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This report summarizesmy talk given at the Statistical Physics Seminar organized by Prof.
Georg Wolschin at the Institute for Theoretical Physics in Heidelberg during the summer
term 2020.
We study the thermalization process of gluons at the initial stages of relativistic heavy-ion
collisions at energies realized for example at the RHIC at the Brookhaven National Labo-
ratory or at the LHC at CERN. After shortly introducing the experimental and theoretical
situation we make use of kinetic theory to understand the complex thermalization pro-
cess as a dynamical interplay of elastic and inelastic collisions. The second part focuses
on the derivation and solution of a Nonlinear Boson Diffusion equation (NBDE) which
provides a suitable and analytically solvable model describing thermalization based on a
Boltzmann-type equation.

1 Introduction

The study of relativistic heavy-ion collisions provides a fruitful playground for physicists
to understand many different aspects of high-energy nuclear physics ranging from the
resolution of the complex nuclear structure to the highly interesting physics of the Quark-
Gluon-Plasma (QGP) providing further insights into to state of the art of our Universe
shortly after the Big Bang.
A complete treatment of these collision events would need concepts from quantum chro-
modynamics (QCD), relativistic hydrodynamics and alsomethods from statistical physics.
Here wewill focus on the latter since the aim of this seminar is to get insights into the vari-
ous applications of the concepts presented in the introductory lecture on statistical physics
and the previous talks to modern research.
For a visualization of the complexity of the physical processes relevant for the study of
relativistic heavy-ion collisions have a look at figure 1 at the beginning of the next page. In
this talk we will have a closer look at the initial stages of such events since only a detailed
understanding of the relaxation of the out-of-equilibrium initial state into a (hopefully)
known equilibrium final state allows further analysis using the well-known techniques
from e. g. hydrodynamics mentioned before (and displayed in the upper part of the cor-
responding figure).
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2 Experimental and Theoretical Setup Thermalization of Gluons in Relativistic Collisions

Figure 1: Visualization of the spacetime evolution of the system created in relativistic
heavy-ion collisions. We will focus on the pre-equilibrium phase which is dis-
played here in the gray area near the origin.1

2 Experimental and Theoretical Setup

The experimental realization of such collision events is a highly challenging problem itself.
The two most known colliders focusing on different aspects of relativistic heavy-ion colli-
sions are on the one hand the “RelativisticHeavy-IonCollider” (RHIC) at the Brookhaven
National Lab in the USA studying various areas of high-energy nuclear physics for ex-
ample the spin structure of the proton and as mentioned before the physics of the QGP
at center-of-mass energies of about √

s = 500 GeV and on the other hand the “Large
Hadron Collider” (LHC) at CERN in Geneva, or more precisely the ALICE experiment
at the LHC which is specialized on the analysis of Pb-Pb collision events at even higher
center-of-mass energies of √

s = 5.02 TeV. We won’t go into detail here concerning the
exact experimental setup, the interested reader is invited to visit the corresponding web-
sites of the experiments for more information and pictures.

The central goal of our discussion is to understand how the partons freed in relativistic
heavy-ion collisions thermalize. The relevant quantity serving as an input for the subse-
quent hydrodynamical description is the energy-momentum tensor T µν . We are therefore
interested in its exact form and evolution. Since we are dealing with a high-energy exper-
iment the relevant parton contribution is dominated by gluon saturation and occupation
numbers of the order of ∼ 1/αs, where αs denotes the strong coupling constant. One
refers to this state characterized by the fact that the chromo-electric and chromo-magnetic
fields are collinear to the collision axis as “Glasma”. The theoretical model suitable for a
description of this situation immediately after the collision is the so-called “Color-Glass
Condensate” effective field theory (CGC).

1. The figure was taken from B. Hippolyte’s slides: http://www.nupecc.org/presentations/hippo_mar17.pdf (23.06.2020)
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Figure 2: Visualization of the Color-Glass Condensate model.2

As visualized in figure 2 above, the gluon density increases rapidly for high energies un-
til the resolution is saturated at some energy scale Qs providing a natural cutoff for the
validity of the CGC model. The observation that we are dealing with very high gluon
densities and therefore a highly packed phase space in this limit leads us to the conclu-
sion that the high-p states are also occupied resulting in a small coupling constant αs ≪ 1
due to asymptotic freedom as characteristic property of QCD.
The corresponding energy-momentum tensor takes the rather simple diagonal form

T µν
Glasma = diag(ε, ε, ε, −ε). (1)

The minus sign in the last component signals a negative longitudinal pressure at early
times which is causing problems with the usability of this explicit energy-momentum
tensor as an initial parameter of the hydrodynamical evolution. One expects this situation
to change rapidly on a time scale ∼ 1/Qs.
But even if this change occurs we cannot be completely sure if at all and under which
conditions the expected equilibrium distribution, given by the well-known Bose-Einstein
distribution

feq(k) = 1
exp

(
ωk−µ

T

)
− 1

, (2)

is reached at the end of the thermalization process. Here ωk denotes the energy of a gluon
with momentum k, µ is the chemical potential and T is the equilibrium temperature.

