑗1…𝑗𝜈
𝜈

Ԧ𝑥, 𝑡
𝜕𝜈

𝜕𝑥𝑗1…𝜕𝑥𝑗𝜈

•
𝜕𝑊

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
𝑆𝑖 = 0 where   𝑆𝑖 = 𝐷𝑖

(1)
𝑊−

𝜕

𝜕𝑥𝑗
𝐷𝑖𝑗
(2)
W
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Examples of Fokker Planck Equation

• One-dim. Brownian motion in a potential 

𝜕𝑊 𝑥,𝑣,𝑡

𝜕𝑡
= −

𝜕

𝜕𝑥
𝑣 +

𝜕

𝜕𝑣
𝛾𝑣 + 𝜙′ 𝑥 +

𝛾𝑘𝑇

𝑚

𝜕2

𝜕𝑣2
𝑊 𝑥, 𝑣, 𝑡

• Three-dim. Brownian motion in a potential
𝜕𝑊( Ԧ𝑥,𝑣,𝑡)

𝜕𝑡
= −∇𝑥𝑣 + ∇𝑣 𝛾𝑣 −

𝐹

𝑚
+

𝛾𝑘𝑇

𝑚
Δ𝑣 𝑊( Ԧ𝑥, Ԧ𝑣, 𝑡)
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Wiener and Ornstein-Uhlenbeck Process

• Wiener Process:  𝐷(1) = 0 and 𝐷(2) = 𝐷 = 𝑐𝑜𝑛𝑠𝑡.

•
𝜕

𝜕𝑡
𝑃 𝑥, 𝑡 𝑥′, 𝑡′ = 𝐷

𝜕2

𝜕𝑥2
𝑃 𝑥, 𝑡 𝑥′, 𝑡′ and 𝑃 𝑥, 𝑡′ 𝑥′, 𝑡′ = 𝛿 𝑥 − 𝑥′

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ =
1

4𝜋𝐷 𝑡′−𝑡
exp −

𝑥−𝑥′
2

4𝐷 𝑡−𝑡′

• Ornstein-Uhlenbeck Process: 𝐷(1) = −𝛾𝑥 and 𝐷(2) = 𝐷 = 𝑐𝑜𝑛𝑠𝑡.

•
𝜕𝑃

𝜕𝑡
= 𝛾

𝜕

𝜕𝑥
𝑥𝑃 + 𝐷

𝜕2

𝜕𝑥2
𝑃

• Moving to Fourier space
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Wiener and Ornstein-Uhlenbeck Process

•
𝜕

𝜕𝑡
෨𝑃 = −𝛾𝑘

𝜕

𝜕𝑘
෨𝑃 − 𝐷𝑘2 ෨𝑃 with initial condition ෨𝑃 𝑘, 𝑡′ 𝑥′, 𝑡′ = 𝑒−𝑖𝑘𝑥

′

• With the help of methods of characteristics we get 

• ෨𝑃 𝑘, 𝑡′ 𝑥′, 𝑡′ = exp −𝑖𝑘𝑥′𝑒−𝛾 𝑡−𝑡′ −
𝐷𝑘2 1−𝑒−2𝛾 𝑡−𝑡′

2𝛾

• Transforming back:

• 𝑃 𝑥, 𝑡 𝑥′, 𝑡′ =
𝛾

2𝜋𝐷 1−𝑒−2𝛾(𝑡−𝑡
′)
exp −

𝛾 𝑥−𝑒−𝛾 𝑡−𝑡′ 𝑥′
2

2𝐷 1−𝑒−𝛾(𝑡−𝑡
′)

valid for all 𝛾.

• 𝑊𝑠𝑡 𝑥 =
𝛾

2𝜋𝐷
exp −

𝛾𝑥2

2𝐷
valid for positive 𝛾.
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𝜕𝑃

𝜕𝑡
= 𝛾

𝜕

𝜕𝑥
𝑥𝑃 + 𝐷

𝜕2

𝜕𝑥2
𝑃



Stationary Solutions and 
Asymptotic Behavior
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Stationary Solution

•
𝜕𝑊

𝜕𝑡
= 0 ⇒

𝜕𝑆

𝜕𝑥
= 0 ⇒ 𝑆 = const.

• ⇒ 𝐷 1 𝑥 𝑊𝑠𝑡 𝑥 =
𝐷1 𝑥

𝐷2 𝑥
𝐷(2) 𝑥 𝑊𝑠𝑡(𝑥) =

𝜕

𝜕𝑥
𝐷(2) 𝑥 𝑊𝑠𝑡 𝑥 − 𝑆

• 𝑊𝑠𝑡
ℎ 𝑥 =

𝑁

𝐷2
exp 

𝐷(1) 𝑥′

𝐷(2) 𝑥′
𝑑𝑥′ = 𝑁𝑒−Φ(𝑥)

with Φ 𝑥 = ln 𝐷(2)(𝑥) − 
𝐷(1) 𝑥′

𝐷(2) 𝑥′
𝑑𝑥′

• 𝑊𝑠𝑡
𝑖𝑛ℎ 𝑥 = −𝑆𝑒−Φ 𝑥 

𝑒𝛷 𝑥′

𝐷2 𝑥′
d𝑥′ → 𝑊𝑠𝑡 = 𝑁𝑒−Φ(𝑥) − 𝑆𝑒−Φ 𝑥 

𝑒𝛷 𝑥′

𝐷2 𝑥′
d𝑥′
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Master Equation and Detailed Balance

