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Introduction & Motivation
Evaporative Cooling: What? Why? What is it Good For?

Different Models

Amsterdam Group (1996)

(atomic hydrogen)

MIT Group (1994-1996)

(alkali atoms)

Heidelberg Group (2018-2020)

References

Summary & Outlook
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Evaporative Cooling:
What is Evaporative Cooling?

Why Evaporative Cooling and what is it good for?

Why Evaporative Cooling and what is it good for? Phase-space
density

Temperature

1985 1994 2001

Hess
Suggestion: BEC with

trapped atomic hydrogen

MIT Group 
(extension to alkali

atoms)

Ketterle/Cornell/Wiemann
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1995

first Bose-Einstein 
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static potential well U(r)
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eliminate fast atoms
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interatomic collisions

Basic assumption:
Sufficient ergodicity

Example: 
ergodic single-particle motion

𝜌 휀 ≡ (2𝜋ħ)−3න 𝑑𝒓 𝑑𝒑 𝛿ሾ휀 − 𝑈 𝒓 ሿ−𝑝2/2𝑚 =
2𝜋 2𝑚 Τ3 2

2𝜋ħ 3 න
𝑈(𝒓)≤𝜖

𝑑𝒓 휀 − 𝑈 𝐫

𝜌 휀 = 𝐴𝑃𝐿휀
Τ1 2+𝛿
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Truncated energy distribution

Reminder: distribution function

𝑓 휀 =
1

𝑧−1 exp − Τ휀 𝑘 𝑇 − 1

=

𝑙=1

∞

𝑧𝑙 exp −𝑙 Τ휀 𝑘 𝑇

fugacity: 𝑧 = exp Τ𝜇 𝑘 𝑇

𝑁 = නⅆ휀 𝜌 휀 𝑓 휀

𝑓 휀 = 

𝑙=1

∞

𝑧𝑙 exp −𝑙 Τ휀 𝑘 𝑇 θ 휀𝑡 − 휀

𝑓 휀 = 𝑧e− Τ𝑘𝑇θ 휀𝑡 − 휀

with 𝑁 = 𝑧න
0

𝑡

𝑑휀 𝜌 휀 e− Τ𝑘𝑇
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Canonical partition function

𝑁 = 𝑧න
0

𝑡

𝑑휀 𝜌 휀 e− Τ𝑘𝑇 = 𝑛0𝛬
3𝜍 𝑧 = 𝑛0𝛬

3

𝜍 = න

0

𝑡

𝑑휀 𝜌 휀 e− Τ𝑘𝑇

𝐻 𝒓, 𝒑 = 𝑈(𝒓) + Τ𝑝2 2𝑚

𝜍 = 2𝜋ħ −3නⅆ𝒑𝑑𝒓 e− Τ𝐻(𝒓,𝒑) 𝑘𝑇 θሾ휀𝑡 − 𝐻 𝒓, 𝒑 ሿ

𝛬 = ሾ2𝜋ħ2/𝑚𝑘𝑇ሿ1/2
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𝑁 = න𝑑𝑟 𝑛 𝒓

𝑛 𝒓 = 𝑛0𝑒
−𝑈(𝒓)/𝐾𝑇𝑃

3

2
, 𝜂𝑡 𝒓

Density distribution

𝜂𝑡 𝒓 ≡ Τ휀𝑡 − 𝑈(𝒓) 𝑘 𝑇

𝑃
3

2
, 𝜂𝑡 𝒓 = 𝜂𝑡 − 2 Τ𝜂𝑡 𝜋 exp −𝜂𝑡

= 𝑛∞ (𝒓)

Figure: Density distribution, [4]
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𝜍∞ = 𝐴𝑃𝐿 𝑘𝑇 Τ3 2+𝛿𝛤
3

2
+ 𝛿

𝑉𝑒 = Τ𝑁 𝑛0 = 𝛬3𝜍 = 𝛬3න

0

𝑡

𝑑휀 𝜌 휀 e− Τ𝑘𝑇

𝜍 = 𝐴𝑃𝐿න

0

𝑡

𝑑휀 휀 Τ1 2+𝛿e− Τ𝑘𝑇 = 𝜍∞𝑃
3

2
+ 𝛿, 𝜂

𝑉𝑒 ∝ 𝑇𝛿 for 𝜂 → ∞

Reference Volume

Power-law traps:

𝑉𝑒 = 𝛬3𝜍∞𝑃
3

2
+ 𝛿, 𝜂
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Internal energy

𝐸 = 𝑛0𝛬
3න

0

𝑡

𝑑휀 𝜌 휀 e− Τ𝑘𝑇 𝜍 = න

0

𝑡

ⅆ휀 𝜌 휀 e− Τ𝑘𝑇= 𝑁𝑘𝑇2
1

𝜍

𝜕𝜍

𝜕𝑇
Τ= 𝑉𝑒 𝛬3=

3

2
+ 𝛾 𝑁𝑘𝑇

𝛾 =
𝜕 ln 𝑉𝑒
𝜕 ln 𝑇

𝑡
𝐸 = 𝐸∞𝑅

3

2
+ 𝛿, 𝜂

𝐸∞ =
3

2
+ 𝛿 𝑁𝑘𝑇

𝑑𝐸 = 𝐶
𝑡
𝑑𝑇 + 𝜇

𝑡
𝑑𝑁

𝐶
𝑡
=

3

2
+ 𝛾 + 𝑇 𝜕 Τ𝛾 𝜕 𝑇

𝑡
𝑁𝑘 𝜇

𝑡
=

3

2
+ 𝛾 𝑘𝑇

𝑅 𝑎, 𝜂 ≡ 𝑃 Τ𝑎 + 1, 𝜂 𝑃 𝑎, 𝜂

Power-law traps:
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Kinetic equation

Boltzmann equation:     
𝒑

𝑚
⋅ 𝛁𝒓 − 𝛁𝒓𝑈 ⋅ 𝛁𝒑 +

𝜕

𝜕𝑡
𝑓 𝒓, 𝒑 = 𝒄 𝒓, 𝒑

collision integral: 𝒄 𝒓, 𝐩𝟒 =
σ

2𝜋ħ 32𝜋𝑚
න𝑑3𝑝3 𝑑𝛺

′𝑞ሼ 𝑓(𝒓, 𝒑𝟏 𝑓 𝐫, 𝒑𝟐 − 𝑓 𝒓, 𝒑𝟑 𝑓(𝒓, 𝒑𝟒)}

𝑓 𝒓, 𝒑 = න𝑑휀 𝛿 𝑈(𝒓) + Τ𝑝2 2𝑚 − 휀 𝑓 휀

sufficient
ergodicity

𝜌 휀4 ሶ𝑓 휀4 =
𝑚𝜎

𝜋2ħ2
න𝑑휀1 𝑑휀2 𝑑휀3𝛿 휀1 + 휀2 − 휀3 − 휀4 𝜌 min 휀1, 휀2, 휀3, 휀4 ሼ𝑓 휀1 𝑓 휀2 − 𝑓 휀3 𝑓 휀4 }
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𝜌 휀4 ሶ𝑓 휀4 =
𝑚𝜎

𝜋2ħ2
න𝑑휀1 𝑑휀2 𝑑휀3𝛿 휀1 + 휀2 − 휀3 − 휀4 𝜌 min 휀1, 휀2, 휀3, 휀4 ሼ𝑓 휀1 𝑓 휀2 − 𝑓 휀3 𝑓 휀4 }

Numerical solution

of the kinetic equation

Figure: Evolution of the distribution function 𝑓 𝜖 , ሾ4ሿ
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Evaporation Rate

ሶ𝑁𝑒𝑣 = − න

𝑡

∞

𝑑휀4 𝜌 휀4 ሶ𝑓 휀4 휀4 > 휀𝑡 > 휀1, 휀2

휀3= 휀1 + 휀2 − 휀4

= −
𝑚𝜎

𝜋2ħ2
න

0

𝑡

𝑑휀3 න

3

𝑡

𝑑휀2 න

3+ 𝑡− 2

𝑡

𝑑휀1 𝜌 휀3 𝑓(휀1)𝑓 휀2

= −𝑛0
2 ҧ𝑣𝜎e−𝜂𝑉𝑒𝑣

ҧ𝑣 ≡ 8𝑘 Τ𝑇 𝜋𝑚 Τ1 2

𝑉𝑒𝑣 =
𝛬3

𝑘𝑇
න

0

𝑡

𝑑휀 𝜌 휀 휀𝑡 − 휀 − 𝑘𝑇 e− Τ𝑘𝑇 + 𝑘𝑇e− Τ𝑡 𝑘𝑇

𝜌 휀4 ሶ𝑓 휀4 =
𝑚𝜎

𝜋2ħ2
න𝑑휀1 𝑑휀2 𝑑휀3𝛿 휀1 + 휀2 − 휀3 − 휀4 𝜌 min 휀1, 휀2, 휀3, 휀4 ሼ𝑓 휀1 𝑓 휀2 − 𝑓 휀3 𝑓 휀4 }Kinetic equation:
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14𝜌 휀4 ሶ𝑓 휀4 =
𝑚𝜎