To conclude our study of the initial situation of the collision event we have to take a look
at the population of the QGP based on the CGC description presented before. The gluons
have typical transverse momenta of the order of Qs and an energy density of

ε0 = ε(τ = Q−1
s ) ∼ Q4

s
αs

, (3)

2. Figure taken from: https://www.uu.nl/en/research/institute-for-subatomic-physics/research/color-glass-condensate (29.06.2020)
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the number of gluons per unit volume is

n0 = n(τ = Q−1
s ) ∼ Q3

s
αs

, (4)

and therefore we indeed find ε0/n0 ∼ Qs for the average energy per gluon. The initial
distribution may be characterized by the dimensionless combination

n0 · ε
−3/4
0 ∼ 1

α
1/4
s

. (5)

For the expected equilibrium distribution at temperature T we know

εeq ∼ T 4, neq ∼ T 3 (6)

and therefore
neq · ε−3/4

eq ∼ 1, (7)

leaving a mismatch by a large3 factor of α
−1/4
s corresponding to an “overpopulation” of

the initial distributions.
In the following we want to make use of a bottom-up approach to resolve this problem
and to understand the thermalization process, i. e. we assume that the relaxation occurs
as a result of hard elastic and inelastic collisions based on the work published in [1, 2].

3 Thermalization: The Elastic Case

Let us first consider the case of thermalization via elastic collisions. The characteristic
property of elastic collisions is particle number conservation which is directly related to
the introduction of a chemical potential µ as already seen in eqn. (2), representing the
assumed equilibrium phase space distribution function.
For a given distribution feq(p) the expressions for the energy density and the number
density read

εeq =
∫

p
ωp · feq(p), (8)

and
neq =

∫
p

feq(p). (9)

Tuning the temperature T and the chemical potential µ allows us to reproduce the initial
values of ε0 and n0.

3. Remember we are working in small coupling asymptotics (αs ≪ 1) due to the occupation of the high-
momentum states and asymptotic freedom.
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Due to complex many-body interactions the gluons acquire a medium-dependent effec-
tive mass, i. e. ωp=0 ̸= 0, which can be obtained for example using the so called “Hard
Thermal Loop approximation” assuming m ∼ α

1/2
s T . In our case this estimation yields

m2
0 ∼ αs

∫
p

df0
dωp

∼ Q2
s , (10)

which can be compared to the equilibrium case

meq ∼ α1/2
s T ∼ α1/4

s Qs. (11)

This effective mass allows us to set an upper bound on the allowed particle number den-
sity by observing that feq(p) grows with µ and demanding that the chemical potential
cannot grow larger than the m without changing the sign of feq(p). The maximum num-
ber density arising from this consideration is given by

nmax =
∫ d3k

(2π)3
1

exp
(

ωk−m0
T

)
− 1

∼ T 3 ∼ Q3
s

α
3/4
s

, (12)

where m ≪ T is assumed. This shows again, as already discussed previously, that the
maximum number density is always smaller than the initial one. If we only consider elas-
tic collisions one possible explanation of this apparent excess of gluons is the formation
of a Bose-Einstein condensate (BEC) resulting in a modification of the equilibrium distri-
bution:

feq(k) = nc · δ(k) + 1
exp

(
ωk−m0

T

)
− 1

, (13)

where nc is number density of the condensate with ntot = nc + ng. This also implies that
most of the gluons are part of the condensate, i. e.

nc ∼ Q3
s

αs

(
1 − α1/4

s

)
(14)

but the condensate carries only a small fraction of the total energy density

εc = nc · m ∼ α1/4
s T 4 ≪ ε0. (15)

At this point we conclude that the excess of gluons in the case of only particle-number con-
serving elastic processes can be explained by the formation of a BEC or by the importance
of inelastic processes, which is the nowadays favored explanation. We therefore have two
possible equilibrium states, one with a condensate only considering elastic collisions and
one with fewer gluons in the final state due to mostly 2 → 1 inelastic gluon scattering
which is a special feature of the non-abelian SU(3) structure of QCD. The latter is a dif-
ficult dynamical issue depending on many factors such as production and annihilation
rates.
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Our next goal is to get an estimate for the timescale of the thermalization process. In a first
approximation we stick to the case of only elastic collisions driving the system towards
equilibrium. This can be understood via the transport equation