• We begin with the master equation:

ሶ𝑊𝑛 = σ𝑚 𝑤 𝑚 → 𝑛 𝑊𝑚 −𝑤 𝑛 → 𝑚 𝑊𝑛

• For stationary state:

σ𝑚𝑤 𝑚 → 𝑛 𝑊𝑚 = σ𝑚𝑤 𝑛 → 𝑚 𝑊𝑛

• Detailed Balance (sufficient condition):

𝑤 𝑚 → 𝑛 𝑊𝑚 = 𝑤 𝑛 → 𝑚 𝑊𝑛

• Odd and even variables: If a variable changes its sign under time 
reversal it is called odd and if it remains the same it is called even.
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Detailed Balance for even variables

𝜕𝑊 𝑥, 𝑡

𝜕𝑡
=  𝑤 𝑥′ → 𝑥 𝑊 𝑥′, 𝑡 − 𝑤 𝑥 → 𝑥′ 𝑊 𝑥, 𝑡 𝑑𝑁𝑥′

the transition rate and the transition probability have the relation:

𝑤 𝑥′ → 𝑥 =
d

d𝜏
|𝑃 𝑥, 𝜏 𝑥′, 0 𝜏=0 = 𝐿𝐹𝑃 𝑥 𝛿 𝑥 − 𝑥′

The detailed Balance for the continuous case can be written as:

𝑤 𝑥′ → 𝑥 𝑊𝑠𝑡 𝑥′ = 𝑤 𝑥 → 𝑥′ 𝑊𝑠𝑡 𝑥

𝐿𝐹𝑃 𝑥 𝛿 𝑥 − 𝑥′ 𝑊𝑠𝑡 𝑥′ = 𝐿𝐹𝑃 𝑥′ 𝛿 𝑥 − 𝑥′ 𝑊𝑠𝑡 𝑥

𝐿𝐹𝑃 𝑥 𝑊𝑠𝑡 𝑥 𝛿 𝑥 − 𝑥′ = 𝑊𝑠𝑡 𝑥 𝐿𝐹𝑃
† 𝑥 𝛿 𝑥 − 𝑥′

𝐿𝐹𝑃 𝑥 𝑊𝑠𝑡 𝑥 = 𝑊𝑠𝑡 𝑥 𝐿𝐹𝑃
† 𝑥 Operator equation

39

𝐿𝐾𝑀
† 𝑥′ 𝛿(𝑥 − 𝑥′)

= 𝐿𝐾𝑀 𝑥 𝛿(𝑥 − 𝑥′)



Detailed Balance for odd variables

• Variables that transform as 𝑥 → −𝑥 under time reversal

• Gain and Loss term as Forward and Backward in time

• Following Detailed Balance:

𝑤 𝑥′ → 𝑥 𝑊𝑠𝑡 𝑥
′ = 𝑤 −𝑥 → −𝑥′ 𝑊𝑠𝑡 −𝑥 and 𝑊𝑠𝑡 𝑥 = 𝑊𝑠𝑡(−𝑥)

• Similar to even variables: 𝐿𝐹𝑃 𝑥 𝑊𝑠𝑡 𝑥 = 𝑊𝑠𝑡 −𝑥 𝐿𝐹𝑃
† −𝑥
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Fokker-Planck Equation as Schrödinger 
Equation
• Separation ansatz for the probability:

𝑊 𝑥, 𝑡 = 𝜑 𝑥 𝑒−𝜆𝑡 with 𝐿𝐹𝑃𝜑(𝑥) = −𝜆𝜑(𝑥)

• Transform 𝐿𝐹𝑃 to a Hermitian operator:

𝐿𝐹𝑃 → 𝐿 = 𝑒Φ 𝑥 /2𝐿𝐹𝑃𝑒
−Φ(𝑥)/2

with eigenfuntions 𝜓 𝑥 = 𝑒Φ 𝑥 /2𝜑(𝑥) and same eigenvalues

𝐿 =
𝜕

𝜕𝑥
𝐷(2) 𝜕

𝜕𝑥
− 𝑉 with 𝑉 =

1

4

𝜕𝐷 2

𝜕𝑥
−𝐷 1

2

𝐷 2 +
1

2

𝜕𝐷 1 𝑥

𝜕𝑥
−

1

2

𝜕2𝐷 2 𝑥

𝜕2𝑥

41

Φ 𝑥 = ln 𝐷2(𝑥) − න
𝐷1 𝑥′

𝐷2 𝑥′
𝑑𝑥′



Fokker-Planck Equation as Schrödinger 
Equation
• There is always a transformation such that 𝐷(2) = 𝐷 = 𝑐𝑜𝑛𝑠𝑡.

𝐿 → 𝐿′ = 𝐷
𝜕

𝜕𝑥2
− 𝑉′ with V =

1

4𝐷
(𝐷 1 𝑥

2
−
1

2

𝜕𝐷 1 𝑥

𝜕𝑥

• With 𝑡𝑠𝑐ℎ𝑟 = −𝑖ℏ𝑡 and 𝑚𝑠𝑐ℎ𝑟 =
ℏ2

2𝐷
Fokker-Planck would be

equivalent to Schrödinger.
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