𝜋2ℎ2
න𝑑휀1 𝑑휀2𝑑휀3𝛿 휀1 + 휀2 − 휀3 − 휀4 𝜌 min 휀1, 휀2, 휀3, 휀4 ሼ𝑓 휀1 𝑓 휀2 − 𝑓 휀3 𝑓 휀4 }Kinetic equation:

Loss of internal energy

ሶ𝐸 = ሶ𝐸𝑒𝑣 + ሶ𝐸𝑡

ሶ𝐸𝑡 = 휀𝑡𝜌 휀𝑡 𝑓 휀𝑡 ሶ휀𝑡 = 휀𝑡 ሶ𝑁𝑡

= ሶ𝑁𝑒𝑣 휀𝑡 + 1 − Τ𝑋𝑒𝑣 𝑉𝑒𝑣 𝑘𝑇

ሶ𝐸 = ሶ𝐸𝑒𝑣 = − න

𝑡

∞

𝑑휀4 휀4 𝜌 휀4 ሶ𝑓 휀4

forced evaporation

with 𝑋e𝑣 =
𝛬3

𝑘𝑇
න

0

𝑡

𝑑휀 𝜌 휀 ሾ𝑘𝑇e− Τ𝑘𝑇 − 휀𝑡 − 휀 + 𝑘𝑇 e− Τ𝑡 𝑘𝑇ሿ
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ሶ𝐸 = 𝐶 ሶ𝑇 + 𝜇 ሶ𝑁

Comparison of results

ሶ𝑇 =
ሶ𝐸𝑒𝑣 − 𝜇 ሶ𝑁𝑒𝑣

𝐶

ሶ𝑁 = ሶ𝑁𝑒𝑣

differential
equations

ሶ𝑁 = ሶ𝑁𝑒𝑣 + ሶ𝑁𝑡

ሶ𝐸 = ሶ𝐸𝑒𝑣 + 𝐸𝑡

ሶ𝐸𝑡 = 휀𝑡𝜌 휀𝑡 𝑓 휀𝑡 ሶ휀𝑡 = 휀𝑡 ሶ𝑁𝑡

Figure: Truncation parameter ƞ and fraction
of atoms remaining in the trap 𝑁/𝑁0 as a 
function of reduced time 𝑡/𝑡0 , [4]
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Relaxation & Heating

ሶ𝑁𝑟𝑒𝑙 = −න𝑑3𝑟 𝐺 𝒓 𝑛2 𝒓

𝜏𝑟𝑒𝑙
−1 = − Τሶ𝑁𝑟𝑒𝑙 𝑁

𝜏𝑟𝑒𝑙
−1 = 𝑛0 𝐺 Τ𝑉2𝑒 𝑉𝑒 𝑉2e = න𝑑3𝑟 𝑛 Τ𝒓 𝑛0

2

ሶ𝐸𝑟𝑒𝑙 = ሶ𝑁𝑟𝑒𝑙
3

2
+ 𝛾2 𝑘𝑇 𝛾2 = Τ𝑇 2𝑉2𝑒 𝜕 Τ𝑉2𝑒 𝜕 𝑇
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ሶ𝐸𝑒𝑣 + ሶ𝐸𝑟𝑒𝑙 = ሶ𝑁𝑒𝑣 𝜂 + 1 − Τ𝑋𝑒𝑣 𝑉𝑒𝑣 + ൗ
3