∂t f (k, X) = Ck[f ], (16)

which is a simplified version of the Boltzmann equation (introduced in Pavel’s talk) omit-
ting the drift term. Here the right hand side is given by the collision integral, which reads

∂t f

∣∣∣∣
coll

∼ ΛsΛ
p2 ∂p

p2
[

∂f

∂p
+ αs

Λs
f (p)(1 + f (p))

] (17)

in the small angle approximation for elastic 2 → 2 scattering. The two relevant scales
Λ and Λs are assumed to dominate the evolution. To be more explicit, Λ is a hard scale
above which the Glasma is assumed to be dilute and Λs is the so called “coherence scale”
meaning f(p) ∼ 1/αs below Λs. In between we have f(p) ∼ 1

αs
Λs
ωp
. We want to use the

evolution of these scales to derive an expression for the equilibration time τeq based on
energy conservation and the fact that after a time t ∼ 1/Qs both scales coincide with Qs

i. e. Λs/Λ ∼ αs. The Bose-Einstein distribution (2) with temperature T = Λs/αs provides
a stationary solution to the transport equation (17). By taking moments of the collision
integral one finds

tscat = Λ
Λ2

s
∼ t (18)

as an estimate for the timescale of the scattering processes which should not be confused
with the equilibration time we want to derive now. For all the following steps we assume
the integrals to be dominated by the contribution from the largest momenta ∼ Λ which
allows us to simplify the distribution f(p) ∼ Λs/(αsp) up to the cutoff Λ. This gives us
the following dependencies for the gluon number density, the gluon energy density and
the energy density of the condensate:

ng ∼ 1
αs

Λ2Λs (19)

εg ∼ 1
αs

Λ3Λs (20)

εc ∼ nc · m ∼ nc ·
√

ΛsΛ. (21)

As mentioned before, additionally we want to assume energy conservation which can be
obtained by stating

ΛsΛ3 ∼ const. (22)

In total we arrive at the following evolution equations for the coherence scale

Λs ∼ Qs

(
t0
t

) 3
7

, (23)
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and for the cutoff
Λ ∼ Qs

(
t

t0

) 1
7

. (24)

From those equations it is clearly visible that the gluon number density ng decreases with
time whereas the corresponding energy density remains approximately constant. The
energy fraction carried by the gluons in the condensate remains small ∀t, i. e.

εc
εg

∼
(

t0
t

) 1
7

≪ 1. (25)

Now we are able to estimate the thermalization time from the condition Λs/Λ ∼ αs as

τeq ∼ 1
Qs

( 1
αs

) 7
4

. (26)

In our case the relevant scale, i. e. the saturation scale is of the order of Qs ≃ 1 GeV.

A similar analysis for the fermionic quarks leaves uswith the observation thatnquarks ∼ Λ3

which is of the order of αs smaller than ng and therefore the quark contribution can be
neglected until we reach τeq.

4 The Importance of Inelastic Collisions

The treatment of the inelastic collisions will not be as detailed as for the elastic case as we
will focus on the qualitative implications of allowing inelastic annihilation and creation
processes during thermalization. A full treatment of all inelastic effects is nearly impos-
sible and even today it is not yet fully understood which processes are the most relevant
ones driving the system towards the equilibrium state. I will try to highlight the most
important observations and refer to the respective research papers for further details.
First of all we observe that the inelastic processes will modify the collision integral on the
right hand side of eqn. (16). Interestingly it can be shown that this modification leaves
the relation for the scattering time t unchanged and therefore also the evolution equation
for the defining scales Λ and Λs. Implications on the condensate formation can be ob-
tained via an extensive numerical study of solutions of the complete transport equation.
The elastic contributions to the collision integral provide a source term for the condensate
whereas the inelastic contributions may be interpreted as sink term. The task is to under-
stand the balancing of the source and sink contributions which may allow a condensate
to exist during most of the thermalization process.
One could consider for example the effect of the strong longitudinal expansion of mat-
ter involved in relativistic heavy-ion collisions, i. e. the flattening of an isotropic initial
distribution in the direction of the collision axis, by introducing a suitable drift term on
the left hand side of the transport equation or instabilities in the isotropy of pz and the
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5 Nonlinear Boson Diffusion Equation Thermalization of Gluons in Relativistic Collisions

transversal momentum pT (cf. [2]). Another important effect is the influence of gluon
radiation allowing transport of momenta over a wide range of momenta on a very short
time scale. This can be understood as a certain feature of gauge theories. For more details
the interested reader is referred to publication [1].

5 Thermalization via a Nonlinear Boson Diffusion Equation

The second part of our discussion of the thermalization process of gluons in relativistic
heavy-ion collisions is based on a Nonlinear Boson Diffusion equation (NBDE) derived
from the Boltzmann equation using a gradient expansion of the respective collision inte-
gral.

5.1 Derivation of the NBDE

Our central assumptions are spatial homogeneity of the bosondistribution function f(x, p, t)
and spherical symmetry in the momentum dependence. These assumptions allow us to
simplify the kinetic equations by performing the angular integration. We arrive at the
following expression for the single-particle occupation numbers nj = n(εj , t) in a finite
Bose system:

∂n1
∂t

=
∑

ε2,ε3,ε4

⟨V 2⟩ · G(ε1 + ε2, ε3 + ε4)

×
[
(1 + n1)(1 + n2)n3n4 − (1 + n3)(1 + n4)n1n2

] (27)

Here ⟨V 2⟩ is the second moment of the interaction potential and the function G encodes
energy conservation4. The different indices 1 to 4 indicate the respective particles in the
elastic 2 → 2 scattering process.
The collision term on the right hand side can be rewritten in the form of aMaster equation
(cf. Talha’s talk):

∂n1
∂t

= (1 + n1)
∑
ε4

W4→1n4 −
∑
ε4

W1→4(1 + n4), (28)

with the transition probability

W4→1 = W41g1 =
∑
ε2,ε3

⟨V 2⟩G(ε1 + ε2, ε3 + ε4)(1 + n2)n3 (29)

andW1→4 analogously. Herewe already introduced the density of states gj ≡ g(εj)which
occur when taking the continuum limit. This also leads us to a replacement of the sum-

4. For an infinite system this is simply a delta function G(ε1 + ε2, ε3 + ε4) → π · δ(ε1 + ε2 − ε3 − ε4) but
in a finite system, as we want to have a look at here, the function may acquire a width due to off-shell
scatterings between single-particle states which lie apart in the space of possible energies.
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mations by integrations. Since bosons are interchangeable, W14 = W41 and

W14 = W41 = W

1
2

(ε4 + ε1), |ε4 − ε1|︸ ︷︷ ︸
=:x

 (30)

for the case of a finite systemwhereG acquires awidth (cf. footnote on the last page). This
means that the transition probabilities depend only on the absolute energy difference x

and they are peaked around x ≃ 0.
Performing a gradient expansion of n4 and g4n4 around x ≃ 0 and introducing the trans-
port coefficients

D(ε, t) = g1
2

∞∫
0

dx W (ε1, x) x2 (31)

and
v(ε, t) = g−1

1
d

dε1
(g1D) (32)

viamoments of the transition probability we arrive at a nonlinear partial differential equa-
tion for the number density:

∂n

∂t
= − ∂

∂ε

[
v · n(1 + n) + n

∂D

∂ε

]
+ ∂2

∂ε2 [Dn] . (33)

Here D(ε, t) is referred to as diffusion term and v(ε, t) as drift term taking dissipative
effects into account. Their explicit values are important since they define the equilibrium
temperature T via the relation

T = −D

v
. (34)

The minus sign is explained by the fact that the drift is always towards the infrared i. e.
the low-energy regime.
For our case of relativistic heavy-ion collisions it is well motivated to assume constant
transport coefficients which allows us to simplify our equation to

∂n

∂t
= −v

∂

∂ε

[
n(1 + n)

]
+ D

∂2n

∂ε2 , (35)

with the well-known Bose-Einstein distribution

neq(ε) = 1
exp

(
ε−µ

T

)
− 1

(36)

as a stationary solution.
At this point we need to discuss some general features of this model. It does not resolve
the second order phase transition to the condensate discussed earlier explicitly but never-
theless the kinetics of Bose condensation before and after the transition are taken into ac-
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count. After some time t a certain fraction of bosons is pushed into the condensate which
is a feature that may not be realized in nature. Of course it is based on particle-number
conserving elastic scattering which may not provide the dominant contribution to the
thermalization process as emphasized before. Another interesting feature of this certain
model is that the particle number is only conserved when the integration is performed
over the whole x-range opposed to the Boltzmann equation with energy-conserving delta
function. We will see this in a moment when we analyze some plots of the solutions of
the NBDE for different integration ranges.
To get a first analytical solution of the NBDE in the form of eqn. (35) we first want to study
a linear approximation, the so-called linear relaxation ansatz (RTA).