2
+ 𝛾2 𝑅 𝑘𝑇

Thermalization ratio

ሶ𝐸𝑒𝑣 = ሶ𝑁𝑒𝑣 휀𝑡 + 1 − Τ𝑋𝑒𝑣 𝑉𝑒𝑣 𝑘𝑇

ሶ𝐸𝑟𝑒𝑙 = ሶ𝑁𝑟𝑒𝑙
3

2
+ 𝛾2 𝑘𝑇

𝑅 = Τሶ𝑁𝑒𝑣 ሶ𝑁𝑟𝑒𝑙
thermalisation ratio: 𝑅 =

ҧ𝑣𝜎

𝐺

𝑉𝑒𝑣
𝑉2𝑒

e−𝜂

ሶ𝑁𝑒𝑣 + ሶ𝑁𝑟𝑒𝑙 = ሶ𝑁𝑒𝑣 1 + Τ1 𝑅
𝜏𝑒𝑣
−1 = − Τሶ𝑁𝑒𝑣 𝑁

= 𝑛0 ҧ𝑣𝜎e−𝜂𝑉𝑒𝑣
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Cooling atomic hydrogen

𝑘𝑇∗ =
𝜋𝑚𝐺2

16𝜎2

𝐺 ≅ 10−15cm3s−1

𝑎 ≅ 0.072nm

⊤∗ ≅ 1.4nK

Figure: Characteristic temperatures of
H in a harmonic trap as a function of ƞ, 
[4]
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Scaling Laws

𝛼 =
𝑑 ln𝑇

𝑑(ln𝑁)
=

Τሶ𝑇 𝑇

Τሶ𝑁 𝑁

𝛼 =
𝜂 + ĸ

𝛿 + 3/2
− 1 ĸ ≡ 1 − Τ𝑋𝑒𝑣 𝑉𝑒𝑣

[5]
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Runaway Evaporation

ሶ𝑁 = −𝑁𝑛0𝜎 ҧ𝑣𝜂e−𝜂 = −
𝑁

𝜏𝑒𝑣

Exponent, 𝑥Quantity

n𝜎v 1 − 𝛼 𝛿 − Τ1 2

𝑅 ≥ 𝑅𝑚𝑖𝑛 =
𝜆

𝛼 𝛿 − 1/2 − 1

𝜆 = 𝜏𝑒𝑣/𝜏𝑒𝑙

1/𝜏𝑒𝑙 = 𝑛0𝜎 ҧ𝑣 2

ൗ
ⅆ 𝑛𝜎𝑣

ⅆ𝑡
nσ𝑣 =

1

𝜏𝑒𝑙

𝛼 𝛿 − 1/2 − 1

𝜆
−
1

𝑅

Figure: The minimum ratio 𝑅𝑚𝑖𝑛 versus the
truncation parameter ƞ, [5]
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Runaway Evaporation

Quantity Exponent, 𝑥

D 1 − 𝛼 𝛿 + Τ3 2

𝛽 = 100𝜏𝑒𝑙
ⅆ

ⅆ𝑡
log10𝐷

=
100

ln 10

𝛼 𝛿 + 3/2 − 1

𝜆
−
1

𝑅

Figure: Logarithmic phase-space density increase β
per 100 elastic collision times, [5]
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𝛾 = −
𝑑 ln𝐷

𝑑 ln𝑁
=
𝛼 𝛿 + 3/2

1 + Τ𝜆 𝑅
− 1

Maximizing Phase-Space Density

−
𝑑 ln𝑅

𝑑 ln𝑁
=
𝛼 𝛿 − Τ1 2

1 + 𝜆/𝑅
− 1

Alkali atoms
Background gas collisions

increased R during
evaporation

Three-body recombination/ 
dipolar relaxation

Atomic hydrogen
Inelastic binary collision

increased R during
evaporation

Figure: Efficiency parameter 𝛾 versus the
truncation parameter ƞ, [5]
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𝜕𝑛

𝜕𝑡
= −

𝜕

𝜕휀
𝑣𝑛 1 + 𝑛 + 𝑛

𝜕𝐷

𝜕휀
+

𝜕2

𝜕휀2
𝐷𝑛

Nonlinear boson diffusion equation (NBDE)