5.2 Linear Relaxation Ansatz

For a given initial distribution nt(ε) the linear relaxation-time ansatz reads

∂nrel
∂t

= (neq − nrel)
τeq

, (37)

where we introduced the equilibration time τeq = 4D/(9v2) again as a certain ratio of the
transport coefficients. General solutions to this simplified model are of the form of

nrel(ε, t) = ni(ε) · exp
(

− t

τeq

)
+ neq(ε)

1 − exp
(

− t

τeq

) . (38)

Following ref. [3] we may use an initial distribution of the subsequent form in order to
concentrate on a suitable distribution in the context of heavy-ion collisions, i. e.

ni(ε) = Ni · θ
(
1 − ε/Qs

)
· θ(ε). (39)

Here we find again the dependency on the saturation Qs ≃ 1 GeV as upper limit of the
box-shaped initial gluon distribution.
The results for the thermalization process from the NBDE following from the RTA are dis-
played in figure 3 at the beginning of the next page. We observe that the thermal equilib-
rium is reached fast after a time of approximately t ≃ 2τeq approaching the Bose-Einstein
limit from above in the IR and from below in the UV. At the boundary p ≃ Qs we en-
counter unphysical discontinuities. Note that here the total gluon number is set to Ni = 1
to facilitate the comparison with the exact analytical solutions later on. Additionally we
observe that we we are again dealing with an overoccupied system since

Ni = (4/3)π · V · Q3
s · ni > Neq = 4π · V

∫ ∞

0
neq · ε2 dε (40)

If we would assume overall particle number conservation we would come again to the
conclusion that the excess particles are driven into a condensate such that not only the
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Figure 1: (color online) Relaxation of a finite Bose system with initial condition ni(ǫ) from

Eq. (10) towards the thermal equilibrium distribution neq(|p|) = neq(p) = neq(ǫ) according

to the linear Eq. (9). The transport coefficients are D = 0.21 × 1023 GeV2 s−1, v =

−0.53 × 1023GeV s−1, the temperature is T = −D/v ≃ 0.4GeV. Times are (in units

of 10−23 s, top to bottom at p < Qs): 0.1, 0.25, 0.5 and ∞. The relaxation time is

τeq = 4D/(9v2) = 0.33× 10−23 s ≃ 1 fm/c.

conserves particle number when integrated over ǫ ≥ 0 and hence, cannot

lead to the formation of a condensate, unless there exists one in the initial

conditions through an additional δ(0)-function. Since Eq. (7) emerges from a

gradient expansion it allows the system to move into the condensate without

an additional δ(0)-function in the initial conditions, and hence, the thermal

solution for ǫ ≥ 0 alone does not conserve particle number.

6

Figure 3: Linear relaxation of a finite Bose system towards the equilibrium [5].
Here T = −D/v ≃ 0.4 GeV, τeq = 4D/(9v2) = 0.33 · 10−23s ≃ 1 fm/c and the
timesteps are {0.1, 0.25, 0.5, ∞} (in units of 10−23s) from top to bottom.

gluon number in the thermal spectrum but rather the sum of the thermal gluons and the
ones in the condensate is conserved.

5.3 Exact solution of the NBDE

To be able to find a solution to the full NBDE we perform the nonlinear transformation5

n(ε, t) = −D

v

∂ ln Z(ε, t)
∂ε

(41)

with the usual partition sum Z(ε, t) reducing our problem to a linear diffusion equation
for the partial sum, i. e.

∂Z
∂t

= −v
∂Z
∂ε

+ D
∂2Z
∂ε2 . (42)

General solutions of the NBDE are then of the form

n(ε, t) = 1
2v

∫+∞
−∞

ε−x
t F (x) · Gfree(ε − x, t) dx∫+∞

−∞ F (x) · Gfree(ε − x, t) dx
− 1

2
, (43)

with the free Green’s function, being an usual Gaussian,

Gfree(ε − x, t) = exp
[
−(ε − x)2

4Dt

]
, (44)

and the function F (x) taking the initial conditions into account, i. e.

F (x) = exp
[
− 1

2D
(vx + 2v

∫ x

0
ni(y)dy)

]
. (45)

5. Another possible solution is given by Burger’s equation ∂w
∂t

+ w ∂w
∂ε

= D ∂2w
∂ε2 following from the linear

transformation n(ε, t) = 1
2v

w(ε, t) − 1
2 but we will not discuss the details of this approach here.
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They define the partition sum via the relation

Z(ε, t) = a(t) ·
∫ ∞

−∞
Gfree(ε, x, t) · F (x) dx, (46)

with some energy-independent scaling factor a(t)which is in our case not important since
it drops out due to the log-derivative. As alreadymentioned before onemay check that the
particle number is not conserved for an integration over only the positive x-range. With
these definitions in mind we are now set to present the results of the NBDE. At this point
I should mention that I will not display the full lengthy expressions for the full analytical
solution but rather focus on the plots and the implications arising from these different
solutions. In case the reader may be interested in the exact expressions I refer to ref. [5]
for the first part and to ref. [6] for the second part.
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Figure 2: (color online) Equilibration of a finite Bose system based on the nonlinear

evolution according to Eq. (7), but with the x-integration in Eq. (17) restricted to x ≥ 0.

The transport coefficients D, v with the temperature T = 0.4GeV are as in the linear

case in Fig. 1. The initial distribution is ni, box. The solutions n (ǫ, t) of the evolution

equation are shown at four values of time t in units of 10−23 s: 0.005 (solid), 0.05 (dashed),

0.15 (dotted), 0.5 (dash-dotted). The relaxation time is τeq = 0.33 × 10−23 s. In the

infrared, the occupation at very short times rises above the thermal limit but is depleted

with time and redistributed into the BEC ground state, with the thermal occupation

n (0, t) < 1 for times t > τeq.
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(a) Integration range restricted to x ≥ 0.
The timesteps are {0.005, 0.05, 0.15, 0.5}
(in units of 10−23s) from top to bottom.
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Figure 3: (color online) Equilibration of a finite Bose system based on the nonlinear

evolution according to Eq. (7) with the x-integration in Eq. (17) extending over the full

space −∞ ≤ x ≤ ∞. The transport coefficients D, v with the temperature T = 0.4GeV

are as in the linear case in Fig. 1. The initial distribution is ni, box. The solutions

n (ǫ, t) of the evolution equation are shown at four values of time t in units of 10−23 s:

0.005 (solid), 0.05 (dashed), 0.15 (dotted), 0.5 (dash-dotted). The equilibration time is

τeq = 0.33×10−23 s. In the infrared, the occupation is depleted with time and redistributed

into the BEC ground state. In the ultraviolet, new a thermal tail develops within τeq.
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(b) Integration range extended to−∞ ≤ x ≤ ∞.
The timesteps are {0.005, 0.05, 0.15, 0.5}
(in units of 10−23s) from top to bottom.

Figure 4: Equilibration of a finite Bose system from the NBDE for T ≃ 0.4 GeV and
τeq = 0.33 · 10−23s [5].

In the above figure 4 we present the results for the equilibration following from the exact
solutions for different integration ranges to highlight the importance of integrating over
the whole x-range. In the left figure we find the occupation rising above the thermal limit
for very short times but due to redistribution into the condensate it depletes and we have
n(0, t) < 1 ∀t > τeq which encodes the explicit violation of particle number conservation.
In the right plot, representing the solution with integration over the whole range, we
directly see the redistribution into the condensate in the IR already at early times and find
a new thermal tail developed in the UV.We therefore conclude that these solutions do not
reproduce the expected features of the Bose-Einstein equilibrium distribution, yet. This
can be explained by the fact thatwe did not yet include the singularity of the Bose-Einstein
distribution at ε = µ < 0. We will see how to resolve this problem in the following.

12



5 Nonlinear Boson Diffusion Equation Thermalization of Gluons in Relativistic Collisions

5.4 Including the Singularity

To account for the singularity at ε = µ < 0 we have to modify the initial distribution (39)
in the following way:

ñi(ε) = ni(ε) + 1
exp

(
ε−µ

T

)
− 1

. (47)

For the subsequent analysis we treat the chemical potential µ as a fixed parameter and
consider the asymptotics of our distribution at the singularity

lim
ε→µ+

n(ε, t) = ∞ ∀t (48)

yielding Z(µ, t) = 0. This results in a modified expression for the Green’s function

G(ε, x, t) = Gfree(ε − µ, x, t) − Gfree(ε − µ, −x, t). (49)

This means that in general our expressions for the partition sum and the function F stay
almost the same except for a shift in the respective argument by the chemical potential µ.
The techniques to solve the NBDE with this boundary condition remain the same and we
can therefore have a look at the solutions displayed below in figure (5).
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Figure 2. (color online) Local thermalization of gluons in the
linear relaxation-time approximation (RTA) for µ < 0. Start-
ing from schematic initial conditions Eq. (12) in the cold sys-
tem at t = 0 (box distribution with cut at ε = Qs = 1 GeV),
a Bose-Einstein equilibrium distribution with temperature
T ' 513 MeV (solid curve) is approached. Time-dependent
single-particle occupation-number distribution functions are
shown at t = 0.02, 0.08, 0.15, 0.3 and 0.6 fm/c (decreasing
dash lenghts). Thermalization occurs much slower than in
the nonlinear case, see Fig. 3.

gluon distribution functions, which are shown in Fig. 3
at t = 6 × 10−5, 6 × 10−4, 6 × 10−3, 4 × 10−2, 0.12 and
0.36 fm/c, with decreasing dash lenghts. Thermalization
occurs much faster than in the linear RTA case.