in the limit of constant transport coefficients 𝑣, 𝐷:
𝜕𝑛

𝜕𝑡
= −𝑣

𝜕

𝜕휀
(n 1 + 𝑛) + 𝐷

𝜕2𝑛

𝜕휀2

𝑛𝑒𝑞 휀 =
1

e Τ−𝜇 𝑇 − 1

𝑇 = − Τ𝐷 𝑣

𝑛 휀, 𝑡 = −
𝐷

𝑣

𝜕

𝜕휀
ln 𝑍 휀, 𝑡 −

1

2
= −

𝐷

𝑣

1

𝑍

𝜕𝑍

𝜕휀
−
1

2

linear diffussion equation: 
𝜕

𝜕𝑡
𝑍 휀, 𝑡 = 𝐷

𝜕2

𝜕휀2
𝑍 휀, 𝑡
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Free solutions

𝑍𝑓𝑟𝑒𝑒 휀, 𝑡 = 𝑎 𝑡 න

−∞

+∞

𝐺𝑓𝑟𝑒𝑒 휀, 𝑥, 𝑡 𝐹 𝑥 ⅆ𝑥

with 𝐺𝑓𝑟𝑒𝑒 휀, 𝑥, 𝑡 = exp −
휀 − 𝑥 2

4𝐷𝑡

= 𝐴𝑖 𝑥

𝜇′ =
𝐷

𝑣
ln 𝑧−1 − exp − Τ휀𝑖 𝑇

𝑧 = exp Τ𝜇 𝑇

F(x) = exp −
1

2𝐷
𝑣𝑥 + 2𝑣න

0

𝑥

𝑛𝑖 𝑦 ⅆ𝑦
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Exact solutions with boundary conditions

with 𝐺 휀, 𝑥, 𝑡 = 𝐺𝑓𝑟𝑒𝑒 휀 − 𝜇, 𝑥, 𝑡 − 𝐺𝑓𝑟𝑒𝑒 휀 − μ,−𝑥, 𝑡

𝑍 휀, 𝑡 = න

0

∞

𝐺 휀, 𝑥, 𝑡 𝐹 𝑥 + 𝜇 ⅆ𝑥

𝑛 𝜖, 𝑡 =
1

exp
휀 − 𝜇
𝑇 𝐿 휀, 𝑡 − 1

Figure: Equilibration of a finite Bose system, transport
coefficients: 𝐷 = 8 × 103peV2𝑠−1, v = −1 × 103peV𝑠−1,

T = −D/v = 8 peV ≅ 93nK (const. )

𝑛𝑖 휀 =
1

e Τ−𝜇 𝑇 − 1
θ 1 − Τ휀 휀𝑖

truncated thermal eqilibrium distribution

time evolution: t = 0.001, 0.01, 0.1, 1, 4 and 40ms 
(decreasing dash lengths), [13] 
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Relaxation-time approximation

𝜕 Τ𝑛𝑟𝑒𝑙 𝜕 𝑡 = ൗ𝑛𝑒𝑞 − 𝑛𝑟𝑒𝑙 𝜏𝑒𝑞

𝑛𝑟𝑒𝑙 휀, 𝑡 = 𝑛𝑖 휀 e−𝑡/𝜏𝑒𝑞+ 𝑛𝑒𝑞 휀 1 − e−𝑡/𝜏𝑒𝑞

Figure: Evaporative cooling in a bosonic system, 𝑇𝑖 =
20 peV ≅ 232nK (upper soliⅆ curve), 𝑇𝑓 = 8peV ≅ 93nK

(lower solid curve), time evolution: 𝑡 = 1, 3 anⅆ 7ms
(decreasing dash lengths), [13]
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Nonlinear boson diffusion equation

Relaxation–time approximation

Figure: Evaporative cooling in a bosonic system, 𝑇𝑖 =
20 peV ≅ 232nK (upper soliⅆ curve), 𝑇𝑓 = 8peV ≅ 93nK

(lower solid curve), time evolution: 𝑡 = 1, 3 anⅆ 7ms
(decreasing dash lengths), [13]

Figure: Evaporative cooling in a bosonic system, 𝑇𝑖 =
20 peV ≅ 232nK upper soliⅆ curve , 𝑇𝑓 = 8peV ≅

93nK lower soliⅆ curve , time evolution: t = 0.001, 
0.01, 0.1, 0,4 and 0.8ms (decreasing dash lengths), [13]
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Time-dependent entropy

𝑆 𝑡 = න

0

∞

𝑔 휀 ln 1 + 𝑛 휀, 𝑡 + 𝑛 휀, 𝑡 ln 1 + Τ1 𝑛 휀, 𝑡 ⅆε

Figure: Time evolution of the entropy 𝑆(𝑡)/𝑔0 in 
an equilibrating Bose system, [13] 

Power-law: 𝑔 휀 = 𝑔0 휀

𝑔0 = 2𝑚 3/2𝑉/(4𝜋2)
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Figure: Comparison with data using different density
of states, data from Miesner et al., Science, 279, 1005 
(1998) 
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