The steep cutoff in the UV at ε = Qs is smeared out
at short times – this was the case already in the free
solution without boundary conditions [4]. The diffusion
coefficient is D = 1.17 GeV2c/fm, the drift coefficient
v = −2.28 GeVc/fm. Correspondingly, the equilibrium
temperature in this model calculation is T = −D/v '
513 MeV = 0.513 GeV, as expected for the initial central
temperature in a Pb-Pb collision at the LHC energy of√
sNN = 5 TeV [3].
The bosonic local equilibration time in this calculation

is the same as the one taken for the linear RTA result
in Fig. 2, τeq = 4D/(9v2) ' 0.1 fm/c. This is the time
constant for reaching thermal equilibrium in the UV tail
of the distribution function. It may take somewhat longer
to attain equilibrium in the IR region, as is the case in the
present model calculation. For given local temperature
T and equilibration time τeq, the transport coefficients in
the NBDE are obtained as

D =
4

9 τeq
T 2 , v = − 4

9 τeq
T , (18)

which for τeq = 0.1 fm/c corresponds to the values chosen
above. The value of the gluonic chemical potential µ =
−0.36 GeV has been adapted such that for T = 513 MeV
the initial condition at ε = 0 becomes ni(0) = 1.

From Fig. 3 it is obvious that the inital nonequilibrium
distribution ni(ε) gradually approaches the local thermal

equilibrium neq(ε) at T = 513 MeV through the solutions
of the NBDE. As discussed already in Ref. [4], these solu-
tions are expected to provide a more realistic description
of the thermalization than the relaxation time approxi-
mation (RTA), which enforces a linear approach from ni
to neq, and cannot smoothen the initial discontinuities at
the UV cutoff.

The assumption of a constant negative chemical poten-
tial µ < 0 used in this work is, of course, an idealization
that facilitates analytical solutions of the nonlinear prob-
lem. In general, the chemical potential is defined through
the conservation of particle number, as is strictly fulfilled
e.g. for atomic Bose gases. Driven by particle-number
conservation, cold bosonic atoms can move into the con-
densed phase, thus diminishing the number of particles
in the thermal cloud. The chemical potential in the equi-
librium solution of the NBDE then becomes time depen-
dent, as has been discussed in Ref. [6], albeit without a
full quantum treatment of the condensed phase. It would
become zero only in the limit of an inifinite number of
particles in the condensed phase. Instead, it approaches
a small but finite negative value for a finite number of
particles.

In case of gluons in a relativistic heavy-ion collision,
however, particle-number conservation is definitely not
fulfilled, gluons can be created and destroyed. It is there-
fore unlikely that a condensed phase is actually formed,
as had been proposed in model investigations where only
soft elastic, number-conserving gluon collisions were con-
sidered [10]. Gluon condensate formation in relativistic
collisions is essentially prevented by number-changing in-
elastic processes that correspond to splitting and merging
of gluons, although a transient condensate formation is
still being debated [12].

Hence, since inelastic collisions cannot be neglected,
the gluon equilibrium distribution is expected to have
a nearly vanishing, but still slightly negative chemi-
cal potential, which should be approached by the time-
dependent solutions of the NBDE. It would therefore be
of interest to repeat the present calculation for a time-
dependent chemical potential, with µ(t)→ 0 for t→∞,
as was done in Ref. [6] for the case of cold atoms. This re-
quires, however, numerical work that goes substantially
beyond the analytic approach in the present note. As
a first step, one can consider to repeat the present an-
alytic calculation for the limiting case µ = 0, replacing
the initial condition of Eq. (12) with a box distribution
plus a delta-function at ε = µ = 0, and boundary con-
ditions at the singularity. For this special limiting case
with neq(ε = µ → 0) = ∞, it should still be possible to
obtain closed-form solutions of the NBDE.

V. CONCLUSION

Analytic solutions of the nonlinear boson diffusion
equation have been explored for the thermalization of
gluons in relativistic hadronic collisions. The solutions

(a) Local thermalization of gluons in
the linear RTA. The timesteps are
{0.02, 0.08, 0.15, 0.3, 0.6} (fm/c) for de-
creasing dash length.
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Figure 3. (color online) Local thermalization of gluons as represented by time-dependent solutions of the nonlinear boson
diffusion equation (NBDE) for µ < 0. Starting from schematic initial conditions Eq. (12) in the cold system at t = 0 (box
distribution with cut at ε = Qs = 1 GeV), a Bose-Einstein equilibrium distribution with temperature T = 513 MeV (lower solid
curve) is approached. Time-dependent single-particle occupation-number distribution functions are shown at t = 6× 10−5, 6×
10−4, 6× 10−3, 4× 10−2, 0.12 and 0.36 fm/c (decreasing dash lenghts).

take account of a singularity in the initial conditions
at ε = µ < 0 with fixed chemical potential µ, and the
boundary conditions at the singularity.

Different from earlier results that were calculated with
the free Green’s function and converged to the Bose-
Einstein equilibrium solution only in the UV, these so-
lutions converge towards B-E also in the IR and hence,
properly describe thermalization in a finite gluon system.

The bounded solutions of the NBDE are, in partic-
ular, tailored to local thermalization processes that oc-
cur in relativistic heavy-ion collisions at energies reached
at the Relativistic Heavy Ion Collider (RHIC) and the
Large Hadron Collider. In the present example, they
are applied to the local equilibration of gluons in central
Pb-Pb collisions at a center-of-mass energy of 5 TeV per
nucleon pair, leading to rapid thermalization with a local
temperature of T ' 513 MeV.

Since the thermalization occurs very fast – before
anisotropic expansion fully sets in –, the analytic solution

of the problem in 1+1 dimensions appears permissible.
The hot system will subsequently expand anisotropically
and cool rapidly, as is often modeled successfully by rela-
tivistic hydrodynamics [1], until hadronization is reached
at T ' 160 MeV.

In conclusion, my schematic model based on the NBDE
accounts for the fast nonlinear approach to local thermal
equilibrium from an initial nonequilibrium gluon distri-
bution at the start of the collision. It avoids the disconti-
nuities that are inherent in the well-established relaxation
time approximation, which enforces a linear approach to
equilibrium.

Further refinements of the model such as time-
dependent transport coefficients are conceivable, but are
unlikely to allow for analytic solutions. A microscopic
calculation of the transport coefficients with an investi-
gation of their dependencies on energy and time would be
very valuable. Extensions of the NBDE itself to higher
dimensions in order to account for possible anisotropies
should also be investigated.

(b) Local thermalization of gluons from the
time-dependent solutions of the NBDE.
Here {

6 · 10−5, 6 · 10−4, 6 · 10−3, 0.12, 0.36
}

(fm/c) for decreasing dash length.

Figure 5: Results for the full solution of the NBDE including the singularity at ε = µ < 0
at T ≃ 513 MeV [6].

In the left figurewe see again the simplified solution arising from the RTAwherewe can al-
ready observe that the solution entails the correct physical properties of the Bose-Einstein
equilibrium distribution in the UV and finally also in the IR except the discontinuities at
p ≃ Qs. Note that here the thermalization occurs much slower than in the nonlinear case
on the right hand side.
The full nonlinear solution presented in the right figure now appropriately describes the
thermalization process of a finite gluon system encoding all expected properties in the
UV and also in the IR opposed to the first solutions omitting the important boundary con-
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dition at ε = µ. Note that in our concrete example the numerical values of the transport
coefficients have been chosen such that they represent the situation of a Pb-Pb collision
at the LHC with a center-of-mass energy of √

s = 5 TeV leading to a thermalization with
T ≃ 513 MeV.

6 Conclusion and Outlook

The understanding of the thermalization process of gluons plays a central role in finding
an appropriate theoretical description of the complex interplay of physical processes dur-
ing relativistic heavy-ion collisions.
Using kinetic theory and statistical transport equations we were able to estimate impor-
tant quantities such as the equilibration time τeq by understanding thermalization as a
dynamical interplay of elastic and inelastic scatterings.
One explanation for the apparent excess of particles in the thermal spectrum compared
to the expected equilibrium distribution is the formation of a Bose-Einstein condensate
which may survive during most of the thermalization process. This option seems how-
ever not to be the favored interpretation amongst the researchers nowadays as the under-
standing of the various inelastic contributions to the gluon scattering is understood better
than back when the idea of the condensate came up first.
In the second part we focused on the derivation and solution of a nonlinear boson diffu-
sion equation providing further insights into the thermalization process and an analyti-
cally accessible model to study different aspects of thermalization in more detail.
In the future onemay elaborate on the different approximation schemes and solution tech-
niques for example by considering the time- and energy-dependence of the values of the
transport coefficients or by extending the model in more than 1+1 spacetime dimensions
to be able to account for example for possible anisotropies.
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